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Many important problems in engineering, the physical sciences, economics and financial
mathematics are expressed in terms of differential equations. For example:

• Newton’s second law in dynamics:

m
d2x

dt2
= F

(
t, x(t),

dx

dt

)
,

where x(t) is position, t is time, F is force.
• Schrödinger’s equation in quantum mechanics:

d2ψ

dx2
+ (E − V (x))ψ = 0,

where ψ(x) is wave function, V (x) is potential energy, E is energy.
• Black-Scholes equation in financial mathematics:

∂V

∂t
+ x2∂

2V

∂x2
+ x

∂V

∂x
− V = 0,

where x is price of stock, t is time, V (x, t) is price of option.
• Korteweg-deVries equation in fluid dynamics:

∂u

∂t
+
∂u

∂x
+ u

∂u

∂x
+
∂3u

∂x3
= 0,

where x is spacial coordinate, t is time, u(x, t) is profile of wave. More generally,
the Navier-Stokes equations are a coupled system of nonlinear partial differential
equations describing the velocity of a fluid in fluid dynamics.

The first two examples are ordinary differential equations (ODEs), and the last two are
partial differential equations (PDEs).

In this course, we shall be mainly concerned with linear differential equations, the mathemat-
ical theory of which is highly developed. Nonlinear differential equations, particularly nonlinear
PDEs, are usually very difficult to deal with.
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Part I: ORDINARY DIFFERENTIAL EQUATIONS

1. ODEs: first order equations

Consider equations of the form

(1.1) y′(x) = f(x, y(x)),

where f is a specified function of x and y.
Any differentiable function y = φ(x) that satisfies equation 1.1 for all x in some interval

(possibly infinite) is called a solution. Its graph is a curve in (x, y)-space.
Firstly, we shall consider the case when f(x, y) is a linear function of y, i.e.,

f(x, y) = −p(x)y + g(x).

1.1. Linear equations. Exact solution. Equation (1.1) may be rewritten as

(1.2) y′(x) + p(x)y(x) = g(x)

multiply this equation by the function µ(x):

µ(x)y′(x) + µ(x)p(x)y(x) = µ(x)g(x),

and define µ(x) so that

LHS =
d

dx
(µ(x)y(x)) = µ(x)y′(x) + µ′(x)y(x).

This requires

µ′(x) = p(x)µ(x).

Hence

(1.3) µ(x) = exp

{∫
p(x) dx

}
.

With this multiplier, equation (1.2) becomes

d

dx
(µ(x)y(x)) = µ(x)g(x).

Integrating gives

µ(x)y(x) =

∫
µ(x)g(x) dx+ C,

where C is a constant. So

(1.4) y(x) =

∫
µ(x)g(x) dx+ C

µ(x)

is the solution to (1.2). This is the integrating factor method.

Example 1.1.

y′ + 2y = e−x.

Solution:

y = e−x + Ce−2x.
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An initial condition picks out a particular curve. Generally, a first-order equation (1.1)
with an initial condition, i.e.,

(1.5) y′ = f(x, y(x)), y(x0) = η0

is called an initial-value problem. The solution curve y = φ(x, x0) passes through the point
(x0, η0).

Example 1.2.

y′ + 2y = e−x, y(0) =
3

4
.

Solution:

y = e−x − 1

4
e−2x.

Equation (1.4) shows how to construct solutions to a linear DE. We may then determine the
constant C to satisfy an initial condition.

Alternatively, the IVP for the linear DE can be solved as follows: as before equation (1.2)
becomes, by using the integrating factor,

d

dx
(µ(x)y(x)) = µ(x)g(x).

Integrating from x0 to x gives

µ(x)y(x)− µ(x0)y(x0) =

∫ x

x0

µ(s)g(s) ds,

giving the solution

y(x) =
1

µ(x)

{
µ(x0)y(x0) +

∫ x

x0

µ(s)g(s) ds

}
.

We have proved the following theorem

Theorem 1.3. The solution of the IVP

y′(x) + p(x)y(x) = g(x), y(x0) = η0

is given by

y(x) =
1

µ(x)

{
η0 +

∫ x

x0

µ(s)g(s) ds

}
,

where µ(x) = exp
{∫ x

x0
p(s) ds

}
.

Next we consider some general questions about the IVP (1.5) for a general function f(x, y)
(i.e., not necessarily linear):

• does the IVP have a solution? (EXISTENCE)
• is there more than one solution? (UNIQUENESS)
• is the solution valid for all x or only for some interval about the initial point?

These questions are addressed in the theorem in the next section.
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1.2. The existence and uniqueness theorem: Picard iteration. Consider the IVP

(1.6) y′ = f(x, y(x)), y(x0) = η0.

In general we will not be able to explicitly determine the solution of (1.6), particularly if the
ODE is nonlinear. In such cases we need another means of determining the existence, or not,
of a solution.

The following iterative procedure leads to an existence theorem and also gives approximations
to the solution. It has three stages:

(1) construct a sequence of functions yn(x) which get closer and closer to the solution;
(2) show that yn(x) has a limit y(x) on a suitable interval x0 ≤ x ≤ x0 + α;
(3) show that y(x) is the solution of (1.6) on this interval.

We shall consider only stage (1).
We need to rewrite (1.6) as

(1.7) y(x) = L[x, y(x)]

and look for the fixed points of (1.7) (rather like the method of solving functional equations
by rearrangement and iteration, e.g. Newton-Raphson method). That is, we define a sequence
yn(x) by

(1.8) yn+1(x) = L[x, yn(x)].

Then if yn(x)→ y(x) as n→∞, y(x) solves (1.6) via (1.7).
So what is L[x, yn(x)]? Integrating (1.6) over [x0, x] we have

(1.9) y(x) =

∫ x

x0

f(s, y(s)) ds+ η0.

Coversely, if y(x) satisfies (1.9) and is continuous then y(x) satisfies (1.6).
Equation (1.9) is an integral equation and is in the form (1.7) if we set

(1.10) L[x, y(x)] =

∫ x

x0

f(s, y(s)) ds+ η0.

We therefore define a sequence of function y1(x), y2(x), . . . by

(1.11) yn+1(x) = η0 +

∫ x

x0

f(s, yn(s)) ds.

The initial function y0(x) is usually taken to be the constant function y0(x) = η0. The functions
yn(x) are called the Picard iterates after the French mathematician who discovered them. It
may be proved that the sequence of Picard iterates, with certain conditions on f(x, y(x)), has
a limit, and that this limiting function satisfies the IVP (1.6). This proves existence.

Finally, we must prove uniqueness. Suppose that (1.6) has more than one solution, say
y(x) and z(x). Then

y(x) =

∫ x

x0

f(s, y(s)) ds+ η0, z(x) =

∫ x

x0

f(s, z(s)) ds+ η0.
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Subtracting these equations we have

|y(x)− z(x)| =
∣∣∣∣∫ x

x0

f(s, y(s))− f(s, z(s)) ds

∣∣∣∣
≤
∫ x

x0

|f(s, y(s))− f(s, z(s))| ds

=

∫ x

x0

∣∣∣∣∂f∂y (s, ρ(s)) (y(s)− z(s))

∣∣∣∣ ds
≤ K

∫ x

x0

|(y(s)− z(s))| ds,

where ρ(s) ∈ (y(s), z(s)) and K = max
∣∣∣∂f∂y ∣∣∣ for (x, y) in some rectangle R. Let

(1.12) w(x) = |y(x)− z(x)| and W (x) =

∫ x

x0

w(s) ds

Then the above inequality can be rewritten as

w(x) ≤ K

∫ x

x0

w(s) ds

or
dW

dx
≤ KW (x).

Multiplying both sides by e−K(x−x0) gives

d

dx

(
e−K(x−x0)W (x)

)
≤ 0,

and integrating from x0 to x gives

(1.13) e−K(x−x0)W (x)−W (x0) ≤ 0.

But from (1.12), W (x0) = 0 and W (x) is nonnegative. Hence, from (1.13), W (x) = 0. This
means that w(x) = |y(x)− z(x)| = 0 for each x, and so y(x) = z(x). This proves uniqueness.

The three stages of proof on the Picard iterates, together with the above proof of uniqueness
establish the following theorem.

Theorem 1.4 (Existence and uniqueness (Picard)). Suppose f(x, y) and ∂f
∂y

are continuous in

the rectangle

R = {(x, y) : x0 ≤ x ≤ x0 + a, |y − η0| ≤ b} .
Let M = max(x,y)∈R |f(x, y)| and set α = min

(
a, b

M

)
. Then the initial-value problem

y′ = f(x, y(x)), y(x0) = η0

has a unique solution on the interval x0 ≤ x ≤ x0 + α.

Example 1.5.

y′ = y
1
2 , y(0) = 0.
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Example 1.6.

y′ = y2, y(0) = 1.

Example 1.7.
dy

dx
=

sin(xy)

4 + x2
, y(2) = 1.

1.3. Linear equations - existence and uniqueness. Recall that the IVP is

(1.14) y′(x) + p(x)y(x) = g(x), y(x0) = η0.

In this case
f(x, y) = −p(x)y + g(x),

∂f

∂y
= −p(x).

Thus, f and ∂f
∂y

are both continuous provided p(x) and g(x) are continuous, and we have the

following theorem.

Theorem 1.8. Let p(x) and g(x) be continuous on an interval I containing x0. Then the
IVP (1.14) has a unique solution throughout I.

Example 1.9.

y′ + 2y = e−x, y(0) =
3

4
.

Example 1.10.

y′ +
1

x
y = ex, y(1) = 2.

2. Second order equations

A second order ODE is an equation of the form

d2y(x)

dx2
= f

(
x, y(x),

dy(x)

dx

)
.

We shall only consider linear equations. In this case f is a linear function in y and y′, i.e.,

f(x, y, y′) = −p(x)y′(x)− q(x)y(x) + g(x),

so that the general form is

(2.1) y′′(x) + p(x)y′(x) + q(x)y(x) = g(x),

with initial conditions of the form

(2.2) y(x0) = η0, y′(x0) = η′0.

Continuing from the previous section, we begin with an existence and uniqueness theorem.

Theorem 2.1. Let p(x), q(x) and g(x) be continuous on an interval I ⊆ R. Then the initial
value problem (2.1) and (2.2) has exactly one solution, and this exists throughout I.
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Example 2.2.

y′′(x) +
1

x− 3
y′(x) +

√
xy(x) = ln(x+ 1), y(1) = 3, y′(1) = −5.

2.1. Homogeneous linear equations. In this case g(x) ≡ 0 in (2.1), so that the equation is

y′′(x) + p(x)y′(x) + q(x)y(x) = 0.

The problem of solving the homogeneous equation is the fundamental one since once this has
been solved it is always possible to solve the corresponding non-homogeneous problem (at least
in terms of an integral).

The easiest type of problem to solve is one in which the equation has constant coefficients
and we consider that first.

2.1.1. Constant coefficients.

Example 2.3.
2y′′ + 3y′ + y = 0.

General solution:
y(x) = Ae−x +Be−

1
2
x.

Generally, the roots of the auxiliary equation determine the nature of the solution:

(1) Real roots, m1 6= m2 : y(x) = Aem1x +Bem2x.
(2) Real roots, m1 = m2 : y(x) = em1x(A+Bx).
(3) Complex roots, m = α± iβ : y(x) = eαx(A cos βx+B sin βx).

