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Abstract

The classical models of evolution have been developed to incorporate structured
populations using evolutionary graph theory and, more recently, a new frame-
work has been developed to allow for more flexible population structures which
potentially change through time and can accommodate multiplayer games with
variable group sizes. In this paper we extend this work in three key ways.
Firstly by developing a complete set of evolutionary dynamics so that the range
of dynamic processes used in classical evolutionary graph theory can be applied.
Secondly, by building upon previous models to allow for a general subpopulation
structure, where all subpopulation members have a common movement distri-
bution. Subpopulations can have varying levels of stability, represented by the
proportion of interactions occurring between subpopulation members; in our
representation of the population all subpopulation members are represented by
a single vertex. In conjunction with this we extend the important concept of
temperature (the temperature of a vertex is the sum of all the weights coming
into that vertex; generally, the higher the temperature, the higher the rate of
turnover of individuals at a vertex). Finally, we have used these new develop-
ments to consider the evolution of cooperation in a class of populations which
possess this subpopulation structure using a multiplayer public goods game. We
show that cooperation can evolve providing that subpopulations are sufficiently
stable, with the smaller the subpopulations the easier it is for cooperation to
evolve. We introduce a new concept of temperature, namely “subgroup temper-
ature”, which can be used to explain our results.

1. Introduction

Evolutionary game theory has proved to be a very successful way of mod-
elling the evolution of, and behaviour within, populations. The classical models
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mainly focused on well-mixed populations playing two player games [31, 30], or
alternatively playing games against the entire population [30]. Simple models
such as the Hawk-Dove game [29] and the sex ratio game [20] have been used
to explain important biological phenomena.

These models were developed to consider finite populations explicitly [34,
Chapters 6-9] (although see [32, 33] for important earlier non-game theoretic
work) and structured populations using the now widespread methodology of
evolutionary graph theory originated in [26] (see also [3, 9, 52, 27], and [1, 44]
for reviews). Such population structures can have a profound effect on the result
of the evolutionary process even when individuals have a fixed fitness [26, 28, 40].
Further, even for a given structure, the rules of the evolutionary dynamics have
a significant effect on the evolution of the population.

Previous work has investigated a number of important questions, the most
widely considered being how cooperation can evolve. The evolution of cooper-
ation, where individuals make sacrifices to help others, can seem paradoxical
within the context of natural selection, especially amongst unrelated individu-
als. There are a number of ways that mathematical modelling has demonstrated
that cooperation can occur [35]; one key way is through the presence of popula-
tion structure, which can mean that cooperative individuals are more likely to
interact with other cooperators, which makes them resistant to exploitation by
defectors [36, 42]. In particular, this is true for structures where individuals are
heterogeneous [43] allowing hubs or clusters of cooperators to form. The dynam-
ics that one uses are also important; for example [36] showed that death-birth or
birth-death dynamics with selection on the second event promotes cooperation
but not when selection happens in the first event.

One limitation of evolutionary graph theory is that it naturally lends itself
to pairwise games, whereas real populations can often involve the simultaneous
interaction of many individuals [45, 15]. Multiplayer games, whilst more com-
mon in economic modelling [21, 6], have become used in increasing frequency
within evolutionary games starting with [38, 7] (see also [14, 18]) and it is im-
portant to incorporate these too into the modelling of structured populations.
A multiplayer public goods game [4, 5, 19, 54], (and this type of game is central
to our paper too, see Section 2.2) has been used in evolutionary graph theory
[25, 51, 24, 41, 56], but this typically involves forming an individual and all of
its neighbours into a group and allowing them to play a game. Although this is
convenient, it is not really natural because there is no mechanism for deciding
how individuals spend their time, and so how they share that time with others,
either singly or in groups.

More recently a general framework has been developed [10, 13, 8, 11] which
considers the interaction of populations in a more flexible way, where groups of
any size can form, with different propensity potentially depending upon a num-
ber of factors, including the history of the process. Crucially, the key elements
of evolutionary graph theory of population structure, game and evolutionary
dynamics occur for this new framework too; this makes it capable of analysing
different spatial structures whilst providing the flexibility for different multi-
player interactions. Prior to the current paper, the actual applications of the
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Figure 1: The fully independent model from [10]. There are N individuals who are distributed
over M places such that I, visits place P, with probability ppm. Individuals interact with
one another when they meet, for example, I; and I3 can interact with one another when they
meet in Pj.

above framework have been limited. In particular only a single evolutionary
dynamics (the BDB dynamics from the current paper) has been used, and only
relatively simple populations, which resembled those in evolutionary graph the-
ory (the population consisting of individuals each resident at a unique graph
vertex) have been considered.

