The Steinitz replacement lemma and its consequences

‘We wish to talk about the dimension of a vector space, as a measure of its size. However
before we can do this we will need some technical results which will show that our definition
makes sense. As the proofs of these can be a little bit confusing, we have collected them
together in this handout.

First we consider a result from the last lecture:
Lemma 1.21 (i) If vy,...,v, span 'V then we can find a subset of them which form a basis

(i.e. every finite spanning set contains a basis).
(i) Every non-zero finite-dimensional vector space has a basis.

Proof: (i) If vy,..., Vv, are linearly independent then we are done. If not then there exist
A1, .-+, An € F not all zero with ) A\;v; = 0. After renumbering we may assume that A, # 0.
Then
n—1 n—1 N\
“A)Ve=Y Av; andso v, = L) vi.
Now I claim that vq,...,v,_; span V. To see this note that for all x € V we know that
there exist y; € F such that x = Y"1 | p1;v;, as vy,..., vy, span V. Therefore
x = Z?:_ll HiVi + fin Z?:_f (%) Vi
=) (it (52)) i
And hence x €Span(viy,..., v, 1).
Now repeat this process until after n — ¢ steps we have ¢ vectors vy,...,v; (possibly after
renumbering) which span and are linearly independent. These vectors are thus a basis of V.
(ii) This follows from (i) and the definition of a finite-dimensional vector space. O

Next recall the final lemma from last time, which will be the key result in what follows.

Lemma 1.24 (Steinitz replacement lemma) Suppose that v, ..., vy, are linearly inde-
pendent vectors in some vector space V over F, and that for some 0 < r < m—1 and vectors
w; we have that vi,...,V,, Weyi1,..., Wy span V. (If r = 0 then there are no v; in this list.)
Then, possibly after renumbering the w;, we have that vi,... V.1, Wrya, ... Wy, span V.

Proof: Since vy,...,V,, W,41,..., W, span V we must have that
T n
Vepl = Z)\ivi + Z )\le (1)
i=1 i=r+1
If Arj1,..., A, are all zero then v,,; would be a linear combination of vy,...v, which is
not possible as vi,... v, are linearly independent. Therefore (after renumbering) we may

assume that A\, ;1 # 0. Then

Wi = M Ven + ALV Y (A )W

i=1 i=r42

using (1).
Now for any x € V we have that there exist p; € F with
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Thus we can write any x € V as a linear combination of vy,...,V,11, W, 2,..., W,, and
hence these elements must span V. O

The Steinitz replacement lemma looks rather complicated. However in the remainder
of this handout we will list some important consequences of it which are easily applied
(for example, in examination questions!). These will often allow you to simplify various
calculations. We begin with

Corollary 1.25 If vq,..., vy, are linearly independent in V and wq,...,w, span V then
n>m.

Proof: Suppose for a contradiction that n < m and apply Lemma 1.24 n times. We start
with V =Span(wy,...,w,). We see that

V= Span(vy, wy, ..., Wy)
= Span(vy, Va, ..., Wy)
= Span(vi,...,Vy)
Therefore v, 1 = Z?Zl Aiv;. But this contradicts the fact that vy,..., v, are linearly
independent (any subset of a linearly independent set is also linearly independent). Therefore
n>m. O

From this we get

Corollary 1.26 IfV is a finite-dimensional vector space then every basis of V has the same
number of elements.

Proof: Let vy,...,v, and wy,..., w,, be two bases of V. Asvy,..., v, spanand wy,..., Wy,
are linearly independent we deduce from Corollary 1.25 that n > m. Reversing the roles of
the two sets we can also deduce from the Corollary that m > n. Therefore n = m. O

We would like to be able to say that if W < V then the dimension of W is no greater
than the dimension of V. To prove this we will need

Lemma 1.30 Ifey,...,e, are linearly independent and v is not in the span of ey, ..., e,
then ey, ..., e,, Vv are linearly independent.




Proof: Suppose that Z;‘Zl Ai€; + Apy1v = 0 with not all A; zero. First note that A, #0
as otherwise the e; would be linearly dependent. Therefore we can write

n

V:Z(_)\;\i)ei

i=1

and hence v is in the span of the e;, a contradiction. O

Corollary 1.31 Any subspace W of a finite-dimensional vector space V' is finite-dimensional
and has dimension no greater than that of V. Further, if dimV = dimW then V =W.

Proof: Let V be finite-dimensional with basis vy,...,v, and W < V. If W = {0} then
we are done. Otherwise take e; € W\{0}. If W = Span(e;) then we are done. If not then
choose e; not in the span of e; in W: by Lemma 1.30 these two vectors are agin linearly
independent. Repeating this process (which must terminate in at most n steps by Corollary
1.25), we eventually get a series ey, ey,...,e, which span W and are linearly independent
(by Lemma 1.30). Therefore the set must be a basis of W and we know that r < n by
Corollary 1.25. Hence we deduce that dimW < dim V.

If dim W = dimV but W # V then there exists v € V with v ¢ W. Another application
of Lemma 1.30 implies that e;, e, ..., e,, v are linearly independent in V', which contradicts
Corollary 1.25. O

The following result is extremely useful for exam questions.
Corollary 1.32 IfdimV =n then

(i) any n linearly independent vectors in 'V form a basis.
(i) any n vectors which span'V form a basis.

Proof: (i) Let vy,...,v, be our set of independent vectors, and let zi,. .., z, be a basis of
V. Applying Lemma 1.24 n times we deduce that vy,...,v, span V.
(ii) Let vq,..., v, be our spanning set. If they do not form a basis of V then they must be

linearly dependent, and there exist p; not all zero with Y p;v; = 0. We may assume that
1n # 0. But then v, = Z?;ll(fuﬂ‘lu,-)vi from which we may deduce that vy,...,v,_; span
V. But this contradicts Corollary 1.25. O

Corollary 1.33 Any linearly independent set of r wvectors in a finite-dimensional vector
space V' of dimension n > r can be extended to a basis of V.

Proof: Exercise. O

The zero vector space

Finally, we include for completeness a proof that {0} is a vector space over F (this was
Exercise 5 on the first question sheet). Recall that we defined a vector space structure on
V = {0} by settingu+v =0forallu,ve Vand \u=0forallue Vand A € F.

We need to check the 8 axioms for a vector space. In this case these are particularly
simple.

(V1): (u+v)+w=0+w=0=u+0=u+(v+w)orallu,v,weV.

(V2): u+v=0=v+uforalluveV.

(V3): Take the zero element to be 0. Then v+ 0=0forallveV.

(V4): Given v € V take (—v) = 0. Then v + (—v) = 0.

(V5): M(u4+v)=20=0=0+0=X0+A0=(Au)+ (Av) forallu,v € V and A € F.

(V6): A+ p)v=(A+p)0=0=0+0= (A0 + (u0) = (Av)+ (uv) forall ve V
and A\, p € F.

(VT): Mpv) =X0) =0 = (Ap)0 = (Ap)v forallveV and A, pu € F.
(V8): lv=0=viorallveV.

This space has no basis, as we observed in Note 1.15(ii) that 0 can never be an element
of a linearly independent set. We define the dimension of this vector space to be 0. Although
this may look like a stupid vector space, we need it as it can occur in examples. For example,
we saw in Example 1.8 that the set of solutions to a system of linear equations (when the
RHS of each equals 0) is a vector space. This includes the possibility that the set of solutions
is empty!