Example 2.4. (1) y′′ + k2y = 0 =⇒ y(x) = A cos kx+B sin kx.
(2) y′′ − k2y = 0 =⇒ y(x) = A cosh kx+B sinh kx.

2.1.2. Fundamental solutions. We introduce the following operator notation:
Let p(x) and q(x) be continuous functions on an open interval I ⊆ R. Then, for any function

φ(x) which is twice differentiable on I we define the differential operator L by the equation

(2.3) L[φ] = φ′′ + pφ′ + qφ.

L may be thought of as an operator which maps one function to another. Using this notation,
we shall discuss differential equations of the form

(2.4) L[y] = y′′ + py′ + qy = 0

with initial conditions

(2.5) y(x0) = η0, y′(x0) = η′0.

Theorem 2.5 (Principle of superposition). If y1 and y2 are solutions of (2.4), then so is the
linear combination c1y1 + c2y2, for any values of the constants c1 and c2.

Proof.
L[c1y1 + c2y2] = (c1y1 + c2y2)

′′ + p(c1y1 + c2y2)
′ + q(c1y1 + c2y2)

= c1(y
′′
1 + py′1 + qy1) + c2(y

′′
2 + py′2 + qy2)

= c1L[y1] + c2L[y2]

= 0,

since L[y1] = 0 = L[y2]. �
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Now, is it possible to choose the constants c1 and c2 to satisfy (2.5)? These conditions require{
c1y1(x0) + c2y2(x0) = η0

c1y
′
1(x0) + c2y

′
2(x0) = η′0

(2.6)

These equations can be solved for c1 and c2 provided that the coefficient matrix is
nonsingular. Thus, with c1 and c2 given by solving (2.6), the linear combination

y(x) = c1y1(x) + c2y2(x)

satisfies the initial value problem (2.4) and (2.5) provided that

y1(x0)y
′
2(x0)− y′1(x0)y2(x0) 6= 0.

Definition 2.6. The determinant

W (y1, y2)(x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ = y1(x)y′2(x)− y′1(x)y2(x)

is called the Wronskian of y1 and y2.

We have used the concept of ‘general’ solution to an ODE, e.g. 2y′′+ 3y′+ y = 0 has general
solution y = Ae−x +Be−

1
2
x. How do we know these are all the solutions?

Theorem 2.7 (General solution). If y1 and y2 are two solutions of the linear DE (2.4) and if
there is a point x0 at which W (y1, y2)(x0) 6= 0 then the family of solutions y(x) = c1y1(x) +
c2y2(x) with arbitrary coefficients c1 and c2 includes every solution of (2.4).

Proof. Let φ(x) be any solution of (2.4). Then, since W (y1, y2)(x0) 6= 0, there exist c1, c2 such
that

y(x0) = c1y1(x0) + c2y2(x0) = φ(x0),

y′(x0) = c1y
′
1(x0) + c2y

′
2(x0) = φ′(x0).

Since φ(x) and c1y1(x) + c2y2(x) are two solutions satisfying the same initial conditions, then,
by uniqueness (Theorem 2.1), they must be equal. �

Thus to find a general solution of any second order homogeneous linear ODE we need only
find two solutions whose Wronskian is nonzero at some point.

Definition 2.8. Two solutions y1 and y2 of (2.4) with W (y1, y2)(x0) 6= 0, for some x0 ∈ I,
form a fundamental set of solutions (FSS).

Example 2.9.

2y′′ + 3y′ + y = 0; y1 = e−x, y2 = e−
1
2
x.

Example 2.10.

2x2y′′ + 3xy′ − y = 0; y1 =
1

x
, y2 = x

1
2 .
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2.1.3. Linear independence and the Wronskian. Two functions f and g are linearly depen-
dent on an interval I if there exists constants k1 and k2 (not both zero) such that

k1f(x) + k2g(x) = 0, x ∈ I.
The functions f and g are linearly independent if they are not linearly dependent.

Theorem 2.11. If f and g are differentiable on the interval I and W (f, g)(x0) 6= 0 for some
x0 ∈ I, then f and g are linearly independent on I.

Proof. Suppose that f and g are linearly dependent. Then

k1f(x) + k2g(x) = 0,

k1f
′(x) + k2g

′(x) = 0,

for some nonzero k1, k2, the first equation by definition and the second by differentiating the
first. The coefficient matrix must be singular, i.e.f(x)g′(x)−f ′(x)g(x) = 0, i.e.W (f, g)(x) = 0,
for all x ∈ I. This contradicts the asssumption that W (f, g)(x0) 6= 0 for some x0 ∈ I. �

It follows from the theorem that the functions y1, y2 in a fundamental set of solutions are
linearly independent. But what about the converse? That is, if two solutions are linearly
independent do they form a fundamental set?

Theorem 2.11 is not true in general as the following counterexample shows: Let

f(x) =

{
x2, x < 0,

0, x ≥ 0,
and g(x) =

{
0, x < 0,

x2, x2 ≥ 0.

Clearly f(x) 6= kg(x) so f, g are linearly independent. But W (f, g)(x) =

∣∣∣∣f g
f ′ g′

∣∣∣∣ =

∣∣∣∣x2 0
2x 0

∣∣∣∣ = 0

for x < 0, and W =

∣∣∣∣0 x2

0 2x

∣∣∣∣ for x ≥ 0, so that W (f, g)(x) = 0 for all x ∈ R. Hence linear

independence of f, g does not imply W (f, g)(x0) 6= 0 for some x0.
However the converse is true if the functions are solutions of a linear second order differ-

ential equation. Indeed, suppose y1 and y2 are solutions of (2.4) such that W (y1, y2)(x0) = 0.
Then {

c1y1(x0) + c2y2(x0) = 0

c1y
′
1(x0) + c2y

′
2(x0) = 0

for some nonzero c1, c2. Thus both of the functions c1y1 + c2y2 and 0 are solutions of the
IVP (2.4) and (2.5), with η0 = η′0 = 0. Hence by uniqueness (Theorem 2.1), c1y1 + c2y2 = 0,
i.e., y1 and y2 are linearly dependent.

We have proved the following equivalence.

Theorem 2.12. Let y1, y2 be solutions of (2.4). Then y1, y2 form a fundamental set of solutions
if and only if y1, y2 are linearly independent.

Finally we have the following result on the Wronskian:

Theorem 2.13 (Abel). Let y1, y2 be two solutions of the DE (2.4):

y′′ + py′ + qy = 0.
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Then

W (y1, y2)(x) = c exp

{
−
∫ x

x0

p(s) ds

}
,

where c = W (y1, y2)(x0).

So the Wronskian of the functions in any fundamental set of solutions is determined (up to
a constant multiple) by p(x).

Proof. Using the definition of the Wronskian

dW

dx
=

d

dx
(y1y

′
2 − y′1y2)

= y′1y
′
2 + y1y

′′
2 − y′′1y2 − y′1y′2

= y1 (−py′2 − qy2)− y2 (−py′1 − qy1)

= −p (y1y
′
2 − y′1y2)

= −pW.
Hence

1

W

dW

dx
= −p(x).

Integrating from x0 to x gives

lnW (x)− lnW (x0) = −
∫ x

x0

p(s) ds.

Exponentiating gives

W (x) = W (x0) exp

{
−
∫ x

x0

p(s) ds

}
.

�

It follows from the theorem that if y1, y2 are solutions then either W (y1, y2) ≡ 0 for all x ∈ I,
or W (y1, y2)(x) is never zero on I.

To recap: if y1 and y2 are solutions of the DE (2.4), then following four statements are
equivalent:

• c1y1 + c2y2 is a general solution of (2.4)
• W (y1, y2)(x0) 6= 0 for some x0 ∈ I
• W (y1, y2)(x) 6= 0 for all x ∈ I
• y1 and y2 are linearly independent

Theorem 2.13 also gives an explicit recipe to produce a FSS from a single solution:

Theorem 2.14. If y1 is a nonzero solution of (2.4), then a second (linearly independent)
solution is given by

y1

∫ {
y−2

1 exp

(
−
∫
p(x) dx

)}
dx.

Proof. Writing
d

dx

(
y2

y1

)
=
y1y
′
2 − y2y

′
1

y2
1

=
W

y2
1

,
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with, from Abel’s theorem,

W (x) = a exp

(
−
∫
p dx

)
,

then
y2

y1

=

∫
W (x)

y2
1

dx+ c.

Hence

y2 = y1

{∫
W (x)

y2
1

dx

}
+ cy1

= ay1

∫ {
y−2

1 exp

(
−
∫
p(x) dx

)}
dx+ cy1

�

2.2. Nonhomogeneous linear equations. We now consider the nonhomogeneous second
order linear ODE

(2.7) L[y] = y′′(x) + p(x)y′(x) + q(x)y(x) = g(x),

where p(x), q(x) and g(x) are given continuous functions an open interval I ⊆ R.

Theorem 2.15. The general solution of (2.7) can be written in the form

(2.8) y(x) = c1y1(x) + c2y2(x) + yp(x)

where y1 and y2 are a fundamental set of solutions of the corresponding homogeneous equation
L[y] = 0, c1 and c2 are arbitrary constants and yp is a specific solution of the nonhomogeneous
equation (2.7).

Proof. Let φ(x) be any solution of (2.7). Since

L[φ− yp] = L[φ]− L[yp] = g(x)− g(x) = 0

then φ− yp is a solution of the corresponding homogeneous equation. Hence, by theorem 2.7,

φ(x)− yp(x) = c1y1(x) + c2y2(x)

for suitable constants c1 and c2. �

The specific solution yp(x) is usually called the Particular Integral. How do we determine
yp(x) ? We shall consider two methods, the first for constant coefficient equations and the
second more general.

2.2.1. Method of undetermined coefficients. This basically amounts to ‘guessing’ the form of
the particular integral, and is the method covered in First Year Calculus.

Example 2.16.

2y′′ + 3y′ + y = x(1 + x)
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Generally the form of g(x) determines the choice of yp(x):

g(x) yp(x)
xn Axn + . . .
emx Axsemx

sin βx, cos βx xs(A cos βx+B sin βx)

Here s is the smallest integer that ensures that no term in yp(x) is a solution of the homogeneous
equation.

Example 2.17.
2y′′ + 3y′ + y = e−x

2.2.2. Method of variation of parameters. This is a more general approach which also enables
us to solve a wider class of constant coefficient equations.

Consider again the non-homogeneous second order linear ODE:

(2.9) L[y] = y′′(x) + p(x)y′(x) + q(x)y(x) = g(x).

Suppose we know the general solution of the associated homogeneous equation L[y] = 0, say

(2.10) yh(x) = c1y1(x) + c2y2(x).

Note that it is not usually easy to find for variable coefficient equations.
Now replace the constants c1 and c2 by functions u1(x) and u2(x) and choose these so that

(2.11) y(x) = u1(x)y1(x) + u2(x)y2(x)

satisfies (2.9). Differentiating (2.11) gives

(2.12) y′ = u′1y1 + u1y
′
1 + u′2y2 + u2y

′
2.

Now we wish to substitute (2.11) into (2.9) in order to determine u1 and u2, but we have two
unknowns and only one equation. We therefore choose a condition on u1 and u2, letting

(2.13) u′1y1 + u′2y2 = 0.

Then
y′ = u1y

′
1 + u2y

′
2

and
y′′ = u1y

′′
1 + u′1y

′
1 + u2y

′′
2 + u′2y

′
2.