In this paper we further develop the general theory of the framework orig-
inated in [10]. We first show how to represent subpopulations using a reduced
graphical representation within our structure, which will then allow us to po-
tentially consider larger populations with a richer structure than previously. We
then demonstrate how to apply a standard set of evolutionary dynamics to con-
sider a range of evolutionary processes. This is vital since, as mentioned above,
dynamics can have a big effect on the outcome of evolution within other models,
including evolutionary graph theory, and as we will see, this is certainly also
true for our work. Finally we use these new tools to consider the evolution of
cooperation using a multiplayer public goods game [51, 48, 49, 4] and show that
cooperation can occur when both the structure and evolutionary dynamics act
together in favour of the cooperators.

The paper is structured as follows: in Section 2 the model framework is
described, including how to incorporate subpopulations. In Section 3 a standard
set of evolutionary dynamics to be used with our model are defined. In Section
4 we introduce and discuss the important concepts of fixation probability and
temperature. In Section 5 we study the evolution of cooperation in our model
with subpopulations. Section 6 is then a general discussion.

2. A framework for modelling evolution in structured populations

A framework for modelling the movement of individuals was presented in
[10]. This is a very general and flexible methodology, the details of which are not
necessary for the current paper. Below we describe the fully independent version
of this framework in which individuals move independently of each other and
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Table of Notation

Notation Definition

N e Z*\ {0}

M e 2T\ {0}

L,

Py,

g c{1,2,...,N}
Pnm € [0,1]

x(m,G) € [0,1]

F, € (0,00)
Rymg S [0, OO]

h € (0,00)

d e Z*+\ {0}

) € (0, 00)

C, D

Rgd € [0, 00)

Rn)g S [0, OO)

S = {n: I, is cooperator }
N —{1,2,...,N}
Pss/ S [0, 1]

rs € [0,1]

p¢ € [0,1]

W = (w”) W;j € (0,00)

Up,
b; €[0,1]

dl‘j S [0, 1]

d; € [0,1]

bij €[0,1]

T S [O, 1]

T = Ej Wij

T =225 Wji

Om C{1,2,...,N}

To,, = D ieN\Qy 2oje,, Wi

Description

Population size.

Number of places.

Individual n.

Place m.

Group of individuals.

Probability that I, is in P,,.

Probability of group G forming in place P,,.
Fitness of individual I,,.

Payoff to I,, in G present in P,,.

Home fidelity.

Number of neighbours.

Background fitness, reward.

Cooperator, Defector.

Payoff to cooperator in a group (including it-
self) of ¢ cooperators and d defectors.

Payoff to I,, in group G.

State of the population.

State in which all individuals are cooperators.
State transition probability.

Probability of fixating in N when initial state
is S.

Mean fixation probability of a cooperator.
Weighted adjacency matrix that represents an
evolutionary graph.

Vertex n of an evolutionary graph.
Probability I; is selected for birth.
Probability I; replaces I; given I; is selected
for birth.

Probability I; is selected for death.
Probability I; replaces I; given I; is selected
for death.

Probability I; replaces I;.

Out temperature of I;.

In temperature of I;.

Subpopulation of individuals.

Strict subpopulation temperature.

Table 1: Notation used in the paper.

independently of the population’s history (any past movements), and a version
of the fully independent model called the territorial raider model as introduced
in [10] and further developed in [8]. We then develop a generalization of this
model, which then forms the basis of much of the work in this paper, although
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we note that Section 3 in particular is more general. Important terms used in
the current paper are given in Table 1.

2.1. The population structure

We begin by introducing the fully independent model. Consider a population
made up of N individuals I, ..., Iy who can move around M places P, ..., Py;.
The probability of individual I,, being at place Py, is denoted by pn,; see Figure
1 for a visual representation using a bi-partite graph. When individuals move
around they form groups. Let G denote any group of individuals, then the
probability x(m, G) that group G forms in place P, is given by

) = [ pim [0 = pim)- (2.1)

i€g i¢g

We can show from equation (2.1) that

1= Z Z x(m,G) Vn. (2.2)
ndg
This follows intuitively from the fact that individual I,, has to be present in some

place P,, in some group G at any given time. The mean size of an individual’s
group (see also [13]) is given by

x(m,G)|G|? x(m |Q|
Zzz SIRYENATRD D Dy S L

where the simplification of the denominator follows from equation (2.2).

