Linear Algebra 3

1. For each of the following maps, either prove the map is linear or give an example to
show that linearity fails.
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(m) f:

:R? - R? (@,y) — (v + 2y, 2z — y).

G (z,y) — (z + 2y, z, 2zy).

:R* - R™ x —> Ax  where A is an m x n matrix with entries in R.
: Py — Pogs p(z) — zp(z).

: P, — P, p(z) — p(3z —5).

:P, - R p(z) — p(1).

:P,— P, p(x)— 2p+ L(p).

Py — P, ao + a7 + aox? — (ag + 1) + (a1 + 1)z + (ag + 1)z?
:M(n,n) > R Ar— tr(A).

: M(m,n) = M(n,m) A~ AT,

:M(n,n) = R Ar—det(A4).

:M(2,2) - R (Z 2>r—>3a—b+20+d.
a b 9 . 2
M(2,2) - R . d — 3a” + d-°.

2. For each of the following linear maps determine whether it is surjective, injective, both
or neither, giving proofs or examples in each case.

tM(2,2) - R (

R - R? (z,y,2) — (z, 2).
‘R — R3 (z,y,2) — (y, 2, 2).

a b

. d)t—)a—d.

P, = P, ao + a1z —> ag + ay(z + 1)2
‘R — R3 (z,y,2) — (x — vy, 2, 2).
:P,— P,  p(x)— p(x) — p(1).

3. For each of the maps in Question 2, verify that the rank-nullity formula holds.

4. (Optional) If f: V — W and g : U — V are linear maps, prove that the composition
fog:U — W given by (f o g)(x) = f(g(x)) is also linear.