Substituting into (2.9) and collecting terms gives

u1 (y′′1 + py′1 + qy1) + u2 (y′′2 + py′2 + qy2) + u′1y
′
1 + u′2y

′
2 = g(x)

and therefore

(2.14) u′1y
′
1 + u′2y

′
2 = g(x).

Now (2.13) and (2.14) are a pair of simultaneous equations in u′1 and u′2. Solving these we
obtain

u′1 = − y2(x)g(x)

W (y1, y2)(x)
, u′2 =

y1(x)g(x)

W (y1, y2)(x)
.

Integration then gives u1(x) and u2(x). Finally substituting these expressioins back into (2.11)
gives the particular integral. We have proved:
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Theorem 2.18 (Variation of parameters). If y1 and y2 are fundamental solutions of the equa-
tion L[y] = 0 then the equation

L[y] = y′′ + py′ + qy = g(x)

has the particular integral

(2.15) yp(x) = −y1(x)

∫
y2(x)g(x)

W (y1, y2)(x)
dx+ y2(x)

∫
y1(x)g(x)

W (y1, y2)(x)
dx

and general solution
y(x) = c1y1(x) + c2y2(x) + yp(x)

.

Example 2.19.

y′′ + y = tanx,
(
−π

2
< x <

π

2

)
2.2.3. Initial Value Problems.

Theorem 2.20 (Initial value problem). Consider the initial value problem

L[y] =y′′ + py′ + qy = g(x), α < x < β,(2.16)

y(x0) = 0, y′(x0) = 0.(2.17)

If y1 and y2 are fundamental solutions of the homogeneous equation L[y] = 0 then the solution
of the IVP (2.16), (2.17) is

(2.18) y(x) =

∫ x

x0

{
y1(t)y2(x)− y1(x)y2(t)

W (y1, y2)(t)

}
g(t) dt

Proof. The particular integral obtained in Theorem 2.18 has the form

y(x) = u1(x)y1(x) + u2(x)y2(x)

with
y′(x) = u1(x)y′1(x) + u2(x)y′2(x).

The initial conditions (2.17) require

y(x0) = u1(x0)y1(x0) + u2(x0)y2(x0) = 0

y′(x0) = u1(x0)y
′
1(x0) + u2(x0)y

′
2(x0) = 0

and are only satisfied if u1(x0) = 0 and u2(x0) = 0, since the existence of a FSS implies that
the determinant W (y1, y2)(x0) of the coefficient matrix of the system of equations is nonzero.
Therefore

u1(x) = −
∫ x

x0

y2(t)g(t)

W (y1, y2)(t)
dt, u2(x) =

∫ x

x0

y1(t)g(t)

W (y1, y2)(t)
dt,

and

y(x) = −y1(x)

∫ x

x0

y2(t)g(t)

W (y1, y2)(t)
dt+ y2(x)

∫ x

x0

y2(t)g(t)

W (y1, y2)(t)
dt

=

∫ x

x0

{
y1(t)y2(x)− y1(x)y2(t)

W (y1, y2)(t)

}
g(t) dt.

�
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Corollary 2.21. If the initial conditions (2.17) are replaced by

(2.19) y(x0) = η0, y′(x0) = η′0.

then the solution of the IVP (2.16), (2.19) is

y(x) = c1y1(x) + c2y2(x) + yp(x)

where yp(x) is given by (2.18) in 2.20 and the constants c1 and c2 satisfy

c1y1(x0) + c2y2(x0) = η0

c1y
′
1(x0) + c2y

′
2(x0) = η′0

Example 2.22.

y′′ + ω2y = g(x), y(0) = y′(0) = 0.

Example 2.23.

y′′ + ω2y = g(x), y(0) = 2, y′(0) = −1.

A summary of topics covered in this section:

• existence and uniqueness theorem for linear equations
• homogeneous equations

– Wronskian; Abel’s theorem
– fundamental set of solutions {y1, y2}
– general solution y = c1y1 + c2y2

• nonhomogeneous equations
– general solution y = c1y1 + c2y2 + yp
– variation of parameters for yp(x)
– IVP

3. Higher order linear equations

Most of the results we have discussed for second order equations carry over into higher orders.
We consider the ODE

(3.1) Ln[y] =
dny

dxn
+ p1(x)

dn−1y

dxn−1
+ . . .+ pn−1(x)

dy

dx
+ pn(x)y = g(x).

with initial conditions

(3.2) y(x0) = η0, y′(x0) = η′0, . . . , y(n−1)(x0) = η
(n−1)
0 .

Theorem 3.1 (Existence and Uniqueness). If p1, . . . , pn, g are continuous on I ⊆ R then the
IVP (3.1) and (3.2) has a unique solution which exists throughout I.

Example 3.2.

x(x− 2)y′′′ − 3xy′′ + 6x2y′ − (cosx)y =
√
x+ 5,

y(1) = 1, y′(1) = 0, y′′(1) = −1.
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3.1. Homogeneous equations. Consider the homogeneous equation

(3.3) Ln[y] = 0.

Definition 3.3. The determinant

W (y1, . . . , yn)(x) =

∣∣∣∣∣∣∣∣∣
y1 y2 · · · yn
y′1 y′2 · · · y′n
...

...
...

y
(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n

∣∣∣∣∣∣∣∣∣
is the Wronskian of y1, . . . , yn.

Definition 3.4. Solutions y1, . . . , yn of Ln[y] = 0 with W (y1, . . . , yn)(x0) 6= 0 for some x0 ∈ I
form a fundamental set of solutions.

Theorem 3.5 (General solution). If {y1, . . . , yn} is a FSS then every solution has the form

y(x) = c1y1(x) + c2y2(x) + . . .+ cnyn(x),

where c1, . . . , cn are constants.

Example 3.6.
y′′′ + y′′ + y′ + y = 0.

Theorem 3.7 (Abel’s identity). If y1, . . . , yn are solutions of Ln[y] = 0, then

W (y1, . . . , yn)(x) = c exp

{
−
∫
p1(x) dx

}
,

where c is a constant.

Example 3.8. For the DE y′′′ + y′′ + y′ + y = 0 in the previous example, p1(x) = 1, so∫
p1(x) dx =

∫
1 dx = x, giving W (x) = ce−x.

3.2. Nonhomogeneous equations: Ln[y] = g.

Theorem 3.9 (General solution). If {y1, . . . , yn} is a FSS of Ln[y] = 0 then every solution of
Ln[y] = g has the form

y(x) = c1y1(x) + . . .+ cnyn(x) + yp(x),

where yp(x) is a specific solution of Ln[y] = g and c1, . . . , cn are constants.

Theorem 3.10 (IVP). If {y1, . . . , yn} is a FSS of Ln[y] = 0 then the solution of the IVP

Ln[y] = g(x), y(x0) = y′(x0) = . . . = y(n−1)(x0) = 0

is

y(x) =

∫ x

x0

W̃ (y1, . . . , yn)(t, x)

W (y1, . . . , yn)(t)
g(t) dt

where W (y1, . . . , yn)(t) is the Wronskian of y1(t), . . . , yn(t) and

W̃ (y1, . . . , yn)(t, x) =

∣∣∣∣∣∣∣∣∣∣∣

y1(t) y2(t) · · · yn(t)
y′1(t) y′2(t) · · · y′n(t)

...
...

...

y
(n−2)
1 (t) y

(n−2)
2 (t) · · · y

(n−2)
n (t)

y1(x) y2(x) · · · yn(x)

∣∣∣∣∣∣∣∣∣∣∣
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is the Wronskian with the last row replaced by y1(x), . . . , yn(x).

4. Initial value problems: the influence function

We shall consider second order DEs

(4.1) a2(x)y′′(x) + a1(x)y′(x) + a0(x)y(x) = g(x), α < x < β,

where a0(x), a1(x), a2(x) are continuous and a2(x) 6= 0. Every such equation can be rewritten
in self-adjoint form and these have useful general properties.

4.1. Self-adjoint differential equations.

Definition 4.1. A second order DE is self-adjoint if it has the form

(4.2)
d

dx

[
p(x)

dy

dx

]
+ q(x)y = h(x).

Equation (4.1) can be expressed in self-adjoint form (4.2) by multiplying it by an integrating
factor, as follows:

Divide by a2 to obtain

y′′ +
a1

a2

y′ +
a0

a2

y =
g

a2

.

Then multiply by p = exp
{∫

a1

a2
dx
}

to give

d

dx

[
p
dy

dx

]
+ p

a0

a2

y = p
g

a2

.

Example 4.2. (1) y′′ + y = 0.
(2) x2y′′ + xy′ + y = ex, x > 0.
(3) (1− x2)y′′ − 2xy′ + n(n+ 1)y = 0, −1 < x < 1.

4.2. Homogeneous equations.

(4.3) [p(x)y′(x)]
′
+ q(x)y(x) = 0

Theorem 4.3 (Wronskian). The Wronskian of the self-adjoint DE (4.3) is given by

W (y1, y2)(x) =
c

p(x)
,

where c is a constant.

Proof. Writing (4.3) as

y′′ +
p′

p
y′ +

q

p
y = 0,

Abel’s formula (Theorem 2.13) gives

W (x) = c exp

{
−
∫
p′(x)

p(x)
dx

}
= c exp {− ln p(x)} =

c

p(x)
.

�
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Theorem 4.4 (Second solution). If y1 is a solution of (4.3) then a second solution is given by

y2(x) = y1(x)

∫
dx

p(x)[y1(x)]2
.

Proof. For any two solutions y1 and y2,

d

dx

(
y2

y1

)
=
y1y
′
2 − y′1y2

y2
1

=
W (y1, y2)(x)

y2
1

=
c

py2
1

.

Integration gives
y2

y1

=

∫
c

py2
1

dx

and put c = 1. �

4.3. Nonhomogeneous equations. Consider the IVP

(4.4) [p(x)y′(x)]
′
+ q(x)y(x) = h(x)

(4.5) y(x0) = y′(x0) = 0

Writing (4.4) as

y′′ +
p′

p
y′ +

q

p
y =

h

p
,

then, using Theorem 2.20, the solution of the IVP (4.4) and (4.5) is given by

y(x) =

∫ x

x0

{
y1(t)y2(x)− y1(x)y2(t)

W (y1, y2)(t)

}
h(t)

p(t)
dt.

Thus, we can re-express Theorem 2.20 for the solution of the self-adjoint IVP as follows:

Theorem 4.5 (Influence function). The solution of the self-adjoint IVP

[p(x)y′(x)]
′
+ q(x)y(x) = h(x), y(x0) = y′(x0) = 0

is given by

(4.6) y(x) =

∫ x

x0

R(x, t)h(t) dt

where the influence function R(x, t) is defined by

(4.7) R(x, t) =
y1(t)y2(x)− y1(x)y2(t)

p(t)W (y1, y2)(t)

Example 4.6. (See example (2.23))

y′′ + y = f(x), y(0) = y′(0) = 0.

Example 4.7.
x2y′′ + xy′ − y = f(x), x > 0, y(2) = y′(2) = 0.