When a group of individuals is formed they will then interact with one
another. In particular, individual I,, will receive a payoff that depends upon
the group G it is present in and the place P,, occupied by this group. This
is denoted as R, .,,¢g and was referred to in [10] as a direct group interaction
payoff because individual I,, only interacts with other individuals with whom
it is directly present ([10] allowed for a more general class of payoff but this
is the only type we will consider, and hence will just refer to it as the payoff).
Individual I,,’s fitness is then calculated by averaging its payoffs over all possible
groups and places that these groups can form as follows:

Fo=> > x(m,G)Rumg- (2.4)

g
neg

We now move on to consider the territorial raider model. In the territorial
raider model, each individual I,, has its own place P,, with no unoccupied places
and, therefore, there is a one-to-one correspondence between individuals and
places. A graph is used to represent the structure of the population where
each vertex represents an individual and its corresponding home such that two
connected individuals can raid each other’s home places (see Figure 2). The
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Figure 2: The territorial raider model of [10, 8]. (a) Population structure represented using a
graph where vertices represent individuals and places. Individual I, lives in place P, and can
visit any neighbouring places. For example, the home place of I; is place P; but it can visit
places P>, P3 and Ps. (b) An alternative visualization on a bi-partite graph where individuals
and places are clearly separated.

probability of raiding another’s home place is governed by a common movement
parameter called home fidelity, h, that measures an individuals’ preference for
their home place. In particular, an individual with d neighbours would stay on
their home place with probability h/(h + d) or raid any one of its neighbours’
home places with an equal probability of 1/(h + d) (see Figure 2).

W ] @

(a) (b)

Figure 3: The generalized territorial raider model. (a) Individuals that are members of sub-
population Q,, live in place Py, but can visit neighbouring places. The territory of subpop-
ulation {I1, I2} consists of places P; and Pa, the territory of subpopulation {I3, 4} consists
of places Py, P> and Ps, the territory of subpopulation {I5} consists of P> and P3. (b) An
alternative visualization as multiplayer interactions on a bi-partite graph where individuals
and places are clearly separated.

We now generalise the territorial raider model to include subpopulations,
based upon their movement distributions. We will see that individuals within a
given subpopulation are more likely to interact with each other than with mem-
bers of other subpopulations, and this will affect the success of their strategies.

Consider the fully independent model. We define a subpopulation of individ-
uals as a division of individuals from the main population that is well-mized [10],
which simply means that all of these individuals have an identical distribution
over the places. In particular, for a subpopulation @ we have that pi, = pjm
Vi,j€ Qand m = 1,..., M. This can be visualised in terms of a bipartite
graph as in Figure 1 where the vertices are now occupied by subpopulations
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rather than individuals. This subpopulation structure is thus a special case of
the fully independent model.

For simplicity we will assume that individuals move as they do in the terri-
torial raider model; thus our model is a generalization of the territorial raider
model. A population of N individuals is divided into M non-overlapping sub-
populations Qj, ..., Qn where |Q,,| > 0 such that N = Y |Q,,|. We will
assume that individuals in subpopulation Q,, treat place P,, as their home
place, so that there is a one-to-one correspondence between subpopulations and
places. However, because we allow subpopulations to be empty, we can have
places in which no individuals reside. As before, the movement probabilities of
the individuals is governed by the home fidelity h. In particular, a subpopula-
tion @Q,, that can visit d neighbouring places will stay in home place P,, with
probability h/(h+ d) or move to one of its neighbouring places with probability
1/(h+d). Note that when there is one individual in each subpopulation, that is
|OQm| = 1 ¥m, we recover the original territorial raider model. This information
can be visually represented in two different ways as shown in Figure 3, which
includes a graph whose vertices represent both subpopulations and places. This
generalized territorial raider model will be the basis of our detailed investigation
of the evolution of cooperation in Section 5.

2.2. A multiplayer public goods game

A multiplayer Hawk-Dove game [46] and a public goods game were con-
sidered in [8], though there are other games that can be considered like the
multiplayer stag hunt game [37].

