
Mathematics Exercise Sheet 4

1. Differentiate the following functions with respect to x:

(a) 4x3 − 2x2 + 1 + x−2,

(b) cos(3x + 2),

(c) x

x2+1
,

(d) x ln x,

(e)
√

1 + x2,

(f) ex cos(x2),

(g) x−8
(x+2)(2x−1)

,

(h) xex

,

(i) cos(tan(x2)),

2. Differentiate the following functions with respect to x:

(a) x3 + 3xy2 − 2xy + x−4y−3 = 0,

(b) cos(x) sin(y) = 1,

(c) cos(y tan(x)) = ln(xy),

(d) x+2 sin(y)+4
(x−y)

= cot(y),

(e) y tan(x−1) + x sec(y−1) = ex,

3. Differentiate the following functions with respect to x:

(a) x = t2 + 2t + 1, y = 7t3,

(b) x = cos(t), y = cot(t),

(c) x = ln(
√

1 + 2t2), y = t3 + t,

(d) x = cos(t)et2 , y = sin(t)e−t2 ,

(e) x = 1
ln(t)

, y = 3 tan(4t).

4. Given that y = e−x sin(x
√

3), prove that

dy

dx
= −2e−x sin

(

x
√

3 −
π

3

)

.

Show also that d3y

dx3 = ky for some constant k, and state the value of k.

5. If f(x) = 3 − x2

4
+ ln

(

x

2

)

,

(a) show that there is a root α of f(x) = 0 such that 0.09 < α < 0.1

(b) find f ′(x) and obtain the value of β such that f ′(β) = 0.
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6. (∗) If y = ln
(

1 +
√

(1 + x)
)

, show that

4x
d2y

dx2
+ 4

dy

dx
= (1 + x)−

3

2 .

7. Use Leibnitz’ theorem to compute the fifth derivative of

(a) x3 cos x (b) x2 ln x.

8. (∗) If y = x+1
x2+2x+3

show that

(x2 + 2x + 3)
d2y

dx2
+ 4(x + 1)

dy

dx
+ 2y = 0.

Use Leibnitz’ theorem to establish that

(x2 + 2x + 3)
dn+2y

dxn+2
+ 2(n + 2)(x + 1)

dn+1y

dxn+1
+ (n + 1)(n + 2)

dny

dxn
= 0.
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