4. Calculus I: Differentiation
4.1 The derivative of a function

Suppose we are given a curve with a point A lying on it. If the curve is
‘smooth’ at A then we can find a unique tangent to the curve at A:

Here the curve in (a) is smooth at A, but the curves in (b) and (c) are
not.
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For y = f(x), the gradient function is
defined by

m, () = (T2 100,

We denote the gradient function by % or f'(x), and call it the derivative
of f. This is not the formal definition of the derivative, as we have not
explained exactly what we mean by the limit as 6x — 0. But this
intuitive definition will be sufficient for the basic functions which we
consider.
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Example 4.1.3: Take f(x) = x2.

Now we need to consider the second formulation, as we cannot simply
read the gradient off from the graph.

fx+0x)— f(x) _ (x+0x)?—x?
dx N ox
X2 2x6x + (0x)? — x?
- ox
_ 0x(2x + 0x) — x4 ox.
0X
The limit as dx tends to 0 is 2x, so f'(x) = 2x.
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Example 4.1.5: Take f(x) = x"withne Nand n> 1.
Recall that
a"—-b"=(a-b)a@" " +a" b+ a" 3P+ 4 b
and so
a"—p"
a-b
where the sum has nterms. As a — b we have

=g +a" b+ a P+ b

a"—p"
lim < b ) =Ilm(a ' +a"2b+a" Pk .. 4 by = nb" .

a—b

If a=x+ dxand b= x then

_ n__ pn
lim M — lim a’—b —np" ' = nx"1.
5x—0 ox asb\ a—b

Hence f/(x) = nx"~1.
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If the tangent is unique then the gradient of the curve at A is defined to
be the gradient of the tangent to the curve at A.

The process of finding the general gradient function for a curve is
called differentiation.

Consider the chord AB. As B gets
closer to A, the gradient of the chord
gets closer to the gradient of the
tangent at A.
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Example 4.1.1: Take f(x) = ¢, a constant function.

At every x the gradient is 0, so f/(x) = 0 for all x.
Or
f(x+dx)—f(x) c—c

X X 0.

Example 4.1.2: Take f(x) = ax.
At every x the gradient is a, so f(x) = a for all x.

Or
f(x+0x) —f(x) a(x+0x)—ax aix
dx N ox T oox

Example 4.1.4: Take f(x) = 1.

f(x + dx) — f(x) 7l( 1 _1)
0x oX \x+dx X

_ x—(x+6x)

T (0x)(x + ox)x
—oX —1

(6x)(x +6x)x (x4 dx)x"

The limit as 6x tends to 0 is 7%, so f/(x) = 7%,
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Example 4.1.6: f(x) = sin x.
We use the identity for sin A + sin B.
f(x 4+ dx) — f(x) = 2sin (%) cos <x + %)

and so ek
Fx+0x) —f00) _sin (%) o ox\
0x %‘ 2

We need the following fact (which we will not prove here):

fim S¢ _ 4
-0 0
and so (5x)
in (% 1)
f(x) = lim 27 cos | x + —= | = cos(x).
(0= im, % 2 )
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Some standard derivatives, which must be memorised:

f(x) f'(x)

Xk Joxk—1

er er

Iq X L

sinx cos x

CoS X —sinx

tan x sec? x

cosec x — cosec x cot x
secx sec xtan x
cotx — cosec? x

Some of these results can be derived from the results in the following
sections, or from first principles. However it is much more efficient to
know them.
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Example 4.2.1: Differentiate
4
— 0y5 3
y=2x>-3x°+ 2

Y joxt_ox2_ 8
d)(_10)( 9x 3

Example 4.2.2: Differentiate

X2
Y=t
dy (x®+1)2x—(x2—1)2x _ 4x
dx (x2+1)2 (X212
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Example 4.2.5: Differentiate y = 4 sin(2x + 3).
Set z = 2x + 3, then

dy _dydz _
X drdx = 4cos(z)2 = 8cos(2x + 3).

As we have already noted, some of the standard derivatives can be
deduced from the others.

Example 4.2.6: Differentiate

sin x
y=tanx =
cos x
dy cosxcosx —sinx(—sinx) cos’x+sin®x 1 sec? x
dx cos? x cos? x cos? x ’
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Example 4.2.9: y = x*.
We have y = (é"¥)* = e*I"¥) je. y = e” where u = xInx.

dy udu_ n x X
i eX(In(x) + 1) = x*(In(x) + 1).