In this paper we focus only on the multiplayer public goods game based on
the game defined by [51], where an individual’s payoff is an average of two player
public goods games (just a version of the standard prisoner’s dilemma) played
with each of its group mates. Players can either cooperate (C) or defect (D).
A cooperator always pays a cost 1 so that the other player receives a reward
v and a defector pays no cost but only receives a reward when present with a
cooperator. Note that the cost is set to 1 because scaling all the payoffs by
some other cost value does not affect the outcome of the game and, therefore,
the reward v is a multiple of the cost. The payoff matrix is thus given by

| ¢ D
Clv—1 —-1. (2.5)
D v 0

In [51] and most models involving public goods games, individuals are never
alone, and so what happens in the case they are alone is not considered. How-
ever, in our case it is possible for an individual to be alone, for example, an
individual could remain on its home place and not be raided. As in [8], we will
assume that a lone cooperator still pays a cost but does not receive a reward
and lone defectors receive nothing. There are other ways that we can allocate
rewards to lone individuals; for example, in [22] there is a specific strategy, the
loner strategy, where cooperators choose to be alone and not pay a cost. Our
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Dynamics

1 W 1 wiijl

BDB b = —, dij==—~+— BDD bi=—, dj==—"—%
o ET Y, win NS wi Byt
Ft Wi 1 w;; F
J 9 174
i F wi F
LB T = LD tj =
an Wy Fy Zn,k: ()

Table 2: Dynamics defined using the replacement weight as in [40]. In each case, B (D) is
appended to the name of the dynamics if selection happens in the birth (death) event.

choice seems a natural generalisation of the prisoners dilemma model [51], where
individuals pay a cost but do not benefit from their own contributions. We note
that our version makes cooperation harder to evolve than the alternatives. Thus
if cooperators thrive in a population using our model, this can be thought of as
strong support for the evolution of cooperation.

In the multiplayer public goods game, the payoffs to cooperators and defec-
tors playing within a group of ¢ cooperators and d defectors (including them-
selves) is then respectively given by

-1 =1 =0
RCC:d = {’r ’ ¢ and RCD7d == {T’ ¢ (26)

r—1+cjgi1v, c>1 r+ v, ¢>0

where r is a background payoff, which is also a multiple of the cost, that every
individual receives, representing the contribution from activities that are not
related to the games. Generally, the effect of selection is weaker the larger
the value of r (for example, see [12], Chapter 2). The payoff is then given by
Rymg = Rgd (= Rc[fd) when I,, is a cooperator (defector) and |G| = ¢+d, which
can then be substituted into Equation 2.4 to find the individual’s fitness. Note
that here the payoffs do not depend upon the place occupied by the individuals,
that iS, anhg = R»,L7g.

3. Evolutionary dynamics

In this section we revisit the standard dynamics of evolutionary graph theory,
before demonstrating how we can adapt each of them to our framework. For
the current work there will actually only be two distinct dynamics, but for more
general cases each will be distinct, and so it is important to consider them all.
We start by recalling the dynamics from evolutionary graph theory.

3.1. Evolutionary dynamics in evolutionary graph theory

An evolutionary graph [26, 40] is a graph represented by a weighted adja-
cency matrix W = (w;;) where w;; € [0,00) is referred to as the replacement



202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

weight. Each vertex v,, of the evolutionary graph is occupied by one individual
and if w;; > 0 then the individual on v; can place a copy of itself in v; by
replacing the individual there. It is assumed that the weights are chosen so that
the evolutionary graph is strongly connected, which means that there is a route
of finite length between any pair of vertices v; and v;. The weighted adjacency
matrix W is therefore said to define the replacement structure.

Assuming that there is only one replacement per update event, there are
several different ways to calculate the probability of a replacement event t;;
where a copy of the individual on v; replaces the individual on v;. In particular,
we can broadly classify these in terms of the order in which v; and v; are
picked. For birth-death dynamics (BD) the birth event happens first where
the individual on w; is chosen for birth with probability b;. The individual on
v; is then chosen for death conditional on the individual on v; giving birth
with probability d;;, thus we have the replacement probability t;; = b;d;;. For
death-birth dynamics (DB) the death event happens first where the individual
on v; is chosen for death with probability d;. The individual on v; is then
chosen for birth conditional on the death of individual on v; with probability
b;j, thus v;; = d;b;;. For link dynamics (L) both birth and death events happen
simultaneously and therefore v;; cannot be decomposed.