Alternatively, the influence function can be characterised by the following properties:

(1) R(x, t) satisfies the associated homogeneous DE with respect to x
(2) R(x, t)|x=t = 0
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(3) ∂R
∂x
|x=t = 1

p(t)

Indeed, writing (4.7) as

R(x, t) = − y2(t)

p(t)W (t)
y1(x) +

y1(t)

p(t)W (t)
y2(x)

the three properties are clearly satisfied by the influence function.
Conversely, if a function R(x, t) satisfies (1), (2) and (3), then

(1) =⇒ R(x, t) = c1(t)y1(x) + c2(t)y2(x)

(2) =⇒ R(t, t) = c1(t)y1(t) + c2(t)y2(t) = 0

(3) =⇒ ∂R

∂x
|x=t = c1(t)y

′
1(t) + c2(t)y

′
2(t) =

1

p(t)

Solving simultaneously gives

c1 =
−y2(t)

p(t)W (t)
, c2 =

y1(t)

p(t)W (t)
,

as required.

Example 4.8. Reconsider Example 4.6:

y′′ + y = f(x), y(0) = y′(0) = 0.

5. Boundary value problems

The problem of finding a solution to a second order linear DE

(5.1) y′′(x) + p1(x)y′(x) + p2(x)y(x) = g(x), α < x < β

that satisfies the boundary conditions

(5.2)

{
a11y(α) + a12y

′(α) + b11y(β) + b12y
′(β) = c1

a21y(α) + a22y
′(α) + b21y(β) + b22y

′(β) = c2

is called two-point boundary value problem.
Here I = (α, β) and the conditions (5.2) are the most general we could consider. (Typically

most of the constants aij, bij are zero.) When c1 = c2 = 0 the boundary conditions are said to
be homogeneous.

Four special types of conditions occur frequently in applications:

• Dirichlet:
y(α) = c1, y(β) = c2

• Neumann:
y′(α) = c1, y′(β) = c2

• Robin (or mixed):

a1y(α) + a2y
′(α) = c1, b1y(β) + b2y

′(β) = c2

• Periodic:
y(0) = y(2T ), y′(0) = y′(2T ),

usually in some type of ‘circular’ geometry, where the period is 2T .
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For IVPs the Existence and Uniqueness Theorem 2.1 ensures a unique solution on some
interval. For BVPs this is not necessarily the case.

For the homogeneous BVP (i.e. g(x) ≡ 0, c1 = c2 = 0 in (5.1), (5.2)) three cases can arise:

(1) a unique solution
(2) a one-parameter family of solutions
(3) a two-parameter family of solutions

For the nonhomogeneous BVP there is, in addition, a fourth possibility

(4) there are no solutions

For the homogeneous BVP, case (1) means that the only solution is the trivial solution
y(x) ≡ 0.

Example 5.1. (1) y′′ + 2y′ + 5y = 0, y(0) = 2, y(π/4) = 1.
(2) y′′ + y = cos 2x, y′(0) = 0, y′(π) = 0.
(3) y′′ + 4y = 0, y(0) = y(π), y′(0) = y′(π).
(4) y′′ + 4y = 4x, y(0) = y(π), y′(0) = y′(π).

6. Eigenvalue problems

A type of homogeneous BVP of particular interest, since they arise in the solution of PDEs,
is a problem containing a parameter, say λ, which will have a problem for some values of λ.

Definition 6.1. Suppose the DE (5.1) contains a parameter λ. Then the values of λ for which
the BVP (5.1), (5.2) has a non-trivial solution are called the eigenvalues and the corresponding
solutions are the eigenfunctions.

Example 6.2.

y′′ + λy = 0, 0 < x < L, λ ∈ R

y(0) = y(L) = 0

Example 6.3.

y′′ + λy = 0, 0 < x < L

y′(0) = y′(L) = 0

Example 6.4.

y′′ + λy = 0, −π < x < π

y(−π) = y(π), y′(−π) = y′(π)

The next example illustrates that even for a simple ODE, the eigenvalues may be difficult to
determine exactly.

Example 6.5.

y′′ + λy = 0, 0 < x < 1

y(0) = 0, 3y(1)− y′(1) = 0
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7. Nonhomogeneous boundary value problems: the Green’s function

Consider the BVP

(7.1) Ly :=
d

dx

[
p(x)

dy

dx

]
+ q(x)y(x) = −h(x), α < x < β

(7.2)

{
B1y := a1y(α) + a2y

′(α) = η1

B2y := b1y(β) + b2y
′(β) = η2

(The RHS of (7.1) is written −h(x). Not necessary, but conventional.)

7.1. Existence and uniqueness. The general solution of (7.1) is given by Theorem 2.15 as

(7.3) y(x) = c1y1(x) + c2y2(x)−
∫ x

α

R(x, t)h(t) dt

where y1, y2 form a FSS of the homogeneous equation and the third term is the particular
integral obtained by the method of variation of parameters with R(x, t) the influence function.

The boundary conditions (7.2) are satisfied if
(7.4){

B1y = c1B1y1 + c2B1y2 = η1

B2y = c1B2y1 + c2B2y2 − b1
∫ β
α
R(β, t)h(t) dt− b2

{∫ β
α

∂R
∂x
h(t) dt+R(β, β)h(β)

}
= η2

These equations have a unique solution for c1 and c2 provided that

(7.5) ∆ :=

∣∣∣∣B1y1 B1y2

B2y1 B2y2

∣∣∣∣ 6= 0

Thus, if ∆ 6= 0 then the BVP (7.1) and (7.2) has a unique solution given by (7.3).
Now let us consider what happens if ∆ = 0. If ∆ = 0 then the equations

c1B1y1 + c2B1y2 = 0

c1B2y1 + c2B2y2 = 0

have solutions other than c1 = c2 = 0. The corresponding function v(x) = c̃1y1(x) + c̃2y2(x)
satisfies the homogeneous BVP Lv = 0, B1v = B2v = 0. This means that if y(x) is a
solution of the nonhomogeneous BVP (7.1) and (7.2) then y(x) + cv(x) is also a solution for
any constant c. So the problem does not have a unique solution.

We have proved the following theorem:

Theorem 7.1. The BVP (7.1), (7.2) has a unique solution if and only if the determinant

∆ =

∣∣∣∣a1y1(α) + a2y
′
1(α) a1y2(α) + a2y

′
2(α)

b1y1(β) + b2y
′
1(β) b1y2(β) + b2y

′
2(β)

∣∣∣∣ 6= 0

where y1 and y2 form a FSS of the associated homogeneous equation.

Note: if ∆ = 0 there may be no solution or infinitely many solutions.
In the case of a unique solution, the solution itself is given by equation (7.3) with c1 and

c2 determined by equations (7.4). This can either be used as a procedure to solve the BVP
or taken through to obtain a formula for the solution. However both of these methods are
algebraically rather messy.



MA3606 DIFFERENTIAL EQUATIONS 23

An alternative approach is to define an intermediary function, the Green’s function, and to
express the solution in terms of it. This may be shown to be equivalent to using equations (7.3)
and (7.4) – we shall not give the proof.

7.2. Green’s function. Consider the BVP (7.1): Ly = −h(x) with homogeneous BCs

(7.6)

{
a1y(α) + a2y

′(α) = 0

b1y(β) + b2y
′(β) = 0

Definition 7.2. The Green’s function G(x, t) of the BVP is defined by the following condi-
tions:

(1) G(x, t) satisfies Ly = 0 with respect to x (x 6= t)
(2) G(x, t) satisfies the boundary conditions at x = α and x = β
(3) G(x, t) is continuous at x = t
(4) ∂G

∂x
is discontinuous at x = t with ∂G

∂x
|x=t+0 − ∂G

∂x
|x=t−0 = − 1

p(t)
.

Then the solution of the BVP is given by the following theorem:

Theorem 7.3. The solution of the BVP (7.1), (7.6) is given by

(7.7) y(x) =

∫ β

α

G(x, t)h(t) dt

Example 7.4.

y′′ = −f(x), 0 < x < 1, y(0) = y(1) = 0.

Example 7.5.

y′′ + n2y = −f(x), 0 < x < 1, n ∈ N, y(0) = y(1) = 0.

Example 7.6. Solve Example (7.5) in the particular case when f(x) = 1.

y(x) =

∫ 1

0

G(x, t)f(t) dt

=

∫ x

0

sinnt sinn(1− x)

n sinn
· 1 dt+

∫
x1

sinn(1− t) sinnx

n sinn
· 1 dt

=
sinn(1− x)

n sinn

∫ x

0

sinnt dt+
sinnx

n sinn

∫ 1

x

sinn(1− t) dt

=
sinn(1− x)

n sinn

[
− cosnx+ 1

n

]
+

sinnx

n sinn

[
1− cosn(1− x)

n

]
= − 1

n2
+

sinn(1− x) + sinnx

n2 sin(n)

= − 1

n2
+

cos 1
2
n(1− 2x)

n2 cos 1
2
n

=
2 sin 1

2
n(1− x) sin 1

2
x

n2 cos 1
2
n

.
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We now highlight a symmetry property of the Green’s function. Let

G(x, t) =

{
Gα(x, t), α ≤ x ≤ t

Gβ(x, t), t ≤ x ≤ β

Then

(7.8) Gα(t, x) = Gβ(x, t)

In Example 7.4

G(x, t) =

{
(1− t)x, 0 ≤ x ≤ t

t(1− x), t ≤ x ≤ 1

In Example 7.5

G(x, t) =

{
sinn(1−t) sinnx

n sinn
, 0 ≤ x ≤ t

sinnt sinn(1−x)
n sinn

, t ≤ x ≤ 1

This property may be used, to advantage, in the construction of a Green’s function.

Example 7.7.
y′′ − y = −f(x), 0 < x < L, y′(0) = y(L) = 0.

We return now to the original BVP (7.1), (7.2) in which the boundary conditions are non-
homogeneous.

Theorem 7.8. The solution of the BVP (7.1), (7.2) is given by

(7.9) y(x) = c1y1(x) + c2y2(x) +

∫ β

α

G(x, t)h(t) dt

where y1 and y2 form a FSS of the corresponding homogeneous equation, G(x, t) is the Green’s
function using the corresponding homogeneous boundary conditions, and the values of c1, c2 are
chosen to satisfy the BCs.

Proof. Let yh(x) = c1y1(x) + c2y2(x) and yp(x) =
∫ β
α
G(x, t)h(t) dt. Then

Ly = Lyh + Lyp = 0 + (−h)

B1y = B1yh +B1yp = B1yh + 0 = η1

B2y = B2yh +B2yp = B2yh + 0 = η2

�

Example 7.9.

y′′ − y = −f(x), 0 < x < L, y′(0) = 1, y(L) = 2.

Finally, we complete this section by proving Theorem 7.3: We write (7.1) as

(7.10) y′′ +
p′

p
y′ +

q

p
y = −h

p

Using the method of variation of parameters, we proved in Theorem 2.18 that a particular
integral of (7.10) is given by

y(x) = u1(x)y1(x) + u2(x)y2(x)
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where

u′1(x) =
y2(x)h(x)

p(x)W (y1, y2)(x)
u′2(x) = − y1(x)h(x)

p(x)W (y1, y2)(x)

where y1 and y2 are fundamental solutions of the homogeneous problem and we have put

g(x) = −h(x)
p(x)

. Using Theorem 4.3 we can put p(x)W (y1, y2)(x) = c, where c is a constant.