4.3 Higher derivatives
The derivative y is itself a function, so we can consider its derivative.
If y = f(x) then we denote the second derivative, i.e. the derivative of
& with respect to x, by ¢ oF y or f(x). We can also calculate the higher
denvatlves &4 or f0(x).
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4.2 Differentiation of compound functions
Once we know a few basic derivatives, we can determine many others
using the following rules:
Let u(x) and v(x) be functions of x, and a and b be constants.

Function  Derivative

Sum and difference au + bv ad“ + b

d.
Product uv “ + u‘f‘(’
Quotient u V%Zu%
v Ve
R du d.
Composite u(v(x)) SE where z = v(x).

The final rule above is known as the chain rule and has the following
special case
u(ax+b) al¥(ax + b)

For example, the derivative of sin(ax + b) is acos(ax + b).
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Example 4.2.3: Differentiate

y = x2In(x +3).

dy X2
ax = 2xIn(x +3) + Xi3

Example 4.2.4: Differentiate y = 5.
Set z = 5x, then

d dy dz
YL er5 5,
dx dzdx
Example 4.2.7: y = cosecx = SW
dy sinx.(0)—1.cosx —cosx
= = 5 = ——— = —COosecxcotx.
dx sin® x sin® x

Example 4.2.8: y = In(x + Vx2 + 1), i.e. y = Inu where
u=x+vVx2+1.

dy _tdu du L (P

ax ~ udx x ot

SO

e )
X x+ V1 X2+ 1
1 (\/X2+1+X>_ 1

XAV VAT ) Vet
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Example 4.3.1: y = In(1 + x3).

_dy _ 2x
Letz= 3 =%

dy dz _ (1+x3)2-2x(2x) _ 2(1-x%)
dx2  dx (1+x2)2 (1 x2)2°

Example 4.3.2: Show that y = e * sin(2x) satisfies
d2y dy

d2+2

+5y=0.

d_

ax —e ¥sin2x 4+ 2e7* cos2x = e ¥(2cos 2x — sin 2x)

2y

DE- ~*(2cos 2x — sin2x) + e *(—4sin2x — 2 cos 2x)

= e ¥(—3sin2x — 4 cos 2x).
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Writing s for sin2x and c for cos 2x we have

" ! e X(_ _ _ — Now
y'+2y'+5y=e%(—8s—-4c—2s+4c+5s5)=0. ay 4 9
dx — (1+x)® (1+3x)?
Example 4.3.3: Evaluate diy __—12 n 54
dx2  (1+x)* " (143x)3
© ) tise (T (1430
& \ (1 +x)2(1+3x) dy_ 48 54x9
dx® T (1+x)5  (1+3x)*
atx =0.

. - ' and substituting x = 0 we obtain that
We could use the quotient rule, but this will get complicated. Instead

i i 3
we use partial fractions. dl(o) 48— 486 — 438
dx3

143x2 A n B n Cc
(1+x)2 " 1+3x

Y A X0 +3x0) 1+x

We obtain (check!) A=0, B=-2,and C = 3.

Generally it is hard to give a simple formula for the nth derivative of a Example 4.3.5: y = sin(ax).
function. However, in some cases it is possible. The following can be
roved by induction. .
P Y y' = acos(ax) = asin(ax + %)
Example 4.3.4: y = e?*. y"=-asin(ax) = a®sin(ax + )
y" =—a’cos(ax) = asin(ax + 3F)

dy Py oo yW) = g*sin(ax) = a*sin(ax + 2x).
i - @™ and o5 = gPe™.

We can show that

n
We can show that dy nmw
an — = asin(ax + ).
7}/ = g"e® dxn 2
dx"

Sometimes it is useful to use the Leibnitz rule, which gives a formula
for the nth derivative of a product of functions.

4.4 Differentiating implicit functions

i(fg) - ﬂ(f)ng <”> Q(f qa 9)+ <n) L_Z(f)ii(g)+. .. Sometimes we cannot rearrange a function into the form y = f(x), or
dx? dx” 1/ dxn=1 5 dx 2/ dxn=2" " dx we may wish to consider the original form anyway (for example,
n\d,, d! d” because it is simpler). However, we may still wish to differentiate with
ot <n - 1>a(f)dx"*1 (9) + g5 (9): respect to x.
Given a function g(y) we have from the chain rule
So for example
d d dy
—(fg) = —(f ——(f)— —(f)— f—(9)-
—519) = 75(Ng + 35 5(1)1-(9) + 31 (N 35(9) + F15(9)
As can be seen, this is very similar to the binomial theorem, and can
also be proved by induction (using the product rule).