For each of these dynamics, natural selection can influence the birth (‘B’ ap-
pended to name) or death (‘D’ appended to name) event. We use the definitions
of [28] who extensively studied a set of each of these dynamics. In terms of the
exact formulae of the transition probabilities, we use those of [40] as summarised
in Table 2. In these definitions, the dynamics are a function of the replacement
structure W and the fitnesses of the individuals such that the individual on
vertex v,, has fitness Fj,.

8.2. Evolutionary dynamics in our framework

In [8] a birth-death dynamics was defined to be used with the territorial
raider model. In this section we shall develop a consistent set of dynamics
for our framework. In particular, we will show that we can adapt the above
dynamics widely used in evolutionary graph theory.

To consider the evolution of the population it is useful to think of the in-
dividuals in the population in an abstract way. In particular, individuals in
the population change through time and, therefore, it is better to think of I;
as a position that an individual can occupy. These positions are referred to
as I-vertices in [8] and have a particular relationship to the places, although
as the population evolves the actual individual, and in particular the type of
individual, occupying the position may change. We will generally simply refer
to these [-vertices as “individuals” but make the distinction where necessary.

This leads to a natural way to create evolutionary dynamics for our frame-
work; namely, by mapping each individual I; to vertex v;, we can incorporate
the replacement weights of different interaction methods straight into the for-
mulae from Table 2. All that remains is to choose the replacement weights
appropriately.
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The replacement weights used here are based on the assumption that an
offspring of individual I; is likely to replace another individual I; proportional
to the time I; and I; spend together. The offspring of I; can also replace I;
itself and it does this proportional to the time I; spends alone. Therefore, when
i # j, the probability that I; and I; meet is given by summing x(m, G) over all
m such that 4,7 € G. When they meet, we assume that I; will spend an equal
amount of time with each other individual in group G and, therefore, weight
x(m,G) with 1/(]G| — 1) since there are |G| — 1 other individuals (an alternative
weighting could be 1/|G| that allows interaction within groups larger than one
to contribute to the probability of I;’s offspring replacing itself). Note that this
is consistent with the payoffs from our public goods game, where each pairwise
payoff equally contributes to the total payoff an individual receives. On the
other hand, when i = j, we sum x(m,G) over all m such that G = {i}. Here
there is no need to weight x(m, G) because I; is alone.

The replacement weights are therefore calculated as follows

m,G) ., .
Z Z >|<9| i # 7,
eg (3.1)

@,
ZX i=j.

Thus we have a new set of evolutionary dynamics which can be applied to
our framework in a wide variety of situations (including those that we consider
later in this paper). Note that the dynamics used in [8] is the BDB dynamics
defined from the above process.

By our definition W is symmetric, that is w;; = wj; Vi,j, because the
probability of I; meeting I; within any given group is clearly the same as that
of I; meeting I;. We also have that W is doubly stochastic, that is 1 = 3, w;; =
>, wi; for all 4, j, because w;; is the proportion of time I; spends with I; (with
wy; the proportion of time it spends alone), and it is always in precisely one of
these N categories. In this case, W is referred to as being isothermal [26, 40].

We note that the results above hold because of the particular weights w;; that
we have chosen. Although these are natural, they are not the only possibility.
In particular we could have alternative weights where w;; and w;; are not in
general equal and/or where W is not isothermal.

wij

4. Fixation probability and the temperature

4.1. The fixation probability

The (mean) fization probability p© (pP) is the probability that the offspring
of a randomly placed mutant cooperator (defector) eventually replaces the entire
population. This can be uniformly at random as in [26]; alternatively, one can
use the mutant appearance distribution as described in [2]. [8] used a version of
this where they weighted the fixation probabilities using the mean temperature.
For this current work we use the arithmetic mean, as the difference between

10
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these two approaches is negligible here, with the arithmetic mean being greater
than or equal to the weighted mean [2]. For more details on how the fixation
probability is calculated, see the Appendix.