Since u1(x), u2(x) are only determined up to a constant then a particular integral of (7.10)
is given by

y(x) = y1(x)

{
−
∫ β

x

y2(t)h(t)

c
dt

}
+ y2(x)

{∫ x

α

y1(t)h(t)

c
dt

}
=

∫ x

α

{
−y1(t)y2(x)

c

}
h(t) dt+

∫ β

x

{
−y1(x)y2(t)

c

}
h(t) dt

Sicne ∆ 6= 0, we may choose the FSS y1, y2 so that

(7.11)

{
a1y1(α) + a2y

′
1(α) = 0

b1y2(β) + b2y
′
2(β) = 0

and with this choice y(x) satisfies the BCs (7.6).
So the solution may be written

y(x) =

∫ β

α

G(x, t)h(t) dt

where

(7.12) G(x, t) =

{
−y1(x)y2(t)/c, α ≤ x ≤ t

−y1(t)y2(x)/c, t ≤ x ≤ β

Clearly G(x, t) satisfies conditions (1),(2),(3) of our definition of a Green’s function. Condition
(4) is also satisfied since

∂G

∂x
|x=t+0 −

∂G

∂x
|x=t−0 =

−y1(t)y
′
2(x)

c
|x=t+0 −

−y′1(x)y2(t)

c
|x=t−0

= − [y1(t)y
′
2(t)− y′1(t)y2(t)]

c

= −W (y1, y2)(t)

c

= − 1

p(t)
.

We also see from (7.12) that G(x, t) satisfies the symmetry condition (7.8).

8. Sturm-Liouville problems

The problems we considered in §6 are special cases of Sturm-Liouville boundary value
problems. These are eigenvalue problems of the form

(8.1)
d

dx

[
p(x)

dy

dx

]
+ q(x)y(x) + λr(x)y(x) = 0, α < x < β
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(8.2)

{
a1y(α) + a2y

′(α) = 0

b1y(β) + b2y
′(β) = 0

where p(x), p′(x), q(x), r(x) are continuous on α ≤ x ≤ β.
The problem is regular if p(x) > 0 and r(x) > 0 for α ≤ x ≤ β. The problem is singular if

p(x) > 0 and r(x) > 0 for α < x < β and r(α) = 0 or r(β) = 0.
We shall only consider regular problems. General properties are discussed in the following

sections.

8.1. Eigenfunctions and eigenvalues. We begin by proving two important properties.

Definition 8.1. A set of functions {fn(x)}∞n=1 is said to be orthogonal with respect to the
non-negative weight function w(x) on the interval α ≤ x ≤ β if

(8.3)

∫ β

α

w(x)fm(x)fn(x) dx = 0, m 6= n.

The set is orthonormal if

(8.4)

∫ β

α

w(x)fm(x)fn(x) dx =

{
0, if m 6= n;

1, if m = n.

Note that we can always obtain an orthonormal set from an orthogonal set by dividing each
fn by its norm

‖fn‖ =

[∫ β

α

w(x)f 2
n(x) dx

]1/2

.

Example 8.2. The set {1, cosx, sinx, cos 2x, sin 2x, . . .} is orthogonal on [−π, π] with respect
to the weight function w(x) ≡ 1. Since ‖1‖ =

√
2π, ‖sinnx‖ = ‖cosnx‖ =

√
π, n = 1, 2, . . .,

then
{

1√
2π
, cosx√

π
, sinx√

π
, . . .

}
is an orthonormal set.

Theorem 8.3 (Orthogonality). Eigenfunctions which correspond to distinct eigenvalues of the
regular S-L problem BVP (8.1), (8.2) are orthogonal wrt the weight function r(x) on [α, β].

Proof. Let λ, µ be distinct eigenvalues with corresponding eigenfunctions φ(x) and ψ(x). Then

(pφ′)′ + qφ+ λrφ = 0

(pψ′)′ + qψ + µrψ = 0

Multiplying the first equation by ψ and the second by φ and subtracting gives

(8.5) ψ(pφ′)′ − φ(pψ′)′ + (λ− µ)rφψ = 0,

i.e.

(8.6)
d

dx
[(pφ′)ψ − (pψ′)φ] + (λ− µ)rφψ = 0,

i.e.

(8.7)
d

dx
[p (φ′ψ − φψ′)] + (λ− µ)rφψ = 0.



MA3606 DIFFERENTIAL EQUATIONS 27

Integrating from x = α to x = β gives

(λ− µ)

∫ β

α

r(x)φ(x)ψ(x) dx = [p(x) (φ′ψ − φψ′)]βα

= [p(x)W (φ, ψ)(x)]βα
= 0,

for the BCs (8.2) give W (φ, ψ)(α) = 0 = W (φ, ψ)(β) �

Theorem 8.4 (Real eigenvalues). Then eigenvalues of the regular S-L BVP are real and have
real-valued associated eigenfunctions.

Proof. Suppose λ (possibly complex) is an eigenvalue with associated eigenfunction φ(x), so

(pφ′)′ + qφ+ λrφ = 0.

Taking the complex conjugate gives

(pφ
′
)′ + qφ+ λrφ = 0.

So λ is also an eigenvalue with associated eigenfunction φ(x).
If λ 6= λ, then, by Theorem 8.3∫ β

α

r(x)φ(x)φ(x) dx =

∫ β

α

r(x) |φ(x)|2 dx = 0.

Since r(x) > 0, the integrand is positive and the integral cannot be zero. Hence λ = λ so that
λ is real.

Now if φ(x) is itself not real-valued then its real or imaginary part is itself an eigenfunction
which is real-valued and corresponds to λ. �

We also state three further properties without proof.

Theorem 8.5. Then eigenvalues of the regular S-L BVP (8.1), (8.2) form a countable, in-
creasing sequence

λ1 < λ2 < . . . , with lim
n→∞

λn =∞.

Theorem 8.6 (Oscillation). Then nth eigenfunction has n−1 zeros on the interval α < x < β.

Theorem 8.7 (Monotonicity). Reducing the interval (α, β), increasing p(x), decreasing q(x)
or decreasing r(x), increases all the eigenvalues.

This theorem can sometimes be used to obtain information on the eigenvalues of a S-L BVP
that cannot be solved exactly, as the following example shows.

Example 8.8. [(1 + x2) y′]
′
+ λy = 0, 0 < x < 1, y(0) = y(1) = 0.
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8.2. Eigenfunction expansions. Fourier series is an example of an orthogonal set of functions
which are used to expand functions.

Let {φn(x)}∞n=1 be an orthogonal set of eigenfunctions with weight r(x) on α ≤ x ≤ β. Let
f(x) =

∑∞
n=1 cnφn(x). Multiplying each term by φm(x)r(x) with m fixed and integrating over

[α, β] we obtain ∫ β

α

r(x)f(x)φm(x) dx =

∫ β

α

r(x)
∞∑
n=1

cnφn(x)φm(x) dx

=
∞∑
n=1

cn

∫ β

α

r(x)φn(x)φm(x) dx

= cm

∫ β

α

r(x)φ2
m(x) dx

giving

cm =

∫ β
α
r(x)f(x)φm(x) dx∫ β
α
r(x)φ2

m(x) dx
, m = 1, 2, . . . .

The above is a formal derivation of the coefficients and requires conditions for the term-by-term
integration to be valid.

Theorem 8.9 (Eigenfunction expansion). Let {φn(x)}∞n=1 be an orthonormal set of eigenfun-
tions for the S-L BVP (8.1) and (8.2) and let f(x) be continuous on [α, β] with f ′ piecewise
continuous. If f(x) satisfies the BCs (8.2) then f(x) is given by the expansion

f(x) =
∞∑
n=1

cnφn(x), α ≤ x ≤ β, where cn =

∫ β

α

r(x)f(x)φn(x) dx.

Moreover the expansion is uniformly convergent on [α, β].

Example 8.10. y′′ + λy = 0, 0 < x < π, y(0) = y(π) = 0. (See Example 6.2.)

8.3. Nonhomogeneous BVPs: eigenfunction expansions. Consider the BVP

(8.8) (py′)
′
+ qy + µry = −h(x), α ≤ x ≤ β

(8.9)

{
a1y(α) + a2y

′(α) = 0

b1y(β) + b2y
′(β) = 0

where µ is a fixed real number. Let {φn(x)}∞n=1 be the eigenfunctions of the associated (homo-
geneous) S-L BVP (8.1) and (8.2). We can write

y(x) =
∞∑
n=1

cnφn(x)

for some constants cn which must be determined. Thus, if

L[y] = (py′)′ + qy
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then

L[y] + µry = L

[
∞∑
n=1

cnφn(x)

]
+ µr

∞∑
n=1

cnφn(x)

=
∞∑
n=1

cnL[φn(x)] +
∞∑
n=1

µrcnφn(x)

=
∞∑
n=1

(−cnλnrφn(x)) +
∞∑
n=1

µrcnφn(x)

= r
∞∑
n=1

(µ− λn) cnφn(x).

We can also expand the function h/r as

h(x)

r(x)
=
∞∑
n=1

γnφn(x)

where

γn =

∫ β
α
r h
r
φn dx∫ β

α
rφ2

n dx
=

∫ β
α
h(x)φn(x) dx∫ β
α
rφ2

n(x) dx
.

Thus

h = r
∞∑
n=1

γnφn

and the differential equation becomes

r
∞∑
n=1

(µ− λn) cnφn = −r
∞∑
n=1

γnφn.

Since r(x) > 0 we obtain
∞∑
n=1

[cn (λn − µ)− γn]φn(x) = 0.

This expansion sums to zero if and only if

(8.10) cn (λn − µ)− γn = 0, n = 1, 2, . . . .

There are two cases to consider:

(1) µ 6= λn for any n: Then cn = γn

λn−µ and

y(x) =
∞∑
n=1

γn
λn − µ

φn

is the unique formal (since we do not know if it converges) solution. (Unique because
L[y] + µry = 0 has no solutions.)
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(2) µ = λN for some N . Then for (8.10) to be satisfied we must have γN = 0. If γN 6= 0,
there is a contradiction and the BVP has no solution. If γN = 0, there is no restriction
on cN which means we have a one-parameter family of solutions. Note that when γN = 0

then
∫ β
α
h(x)φN(x) dx = 0, i.e. h/r and φN are orthogonal.

Theorem 8.11. The formal solution of the nonhomogeneous BVP (8.8), (8.9) is given as an
eigenfunction expansion of the eigenfunctions of the associated homogeneous S-L BVP by

y(x) =
∞∑
n=1

cnφn(x)

where

(1) if µ is not an eigenvalue then cn = γn/(λn − µ)
(2) if µ = λN , γN = 0, then cn = γn/(λn − µ), n 6= N and cN arbitrary

Example 8.12. y′′ = −f(x), 0 < x < 1, y(0) = y(1) = 0

8.4. Green’s function and eigenfunction expansions.

Corollary 8.13 (of Theorem 8.11). The Green’s function of the BVP (8.8), (8.9) is given in
terms of the eigenfunctions of the associated S-L BVP (8.1), (8.2) by

G(x, t) =
∞∑
n=1

φn(t)φn(x)

(λn − µ)νn

where νn =
∫ β
α
rφ2

n dx is the normalisation constant.

Proof. This is just a rewrite of the solution obtained in the proof of Theorem 8.11. We have
the solution given by, on substituting for the coefficients cn,

y(x) =
∞∑
n=1

cnφn(x)

=
∞∑
n=1

{∫
h(t)φn(t) dt

(λn − µ)νn

}
φn(x)

=

∫ β

α

{
∞∑
n=1

φn(t)φn(x)

(λn − µ)νn

}
h(t) dt

=

∫ β

α

G(x, t)h(t) dt.