Example 4.4.1: x? + 3xy? — y* = 2.
Example 4.4.2: 2 + % =3

42 iaxy? -yt Loy
a(x + 3xy —y)de(Z)fo. d(2+3)_d(1)_0
x'x2 T T ls) =Y
Therefore we have dx xs =y dx "2

5 d axy2 d 4 0 Therefore we have
X+d7( Xy )7d7x(}/) =

d d ,i+i<g> =0
2x+3y% +3x—(?) — 43 —o x3 Tdx \y2)
dx dx 4 6 dy
dy 4,8

2 _ _ ——5 — &
2x + 3y +6xya 4y ix 0. X y3dx
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4.5 Differentiating parametric equations

Sometimes there is no easy way to express the relationship between x
and y directly in a single equation. In such cases it may be possible to
express the relationship between them by writing each in terms of a
third variable. We call such equations parametric equations as both x
and y depend on a common parameter.

Example 45.1: x =12  y =1 —4t+2.
Although we can write this in the form

y=x§—4x%+2

the parametric version is easier to work with.
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Example 4.5.2: Find the second derivative with respect to x of

X =siné y =cos26.

We have d d
X dy o
@_cosﬁ w - 2sin26.
Therefore d 2 5in28
dy _—2sin20
dx ~ cosf 4sing.
Now

&y d [(dy d ) d . .df —4cosd
@_a<&)_a(—4sm9)_@(—4sma)a_m_—4.
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4.6 Tangents and normals to curves

We have already defined the value of the derivative f' of a function f at
a point xp to be the gradient of f at xy. Thus we can easily use the
derivative to write down the equation of the tangent to that point. Using
the equation for a line passing through (xo, f(Xo)) we have that the
tangentto f at xp is

¥~ 000) = L) (x — o).

The normal to f at xg is the line passing through (xo, f(xo))
perpendicular to the tangent. This has equation

y = 1f(x) = 57—~ (x = %)
x (Xo)
(when this makes sense).

4.7 Stationary points and points of inflexion

We can tell a lot about a function from its derivatives.

Example 4.7.1:
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To differentiate a parametric equation in the variable t we use

dy _dydt oodt 1

o " drax M T w

Example 4.5.1: (Continued.)

dy dx >
2 _ot_4 = =
dt t dt 3t
and so
dy 2t—4
dx ~ 32

Note: The rules so far may suggest that derivatives can be treated just
like fractions. However
dx2 7 dt? dx?

@y (x)
dx? dy? ’

in general. Moreover
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Example 4.6.1: Find the equation of the tangent and normal to the
curve
y=x2—6x+5
at the point (2, —3).
We have d
Y _ox
ix = 2x -6

ana nence 5 =4 — 6 = —2. Hence the equation of the tangent is
d hence ¥(2) =4 -6=-2.H h ion of th [
y+3=-2(x-2) ie. y=-2x+1.

The gradient of the normal is =} = 4, and hence the equation of the
normal is

1 . X
y+3=5(x-2) ie. y=--4.
2 2

If f(x) > 0fora< x < bthen fisincreasingona< x < b
e.g. arcs PQ, SU, UV.

If f'(x) < 0fora< x < bthen fis decreasingon a < x < b

e.g. arc QS.
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A point of inflexion is one where f”(xp) = 0 and f” changes sign at Xo.
A stationary point on a curve y = f(x) is a point (xo, f(Xo)) such that

f'(xo) = 0. These come in various forms:

eg.- R T, U
Type Test
f'(x) f’(x) If f/(x) > 0for a < x < bthen fis concave upona< x < b
Local maximum Changes from +to — —ve e.g. arc RST.
Local minimum Changes from —to + +ve
Point of inflexion No sign change (see below)

If f’(x) < 0for a< x < bthen f is concave downona< x < b
e.g. Qis amax, Sis amin, Uis a point of inflexion.

e.g. arc PQR.
Note that the maxima and minima above are only local. This means
that in a small region about the given point they are extremal values,
but perhaps not over the whole curve. Extremal values for the whole Example 4.7.3: Find the stationary values and points of inflexion of
curve are called global maxima or minima.
4 3 2
Example 4.7.2: Consider the function f on the domain X < x < Y y=3x"+8x" —6x" —24x +2.
given by the graph
We have d
Y q2x% y24x2 —12x — 24
dx
and )
dvy 2
e = 36x° +48x —12.

7 Stationary points when ¥ =0, i.e. (check) x =1, -1, —2.

Both A and C are local maxima, and B and D are local minima.
However the global maximum is at Y and the global minimum at X.

y/ y//
(1,-17) -0+ 72 Min
(-1,15) 40—  —24  Max
(-2,10) -0+ 36 Min

Points of inflexion at x = §(—2 + v/7), i.e. (x,y) ~ (0.22,-3.36) and
(x,y) ~ (~1.55,12.32).

-2 -1 1
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