As in [50], we will use the neutral fixation probability 1/N as a benchmark
when comparing cooperators and defectors using their fixation probabilities. In
particular, [50] say that selection opposes D replacing C when pc < 1/N and
selection favours C replacing D when 1/N < pe. Tt is said that type C evolves
if both these conditions hold, i.e. if

pp <1/N < pc. (4.1)

4.2. Concepts of temperature

In [26] the in temperature (or just the temperature) of a vertex of an evo-
lutionary graph was introduced to measure how likely an individual occupying
a particular vertex is to be replaced by another individual’s offspring. [28]
extended this definition and introduced the out temperature of a vertex of an
evolutionary graph to measure how likely the offpsring of the individual occupy-
ing that vertex will replace another individual. These definitions of the in and
out temperatures of individual I,, for an evolutionary graph W are respectively
defined as follows

T;:Zwm and Tj:Zwm. (4.2)

In general, the in and out temperatures can be different. However, in our
case, W is doubly stochastic and symmetric and, therefore, the in and out
temperatures are identical. We therefore work with the definition of only in
temperature and simply refer to it as the temperature.

An alternative version of the definition of temperature (used in [8]) is the
strict temperature that measures how often an individual is likely to be replaced
by other individuals excluding itself. Since W is doubly stochastic, the strict
temperature of individual I,, for an evolutionary graph W is given by

Tp=> win=1=wpy. (4.3)

The definition of strict temperature can be extended to subpopulations to
give the strict subpopulation temperature. This measures how likely an in-
dividual in subpopulation Q,, is to be replaced by an individual in another
subpopulation. Clearly all individuals in a subpopulation have the same tem-
perature (for any of our temperature definitions), since they all have the same
movement distribution. The strict subpopulation temperature is calculated by
summing all weights w;; such that I; is not part of subpopulation Q,, and I; is
part of subpopulation Q,, giving

To, = >, Y, wi (4.4)

1EN\Qy JEQLm

11
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Figure 4: Comparing average fixation probability for different complete structures where fig-
ure (a) uses DBD dynamics and figure (b) uses DBB dynamics. Each number indicates a
subpopulation of a certain density. For example 60 is a complete structure with 2 subpopu-
lations of size 6 and 0 respectively; 2220 has three subpopulations of size 2 and one of size 0.
In each case the public goods game parameters are r = 30,v = 10 and movement parameter
is h = 30. We see that in figure (a) for the DBD dynamics, cooperators perform poorly in all
cases. In figure (b), cooperators do better for small groups (greater than one). Increasing the
number of empty places is beneficial for defectors.

This means that if there is only one subpopulation then its strict subpopulation
temperature is 0 by definition, that is, Tg, = 0 if Q,, = N.

We note that a strategy introduced in one subpopulation can spread through-
out the population because W is strongly connected. This implies that if there
is more that one non-empty subpopulation then the strict subpopulation tem-
perature is non-zero for all non-empty subpopulations, that is, Tg, > 0 if
|Qm| > 0. To measure the connectedness of the subpopulations, that is how
often the different subpopulations interact with one another, we use the mean
strict subpopulation temperature that is defined as follows

M
1
(Ta,) = 3 0n[To,,. (45)
m=1

5. Cooperation in generalized territorial raider models

In this section we study the effect that different model parameters have
on the evolution of cooperation. For models investigating the evolution of co-
operation using evolutionary graph theory, both the evolution and interaction
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of individuals are dictated by a fixed structure, following games with a fixed
number of players (almost always two). In our model the replacement struc-
ture emerges from the interactions between individuals, involving games with a
varying number of players, and therefore give us a different perspective on the
evolution of cooperation.

We note that no simulations were run to calculate the fixation probabilities
in this paper, rather, all the states of the population were explicitly calculated
following the procedure described in the Appendix.

5.1. The effect of the dynamics

As we mentioned in Section 1, for evolutionary graph theory models, coop-
eration is favoured when using DBB or BDD dynamics, but not DBD or BDB
dynamics, if the structure allows a cluster of cooperators to form (also see [36]).
This is consistent with [8] where we studied the effect of the BDB dynamics
on the public goods game and cooperators generally performed poorly. It was
shown that defectors dominate regardless of the structure of the population and
the game parameters. We are now in a position to revisit the public goods
game with more flexibility both in terms of the dynamics and the structure of
the population. In terms of the dynamics, the results for BDB and DBD are
identical (as are those for BDD and DBB), because the replacement structure
W is symmetric and doubly stochastic, so whether birth or death occurs first
(but not whether selection occurs in the first or second position) is irrelevant,
see Table 2. Furthermore, the LB and LD dynamics are equivalent to the BDB
and DBD dynamics, respectively, because W is isothermal. This can be shown
for LB dynamics (and similarly for LD dynamics) as follows

e Fiwi Fiw; F, _ BDB

v = = = i Wi = T
! Zn,k Frwnk Zn Fy (Ek wnk) Zn Fy ’ !
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Thus in what follows, we only mention one dynamics from each pair, in each
case the DB dynamics.