�

The following example links this section with the previous one.

Example 8.14.

y′′ = −f(x), 0 < x < 1, y(0) = y(1) = 0.

(See Example 7.4.)
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8.5. Self-adjoint operators. We use the notation

L[y] = (py′)′ + qy.

Then

uL[v]− vL[u] = u(pv′)′ + uqv − v(pu′)′ − vqu
= u(pv′)′ − v(pu′)′

=
d

dx
[p(uv′ − vu′)] (Lagrange’s identity)

So ∫ β

α

(uL[v]− vL[u]) dx = [p(uv′ − vu′)]βα (Green’s formula)

If u and v satisfy the BCs (8.2) then Green’s formula simplifies to∫ β

α

(uL[v]− vL[u]) dx = 0,

i.e.

(8.11)

∫ β

α

uL[v] dx =

∫ β

α

vL[u] dx.

In terms of the inner product on the vector space C[α, β] defined by

(f, g) =

∫ β

α

f(x)g(x) dx

the formula (8.11) reduces to

(8.12) (L[u], v) = (u, L[v]).

A linear differential operator which satisfies (8.12) for all u, v in its domain is called a self-
adjoint operator.

The S-L operator is therefore self-adjoint. This has important consequences: self-adjoint
operators are like symmetric matrices in that their eigenvalues are real and their eigenfunctions
orthogonal.

The eigenvalue problem becomes

L[y] = −λry.

9. Linear systems

In this section we shall consider systems of equations of the form

(9.1)

{
y′1(x) = a11(x)y1(x) + a12(x)y2(x) + h1(x)

y′2(x) = a21(x)y1(x) + a22(x)y2(x) + h2(x)

Many of the definitions and methods extends to n equations in n unknowns.
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9.1. Matrix formulation. Let

y(x) =

(
y1(x)
y2(x)

)
, A(x) =

(
a11(x) a12(x)
a21(x) a22(x)

)
, h(x) =

(
h1(x)
h2(x)

)
.

Then the system (9.1) may be written in matrix form as

(9.2) y′(x) = A(x)y(x) + h(x).

Example 9.1.

y′1 = xy1 + 2y2 − ex

y′2 = x2y1 − xy2 + sinx

The second order DE

y′′(x) + a(x)y′(x) + b(x)y(x) = g(x)

may be rewritten as a second order system. One way is as follows: Let y1 = y, y2 = y′. Then

y′1 = y2

y′2 = −b(x)y1 − a(x)y2 + g(x).

Example 9.2.

y′′ + 3y′ + 2y = 4x.

Theorem 9.3 (Existence and uniqueness). If the functions aij(x) and hi(x) are continuous on
an interval I containing x0 then the IVP

y′(x) = Ay(x) + h(x), y(x0) = η0

has a unique solution.

9.2. Constant coefficient systems.

9.2.1. Homogeneous systems.

y′(x) = Ay(x), where A is a constant matrix.

General solution.
Take y(x) = eλxu as a trial solution, where u is a constant vector. Substituting into the DE

gives λeλxu = Aeλxu, so λu = Au. Thus y(x) is a solution if λ is an eigenvalue of A and u the
eigenvector.

Theorem 9.4 (General solution). If A has two linearly independent eigenvectors u1,u2 cor-
responding to eigenvalues λ1, λ2 (not necessarily distinct) then the general solution of (9.2)
is

y(x) = c1e
λ1xu1 + c2e

λ2xu2,

where c1 and c2 are arbitrary constants.

Corollary 9.5. If A is real and the eigenvectors are complex α± iβ then the general solution
may be written

y(x) = c1 Re
(
eλxu

)
+ c2 Im

(
eλxu

)
.
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Example 9.6.

y′1 = 3y1 + y2

y′2 = 2y1 + 4y2

Note: the theorem may be extended to the case when A has only one eigenvector.

Canonical forms.
Consider the effect of a coordinate transformation on the system. Let y = Pz, where P is

a constant invertible matrix. Then y′ = Ay may be rewritten as Pz′ = APz or as z′ = Jz,
where J = P−1AP .

Now P can be chosen so that J is one of only three types. Hence there are only three types
of second order system to solve.

These canonical forms, J , are classified by the eigenvalues λ1, λ2 of A as follows, where
u1,u2 are the corresponding eigenvectors:

(1) real, distinct.

J =

(
λ1 0
0 λ2

)
, P = (u1u2)

(2) real, equal.
(a) A diagonal.

J = A =

(
λ0 0
0 λ0

)
(b) A not diagonal.

J =

(
λ0 1
0 λ0

)
, P = (uv) , where (A− λI)v = u

(3) complex α± βi.

J =

(
α β
−β α

)
, P = (uRuI) , where uR = u1 + u2, uI = (u1 − u2)/i.

Theorem 9.7 (Canonical forms). The system y′ = Ay can be transformed into one of the three
canonical forms z′ = Jz, where J is the Jordan normal form of A.

Reminders:

• If P =

(
a b
c d

)
then P−1 = 1

ad−bc

(
d −b
−c a

)
.

• Also
∑
λ = λ1 + λ2 = TrA, Πλ = λ1λ2 = detA.

Initial value problems.

Example 9.8.

y′ =

(
3 −1
2 0

)
y, y(0) =

(
1
−1

)



34 BASED LARGELY ON NOTES BY ALAN BRYAN

9.2.2. Nonhomogeneous systems.

(9.3) y′(x) = Ay(x) + h(x).

General solution.

Theorem 9.9. The general solution of (9.3) is given by

y(x) = yh(x) + yp(x),

where yh(x) is a (general) solution of the homogeneous equation y′ = Ay and yp(x) is a
(particular) solution of the nonhomogeneous equation.

Example 9.10.

y′1 = 3y1 − y2 + e3x

y′2 = 2y1 − 3e3x

Solution: The associated homogeneous problem was considered in Example 9.8 where the
general solution was found to be

yh = c1e
2x

(
1
1

)
+ c2e

x

(
1
1

)
.

For the nonhomogeneous problem under consideration we take the trial solution y(x) = e3xv,
where v is a constant vector. A substitution into the DE yields

3e3xv = Ae3xv + e3x
(

1
−3

)
,

or equivalently

(3I − A)v =

(
1
−3

)
.

Since 3I − A =

(
0 1
−2 3

)
, we have

v = (3I − A)−1

(
1
−3

)
=

1

2

(
3 −1
2 0

)(
1
−3

)
=

(
3
1

)
,

and hence

yp = e3x
(

3
1

)
. So the general solution is

y(x) = yh(x) + yp(x) = c1e
2x

(
1
1

)
+ c2e

x

(
1
1

)
+ e3x

(
3
1

)
.

Canonical form.
Let y = Pz. Then (9.3) becomes Pz′ = APz + h, or, equivalently, z′ = Jz + P−1h, where

J = P−1AP .

Example 9.11.

y′1 = 2y1 + 3y2 + e2x

y′2 = 2y1 + y2 + 4e2x



MA3606 DIFFERENTIAL EQUATIONS 35

9.3. General linear systems.

9.3.1. Homogeneous systems.

(9.4) y′(x) = A(x)y(x).

Two vectors y1 =

(
y11

y12

)
and y2 =

(
y21

y22

)
are linearly independent if

c1y1 + c2y2 = 0 =⇒ c1 = c2 = 0.

Let

M(x) =

(
y11 y21

y12 y22

)
= (y1y2) .

Then detM(x) is an analogue of the Wronskian, as the following theorem shows:

Theorem 9.12. Let y1,y2 be solutions of (9.4). Then the following statements are equivalent.

• c1y1 + c2y2 is a general solution of (9.4)
• detM(x0) 6= 0 for some x0 ∈ I
• detM(x) 6= 0 for all x ∈ I
• y1 and y2 are linearly independent

The proof is as in §2.1.3.

Definition 9.13. When y1(x),y2(x) are linearly independent solutions of (9.4), then the matrix

M(x) = (y1(x),y2(x))

is called a fundamental matrix. If in addition M(x0) = I, then M(x) is called a state
transition matrix and denoted by M(x, x0).

Example 9.14.

y′ =

(
3 1
2 4

)
y, y(0) =

(
1
2

)
.

Theorem 9.15. The general solution of y′ = Ay is

y(x) = M(x)v,

where v is constant. The particular solution such that y(x0) = η0 is

y(x) = M(x, x0)η0.

Here are some further properties of the fundamental matrix M(x).

(1) (a) The fundamental matrix itself is a solution, i.e. M ′(x) = AM(x).
(b) If detN(x) 6= 0 and N ′(x) = AN(x), then N(x) is a fundamental matrix.

(2) (a) The matrix N(x) = M(x)C, where C is a non-singular constant matrix, is also a
fundamental matrix. In particular M(x, x0) = M(x) [M(x0)]

−1.
(b) If M(x) and N(x) are fundamental matrices then there exists a nonsingular con-

stant matrix C such that N(x) = M(x)C.
(3) Abel’s formula:

detM(x) = detM(x0) exp

{∫ x

x0

TrA(s) ds

}
.



36 BASED LARGELY ON NOTES BY ALAN BRYAN

(4) Transition property of transition matrices:

M(x2, x0) = M(x2, x1)M(x1, x0).

9.3.2. Nonhomogeneous systems.

(9.5) y′(x) = A(x)y(x) + h(x).

Theorem 9.16. The general solution of (9.5) is given by

y(x) = yh(x) + yp(x),

where yh(x) is a (general) solution of the homogeneous equation y′ = A(x)y and yp(x) is a
(particular) solution of the nonhomogeneous equation.

In terms of a fundamental matrix, the solution is given as follows:

Theorem 9.17. The general solution of (9.5) is

y(x) = M(x)v +

∫ x

x0

M(x, u)h(u) du,

where M(x, u) = M(x) [M(u)]−1.

Proof. From Theorem 9.15, yh(x) = M(x)v. Consider a particular integral yp(x) = M(x)w(x).
Substituting into the DE gives M ′w +Mw′ = AMw + h. So Mw′ = h, and so

w′(x) = M−1(x)h(x).

Taking w(x0) = 0 then

w(x) =

∫ x

x0

M−1(u)h(u) du

so that

yp(x) = M(x)

∫ x

x0

M−1(u)h(u) du

=

∫ x

x0

M(x, u)h(u) du

�

Corollary 9.18. If yp(x0) = η0 then v = [M(x0)]
−1 η0.
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Part II: PARTIAL DIFFERENTIAL EQUATIONS
We shall now consider equations of the form

L[u] = f

where L is a linear partial differential operator of first or second order in the variables.
The order of a PDE is the order of the highest derivative. A PDE is linear if it is alge-

braically linear in u, ux, uy, etc. For example

L[u] = ux + yuy = 0, first order, linear

L[u] = xuxx + uyy + yux = x2y, second order, linear

The principal of superposition for a linear operator means that if L[u] = f and L[v] = g,
then L[u+ v] = f + g.

A PDE has arbitrary functions in its solution.

10. PDEs: First-order linear equations

10.1. The constant coefficient equation. First consider the PDE

(10.1) aux + buy = 0.

where u = u(x, y), and a, b are constants which are not both zero.
Recall that the directional derivative of f(x, y) in the direction of v is

v · ∇f, where ∇f = fxi + fyj.