For DBD dynamics, the defectors do better than cooperators regardless of
the population structure. However, for DBB dynamics, cooperators are favoured
over defectors for certain population structures. In particular, these structures
that favour cooperators contain small subpopulations, ideally of two individuals.
We can see this in Figure 4, where the fixation probability is plotted against
different complete population structures for the DBD (Figure 4a) and DBB
(Figure 4b) dynamics (as explained in the caption, for each population, each
number in its representation corresponds to a subpopulation of that size). For
example, for the complete structure 222 where there are 3 subpopulations of
size 2, the cooperators outperform defectors by a large amount.

To understand why this is the case, consider a population of two individuals
where one individual is a cooperator and the other a defector. Within such a
population, the cooperator will be less fit than the defector. For DBD dynamics,
the least fit individual is most likely to be chosen for death and the fixation
probability is proportional to the fitness of the individual. This means that
a cooperator has a low fixation probability compared to a defector. However,
when using DBB dynamics, one of the two individuals in randomly chosen for
death and immediately replaced by the offspring of the other individual. This
means that regardless of the fitness of the individual, each type will fixate with
probability 1/2. For sufficiently high home fidelity parameter h, individuals
primarily interact with their members of their own subpopulation. Therefore,
in such a population where there exists a subpopulation of two individuals, a
cluster of two cooperators is more likely to form when using DBB dynamics.
This cluster of cooperators has a fitness larger than that of a cluster of defectors,
provided that v > 1, thereby establishing a stronghold against defectors. In fact,
a subpopulation of sufficiently small size (but greater than one) can establish a
stronghold against defectors as shown in Figure 5. Here the fixation probability
is plotted against a complete structure with four subpopulations that each have
size ranging from 1 to 6. Subpopulations of size two are best for cooperation,
with their advantage over defectors declining as the size of the subpopulation
increases. Given the parameters used, subpopulations of two to four cooperators
can successfully resist invasion, but larger subpopulations cannot.

5.2. The effect of the temperature

In [8] the strict temperature and mean group size were both shown to be
strongly correlated with the fixation probability, with the effect of the former
shown to be stronger. We therefore focus on the temperature, namely the strict
subpopulation temperature. Note that in [8] there is one-to-one correspondence
between individuals and places, which implies that the strict temperature and
strict subpopulation temperature are identical, but this is not the case here.

The individual temperature is a measure of how often an individual interacts
with other individuals including those who are part of the same subpopulation;
thus an individual may have a high temperature but that does not mean it is
interacting with individuals from other subpopulations. In particular whenever

14



0.22]

©
W
S

o
N
=1
\

[y

=)
N
a
I
-
@
“

o
N
<)

Average Fixation Probability
IS
o
o

Average Subpopulation Temperature
o
I <
17
o
o
'S

0.10]
0.12]
0.05 .
o.10p °
0.05 0.10 0.15 0.20 0.25 0.30 0.35
10° 1ot 10 Average Subpopulation Temperature
Home Fidelity -
— p° (Cooperator) --- p? (Defector) — 1/N

(a) b)
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individuals are not alone very often, this temperature does not vary so much
between different individuals, and so is not a useful concept when there are non-
trivial subgroups. The strict subpopulation temperature, on the other hand,
considers interactions with individuals only from other subpopulations, and thus
can be very variable. We shall see that this temperature is a good predictor of
important population properties.

The mean strict subpopulation temperature decreases when home fidelity
increases as shown in Figure 6a. This is because the individuals are more likely
to remain on their home place than visit another place as home fidelity increases,
therefore reducing interactions with other subpopulations, and in particular the
probability that a member of one subpopulation replaces a member of another
at any given time.

In [8] it was shown that for BDB dynamics for structures where each sub-
population is of size one, there was a linear relationship between the strict
(subpopulation) temperature and the fixation probability, with the higher the
temperature, the stronger the effect of selection. We investigated this for DBB
dynamics, and found an opposite linear effect, which is consistent with [28] who
showed that the DBB dynamics suppresses the effect of selection the most for
the complete graph. We note that this relationship only holds for relatively
weak selection, and we can reverse the relationship (and make it non-linear) by
increasing the value of the reward.