The PDE (10.1) asserts that

(ai + bj) ·
(
∂u

∂x
i +

∂u

∂y
j

)
= 0

i.e. that the rate of change of u(x, y) in the direction of ai + bj is zero.
Hence u(x, y) is constant in this direction, i.e. on the straight lines

bx− ay = C (characteristic curves)

So, on each characteristic, the value of u is a constant, and the constant only depends upon
which characteristic we are on. Hence, u is a function of c, because as we change C we change
characteristic. So

(10.2) u(x, y) = f(C) = f(bx− ay).

Example 10.1. (Transport equation)

ux + γuy = 0.

Next we consider the more general PDE

(10.3) aux + buy + cu = 0,

where a, b, c are constants.
Multiplying by an ‘integrating factor’ ecx/a gives

a
[
uecx/a

]
x

+ b
[
uecx/a

]
y

= 0

which is just the previous equation (10.1) for the function v(x, y) = ecx/au(x, y).
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10.2. The variable coefficient equation.

(10.4) a(x, y)ux + b(x, y)uy = 0.

As in the constant coefficient equation, the PDE asserts that

(a(x, y)i + b(x, y)j) ·
(
∂u

∂x
i +

∂u

∂y
j

)
= 0

so that u(x, y) is constant along the characteristic curves

(10.5)
dy

dx
=
b(x, y)

a(x, y)
=⇒ φ(x, y) = C

and the general solution is

(10.6) u(x, y) = f(C) = f(φ(x, y)).

Example 10.2. ux + yuy = 0.

Example 10.3. yux + yuy = 0, u(0, y) = e−y
2
.

Example 10.4. x2ux + (x2 + 1)y2uy = 0, u(y, y) = 1/y.

11. Second order linear PDES: classification

11.1. The constant coefficient equation. Consider the general second order linear PDE

(11.1) auxx + buxy + cuyy + dux + euy + fu = g(x, y)

where a, b, c, d, e, f are constants.

Theorem 11.1. By a linear transformation of the independent variables, equation (11.1) can
be reduced to one of three canoncial forms:

(1) hyperbolic: if b2 − 4ac > 0 then (11.1) is reducible to

uxy + h(ux, uy, u) = G(x, y).

(2) parabolic: if b2 − 4ac = 0 then (11.1) is reducible to

uxx + h(ux, uy, u) = G(x, y).

(3) elliptic: if b2 − 4ac < 0 then (11.1) is reducible to

uxx + uyy + h(ux, uy, u) = G(x, y).

Proof. Let (x, y)→ (ξ, η) with ξ = αx+ βy and η = γx+ δy, and u(x, y) = u(ξ, η). Then

ux = uξξx + uηηx = αuξ + γuη

uy = uξξy + uηηy = βuξ + δuη

uxx = α (αuξ + γuη)ξ + γ (αuξ + γuη)η = α2uξξ + 2αγuξη + γ2uηη

uxy = α (βuξ + δuη)ξ + γ (βuξ + δuη)η = αβuξξ + (αδ + βγ)uξη + γδuηη

uyy = β2uξξ + 2βδuξη + δ2uηη

So

L[u] =
(
aα2 + bαβ + cβ2

)
uξξ+(2aαγ + b(αδ + βγ) + 2cβδ)uξη+

(
aγ2 + bγδ + cδ2

)
uηη+. . . = 0.
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(1) b2 − 4ac > 0: Choose α
β
, γ
δ

as the distinct roots of the quadratic equation ap2 + bp + c.

Then the coefficients of uξξ and uηη are zero, so that the PDE reduces to

L[u] = (const)uξη + h(uξ, uη, u) = G(ξ, η)

(2) b2 − 4ac = 0: Choose γ
δ

as the root (repeated) of ap2 + bp + c. Then the coefficient of

uηη is zero. Also, γ
δ

= − b
2a

implies that the coefficient of uξη is zero. Then

L[u] = (const)uξξ + h(uξ, uη, u) = G(ξ, η).

(3) b2 − 4ac < 0: The real transformation

ξ =
2ay − bx√
4ac− b2

, η = x

reduces the PDE to

L[u] = (const) (uξξ + uηη) + h(uξ, uη, u) = G(ξ, η).

�

Classification: PDES are classified according to the sign of b2 − 4ac as hyperbolic, parabolic
or elliptic as above.
Characteristics: The curves

ξ = αx+ βy = constant

η = γx+ δy = constant

are called the characteristics of the PDE. Their gradients −α/β, −γ/δ are given by the roots
of the quadratic equation

aλ2 − bλ+ c = 0.

Hence the characteristics are the solutions of the DE

a

(
dy

dx

)2

− bdy
dx

+ c = 0.

Canonical forms: Using the characteristic coordinates (ξ, η), the equation (11.1) reduces
to one of the canonical forms listed in Theorem 11.1.

For the hyperbolic equation, a further change of coordinates transforms (11.1) into the form

uxx − uxy + h(ux, uy, u) = G(x, y).

This is sometimes called the second canonical form, and is usually the form used for the wave
equation which we study later.

Example 11.2.

5uxx − 4uxy − uyy = 0.

Example 11.3.

uxx − 4uxy + 4uyy = ey.
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11.2. The variable coefficient equation. Consider the general second order equation

(11.2) a(x, y)uxx + b(x, y)uxy + c(x, y)uyy + d(x, y)ux + e(x, y)uy + f(x, y)u = g(x, y).

The previous analysis for the constant coefficient equation (11.1) extends to the variable coef-
ficient case as follows:

Definition 11.4. The PDE (11.2) is classified as follows:

(1) if b2 − 4ac > 0 then (11.2) is hyperbolic
(2) if b2 − 4ac = 0 then (11.2) is parabolic
(3) if b2 − 4ac < 0 then (11.2) is elliptic

Since b2 − 4ac is a function of x and y, the PDE may be hyperbolic in one region of the
(x, y)-plane and elliptic in another.

Definition 11.5. The characteristics of the PDE (11.2) are the solution curves of the ODE

(11.3) a(x, y)

(
dy

dx

)2

− b(x, y)
dy

dx
+ c(x, y) = 0.

Theorem 11.6. By transforming to characteristic coordinates, equation (11.2) may be
transformed to canonical form as in Theorem 11.1.

For hyperbolic and parabolic equations, the characteristic coordinates are defined as
follows:

(1) hyperbolic: b2 − 4ac > 0 =⇒ two families of characteristics (from (11.3)):

φ(x, y) = C1, ψ(x, y) = C2

and so characteristic coordinates

ξ = φ(x, y), η = ψ(x, y)

(2) parabolic: b2 − 4ac = 0 =⇒ one family of characteristics (from (11.3)):

φ(x, y) = C

and so characteristic coordinates

ξ = φ(x, y), η = x (η arbitrary)

Example 11.7.
yuxx − uyy = 0.

Example 11.8.
e2xuxx + 2ex+yuxy + e2yuyy = 0.

11.3. Standard equations. The fact that any second order PDE may be put into canonical
form is useful in that it enables us to put our efforts into studying the archetypal hyperbolic,
parabolic and elliptic equations given by:

• wave equation:
utt − c2uxx = 0

• diffusion equation:
ut = kuxx

• Laplace’s equation:
uxx + uyy = 0
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12. The one-dimensional wave equation

12.1. The Cauchy problem. Consider the wave equation on an infinite domain.

Theorem 12.1. The solution of the IVP

utt − c2uxx = 0, −∞ < x <∞, t > 0

u(x, 0) = f(x), −∞ < x <∞
ut(x, 0) = g(x), −∞ < x <∞

where f ∈ C2(R), g ∈ C1(R), is given by

(12.1) u(x, t) =
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct
g(s) ds (D’Alembert solution)

Proof. Characteristic coordinates:

characteristics

(
dx

dt

)2

− c2 = 0 =⇒ dx

dt
= ±c =⇒ x = ±ct+ k

So
ξ = x+ ct, η = x− ct.

Transform PDE:

ut = uξξt + uηηt = cuξ − cuη
utt = c2uξξ − 2c2uξη + c2uηη

ux = uξξx + uηηx = uξ + uη

uxx = uξξ + 2uξη + uηη

So the PDE transforms to −4c2uξη = 0, i.e.

uξη = 0.

General solution:

u(ξ, η) = p(ξ) + q(η) p, q arbitrary

u(x, t) = p(x+ ct) + q(x− ct)
Initial conditions:

u(x, 0) = p(x) + q(x) = f(x)

ut(x, 0) = cp′(x)− cq′(x) = g(x)

Differentiating the first equation gives

2cp′(x) = cf ′(x) + g(x).

Integrating then gives

p(x) =
1

2
f(x) +

1

2c

∫ x

0

g(s) ds+ k.

Then from the first equation

q(x) = f(x)− p(x) =
1

2
f(x)− 1

2c

∫ x

0

g(s) ds− k.
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Thus

u(x, t) =
1

2
f(x+ ct) +

1

2c

∫ x+ct

0

g(s) ds+
1

2
(x− ct)− 1

2c

∫ x−ct

0

g(s) ds

=
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct
g(s) ds.

�

Example 12.2.
utt − c2uxx = 0, f(x) = sin x, g(x) = 0.

Solution:

u(x, t) =
1

2
[sin(x+ ct) + sin(x− ct)]

= sinx cos ct.

Example 12.3.
utt − c2uxx = 0, f(x) = sinx, g(x) = ex.

Solution:

u(x, t) =
1

2
[sin(x+ ct) + sin(x− ct)] +

1

2c

∫ x+ct

x−ct
es ds

= sinx cos ct+
1

2c

(
ex+ct − ex−ct

)
.

General solution:
u(x, t) = p(x+ ct) + q(x− ct)

is the sum of two waves

p(x+ ct) travelling to left with speed c

q(x− ct) travelling to right with speed c

Domain of dependence:
The solution at (x, t) depends on the values of g(x) on the interval [A,B] and of f(x) at

endpoints A,B, where A = x− ct and B = x+ ct.

12.2. Initial-boundary value problem. Consider the wave equation on the bounded domain
0 < x < L. The d’Alembert solution only determines u(x, t) at point in the triangular region
bounded by the x-axis and the characteristics x+ct = 0 and x−ct = L. [DIAGRAM?] Further
information is needed in the form of boundary conditions at the ends x = 0 and x = L of the
interval.

Theorem 12.4. The solution of the initial-boundary value problem

utt − c2uxx = 0, 0 < x < L, t > 0

u(x, 0) = f(x), 0 ≤ x ≤ L

ut(x, 0) = g(x), 0 ≤ x ≤ L

u(0, t) = 0, t > 0

u(L, t) = 0, t > 0
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is given by

(12.2) u(x, t) =
1

2
[F (x+ ct) + F (x− ct)] +

1

2c

∫ x+ct

x−ct
G(s) ds,

where F,G are period 2L odd extensions of f, g.

Proof. Clearly (12.2) satisfies the PDE and the initial conditions, leaving only the boundary
conditions to be proved.

When x = 0:

u(0, t) =
1

2
[F (ct) + F (−ct)] +

1

2c

∫ ct

−ct
G(s) ds

is zero since F and G are odd functions.
When x = L:

u(L, t) =
1

2
[F (L+ ct) + F (L− ct)] +

1

2c

∫ L+ct

L−ct
G(s) ds.

Now since F is odd and of period 2L,

F (L+ α) = −F (−L− α) = −F (L− α).

So F and likewise G are ‘odd’ functions about x = L. Hence u(L, t) = 0. �

Example 12.5. Let f(x) = x(1− x), g(x) = sin2 πx, c = L = 1. Find u
(

1
2
, 3

4

)
.

Solution:

u

(
1

2
,
3

4

)
=

1

2

[
F

(
5

4

)
+ F

(
−1

4

)]
+

1

2

∫ 5/4

−1/4

G(s) ds.

F

(
5

4

)
= F

(
5

4
− 2

)
= F

(
−3

4

)
= −F

(
3

4

)
= −f

(
3

4

)
= −3

4
· 1

4
= − 3

16
.

F

(
−1

4

)
= −F

(
1

4

)
= −f

(
1

4

)
= −1

4
· 3

4
= − 3

16
.

∫ 5/4

−1/4

G(s) ds =

∫ 1/4

−1/4

+

∫ 3/4

1/4

+

∫ 5/4

3/4

= 0 +

∫ 3/4

1/4

g(s) ds+ 0 =

∫ 3/4

1/4

sin2 πs ds

=

[
1

2

(
s− 1

2π
sin 2πs

)]3/4

1/4

=
1

4
+

1

2π
.

u

(
1

2
,
3

4

)
=

1

2

[
− 3

16
− 3

16

]
+

1

2

[
1

4
+

1

2π

]
=

1

4π
− 1

16
.

[CHECK alan’s page 70 reverse] The d’Alembert extension is not a useful solution for evalu-
ating the solution except at isolated points, but it does give insight into the effect of boundaries.

A more effective method for obtaining an exact solution is that of separation of variables.
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13. The diffusion equation (heat equation)

13.1. Unbounded domain. Consider the IVP

ut = kuxx, −∞ < x <∞, t > 0

u(x, 0) = f(x), −∞ < x <∞

Using Fourier transforms, the solution is obtained as

(13.1) u(x, t) =
1√

4πkt

∫ ∞
−∞
f(y) exp

{
−(x− y)2

4kt

}
dy.

[SEE ALAN’s transparency]

Since for each t > 0, exp
{
− (x−y)2

4kt

}
> 0 for all x, y, it follows from (13.1) that for each t > 0

and all x, the value of u(x, t) is influenced by every value of f(y), −∞ < y <∞.
So the basic property of diffusion is that the initial disturbance spreads out in a smooth func-

tion. The speed of propagation is infinite and the solution spreads out to infinity immediately.
If the diffusion equation is defined on a bounded domain (0 < x < L, t > 0) then boundary

contitions are required at x = 0 and x = L. As with the wave equation, the method of
separation of variables is often an effective method of obtaining an exact solution.

13.2. Bounded domain: initial-boundary value problem. Consider the problem

ut = kuxx, 0 < x < L, t > 0

u(x, 0) = f(x), 0 ≤ x ≤ L

u(0, t) = 0, t > 0

u(L, t) = 0, t > 0

Let

u(x, t) = X(x)T (t).

Then the PDE implies
X ′′

X
=

1

k

T ′

T
= λ

and the boundary conditions imply

X(0) = X(L) = 0.

For X(x) we have the S-L BVP

X ′′ − λX = 0, X(0) = X(L) = 0.

It has eigenvalues and eigenfunctions

λn = −
(nπ
L

)2

, φn(x) = sin
(nπx
L

)
, n = 1, 2, . . . .

For T (t) we have

T ′ +
(nπ
L

)2

kT = 0 =⇒ Tn(t) = exp

{
−
(nπ
L

)2

kt

}
.
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By superposition:

(13.2) u(x, t) =
∞∑
n=1

bn sin
(nπx
L

)
exp

{
−
(nπ
L

)2

kt

}
The bn are obtained from the initial condition:

u(x, 0) = f(x) =
∞∑
n=1

bn sin
(nπx
L

)
=⇒ bn =

2

L

∫ L

0

f(x) sin
(nπx
L

)
dx.

The rapidly decaying exponential factor ensures convergence of the formal solution.

14. Hyperbolic and parabolic equations

14.1. Parabolic equations. The behaviour of the solution of the heat equation is typical of
parabolic equations generally. That is, a change in the initial data at one point influences the
value of u(x, t) at every point – infinite speed of propagation.

14.2. Hyperbolic equations. The behaviour of the solution of the wave equation is typical
of hyperbolic equations generally. That is, the initial data is propagated along characteristics
– finite speed of propagation.

Example 14.1.

yuxx − uyy = 0, y > 0.

From Example 11.7, the characteristics are

2

3
y3/2 − x = C1,

2

3
y3/2 + x = C2.

Region of influence: (e.g. data values at x = 4.) The characteristics through (4, 0) are
2
3
y3/2 − x = −4 and 2

3
y3/2 + x = 4, so the region of influence is bounded by these curves.

Domain of dependence: (e.g. the value u(4, 9).) The characteristics through (4, 9) are
2
3
y3/2 − x = 18− 4 = 14 and 2

3
y3/2 + x = 18 + 4 = 22. These characteristics intersect the data

line y = 0 at x = −14 and x = 22. So the domain of dependence of u(4, 9) is the interval
−14 ≤ x ≤ 22.

15. Nonhomogeneous problems

15.1. Time independent nonhomogeneous problems. One approach is to reduce the
problem to a homogeneous one. We shall outline the method for the diffusion equation, but
note that it applies to other PDEs.

The nonhomogeneous problem is

ut = kuxx + h(x), 0 < x < L, t > 0

u(x, 0) = f(x), 0 ≤ x ≤ L

u(0, t) = p, t > 0 (p constant)

u(L, t) = q, t > 0 (q constant)
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The corresponding time independent problem (steady state ut ≡ 0) is

kUxx + h(x) = 0, 0 < x < L

U(0) = p

U(L) = q

Putting w(x, t) = u(x, t)− U(x) we obtain the PDE

wt + Ut = kwxx + kUxx + h(x)

with BCs

w(0, t) = u(0, t)− U(0) = p− p = 0

w(L, t) = u(L, t)− U(L) = q − q = 0

and IC
w(x, 0) = u(x, 0)− U(x) = f(x)− U(x).

Hence the solution is given by
u(x, t) = w(x, t) + U(x)

where U(x) is a solution of the time independent problem and w(x, t) satisfies the homoge-
neous problem

wt = kwxx, 0 < x < L, t > 0

w(x, 0) = f(x)− U(x), 0 ≤ x ≤ L

w(0, t) = 0, t > 0

w(L, t) = 0, t > 0

This problem can be solved using the method of separation of variables. The method extends
to Neumann and Robin boundary conditions.

Example 15.1.

ut = uxx + x2, 0 < x < π, t > 0

u(x, 0) = x, 0 ≤ x ≤ π

u(0, t) = 0, t > 0

u(π, t) = π, t > 0

Time-independent problem:

Uxx = −x2, U(0) = 0, U(π) = π.

Integrating twice:

U = − 1

12
x4 + Ax+B.

Initial conditions imply

U(x) =
1

12
x
(
π3 − x3

)
+ x.

Homogeneous problem:
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Let u(x, t) = w(x, t) + U(x). Then

wt = wxx, 0 < x < π, t > 0

w(x, 0) = x− U(x) = − 1

12
x
(
π3 − x3

)
u(0, t) = 0, t > 0

u(π, t) = π, t > 0

Method of separation of variables gives (as in §13.2)

W (x, t) =
∞∑
n=1

ane
−n2t sinnx (L = 1 = k)

with

an =
2

π

∫ π

0

W (x, 0) sinnx dx

=
2

π

∫ π

0

{
− 1

12
x
(
π3 − x3

)}
sinnx dx

=
2π(−1)n

π2
+

4 (1− (−1)n)

πn5
.

Hence the solution is

u(x, t) = w(x, t) + U(x)

=
∞∑
n=1

{
− 1

12
x
(
π3 − x3

)}
e−n

2t sinx+
1

12
x(π3 − x3) + x.

15.2. Time dependent problems.

Example 15.2.

ut − uxx = h(x, t), 0 < x < π, t > 0

u(x, 0) = f(x), 0 ≤ x ≤ π

u(0, t) = 0, t > 0

u(π, t) = π, t > 0

Example 15.3.

ut − c2uxx = xt, 0 < x < π, t > 0

u(x, 0) = sinx, 0 ≤ x ≤ π

ut(x, 0) = 0, 0 ≤ x ≤ π

u(0, t) = 0, t > 0

u(π, t) = π, t > 0

Solution. First find the appropriate eigenfunction basis by solving the homogeneous problem

utt − c2uxx = 0, u(0, t) = u(π, t) = 0.

Let u(x, t) = X(x)T (t) be a solution. Then plugging into the DE, we get XT ′′ − c2X ′′T = 0,
so X′′

X
= 1

c2
T ′′

T
= −λ, where λ is a constant. The BCs then imply U(0, t) = X(0)T (t) = 0 =⇒
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X(0) = 0 and U(π, t) = X(π)T (t) = 0 =⇒ X(π) = 0. So we have a S-L eigenvalue problem
for X(x):

X ′′ + λX = 0, X(0) = X(π) = 0.

Solving gives eigenvalues λn = n2 and eigenfunctions Xn(x) = sinnx. For this example let us

work with the normalised eigenfunctions X̂n(x) =
√

2/π sinnx.
Now write a solution of the original nonhomogeneous problem as an eigenfunction expansion:

u(x, t) =
∞∑
n=1

bn(t)X̂n(x).

It remains to determine the coefficients bn(t).
Substitution into the PDE gives

∞∑
n=1

bn
′′(t)X̂n(x)− c2

∞∑
n=1

bn(t)(−n2)X̂n(x) =
∞∑
n=1

γn(t)X̂n(x),

where the right-hand side is the eigenfunction expansion of xt, so that

γn(t) =

∫ π

0

xtX̂n(x) dx =

√
2π(−1)n+1

n
t.

Then equating coefficients gives

b′′n(t) + n2c2bn(t) = γn(t) =

√
2π(−1)n+1

n
t.

Then initial conditions imply:

u(x, 0) =
∞∑
n=1

bn(0)
√

2/π sinnx = sinx =⇒ b1(0) =
√
π/2, bn(0) = 0, n ≥ 2.

and

ut(x, 0) =
∞∑
n=1

b′n(0)
√

2/π sinnx = 0 =⇒ b′n(0) = 0, n ≥ 1.

So we arrive at the second-order ODEs

b′′n + n2c2bn =

√
2π(−1)n+1

n
t.

The general solutions are

bn(t) = An cosnct+Bn sinnct+

√
2π(−1)n+1

n3c2
t.

For n = 1 the initial conditions give b1(0) = A1 =
√
π/2 and b′1(0) = cB1 +

√
2π
c2

= 0 =⇒ B1 =

−
√

2π
c3

. Hence

b1(t) =
√
π/2 cos ct−

√
2π

c3
sin ct+

√
2π

c3
t.
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For n ≥ 2, initial conditions imply bn(0) = An = 0 and b′n(0) = ncBn +
√

2π(−1)n+1

n3c2
= 0 =⇒

Bn =
√

2π(−1)n

n4c2
. So

bn(t) =

√
2π(−1)n

n4c2
sinnct+

√
2π(−1)n+1

n3c2
t.