To promote cooperation we need a structure involving a subpopulation of
size at least two. However, whether these structures promote cooperation or
not also depends upon the base fitness and reward, and so we assume that the
base fitness and reward are sufficiently large for this to be the case, see Section
5.4. In this case, decreasing the temperature by increasing the home fidelity
promotes cooperation. In particular, the relationship between the mean fixa-
tion probability of cooperators and the mean strict subpopulation temperature
is negative and nonlinear as shown in Figure 6b. The nonlinearity arises not
only from the nonlinear payoff function of the public good game, but also from
the fact that there exists a subpopulation that has size at least two. For co-
operators, the mean fixation probability is negatively correlated with the mean
strict subpopulation temperature because the mean strict subpopulation tem-
perature is highest when home fidelity is lowest, i.e. when cooperators cannot
separate themselves from the population and form clusters, consequently defec-
tion evolves. On the other hand, for low mean strict subpopulation temperature,
and so high home fidelity, it is easier to form clusters of cooperators that allows
cooperation to evolve. This kind of behaviour is also evident in Figures 4 and
7.

5.8. The effect of the number of places

In [8] each individual had their home place and there were no empty places
(non home places) that individuals could visit. In our case, individuals can
visit non home places and we therefore investigate what effect this has on the
evolution of cooperation.

16



456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

0.06

0.20

0.05

0.04

0.03

Average Fixation Probability
|

°
HA
=y
v
v
®
/
'
d
Mean Strict Subpopulation Temperature

£ 0.02

0.12 RIS 0.01
™ E) 5 ) 5 N ) ) 5}
2 2 8 8 S N 8 ] S
" 2 8 S N N ] S
a a S N N 8 ™ 5} S S 5 ~ S S 5}
a 2 N N a 2 S <] 8 N ] 8 8
a N a a 3 8 N PN ] S
Structures m a 2 N N N
a N
oo ,C (h=30, p,, variable) w—a o (p, constant) — 1/N Stuctures
=< p” (h=30, p,, variable) =-a p” (p,, constant) e—e p constant =—a /=30, p,, variable
(a) (b)

Figure 8: Figure (a) shows the effect of compensating for empty places by increasing the home
fidelity such that the probability of staying in their home place, pnn, remains the same. We
start at h = 30 for the 33 and 222 structures. As an empty place is added, h is increased
so that pnn = 30/31 for the 330,...,330000 structures and ppn = 30/32 for 2220,. ..,222000
structures. In all cases r = 30 and v = 10. We can see that after compensating for the above
effect, the influence of introducing empty places is both reversed and weakened. Figure (b)
shows the mean strict subpopulation temperature dropping off when we compensate for the
empty places by increasing the home fidelity such that pp, remains the same.

As seen in Figure 4, increasing the number of empty places that subpopu-
lations can visit, whilst keeping all other parameters constant, makes it more
difficult for cooperation to evolve. In particular, this effect is prominent for
structures where cooperators were initially doing well. For example, for the
structure 222 where the cooperators do best, increasing the number of places
significantly reduces their fixation probability whilst increasing that of the de-
fectors. Here increasing the number of places acts in the same way as decreasing
the home fidelity, i.e. as decreasing the amount of time an individual spends in
its home place with members of its subpopulation. Thus the amount of time
an individual spends alone or with individuals not from its subpopulation in-
creases, so that the overall fitness of a cooperative subpopulation will decrease
(they still pay a cost but do not receive a benefit when alone). In terms of
the dynamics, spending more time alone would increase the effect of selection
in DBB dynamics because an individual with higher fitness that is randomly
chosen for death is more likely to be replaced by its own offspring, which affects
the cooperators adversely. A cooperative subpopulation will also have lower
fitness because its members are more likely to interact with individuals from
other subpopulations, therefore exposing them to defectors. The increased in-
teraction between individuals will also increase the effect of selection in DBB
dynamics because an individual with higher fitness that is randomly chosen for
death is less likely to be replaced by an individual with lower fitness in the same
subpopulation.
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The increase in the number of places can be compensated for by increasing
the home fidelity, so that individuals stay in their home place with the same
probability. This has the effect of decreasing the mean strict subpopulation
temperature as individuals are more likely to spend time with members of their
subpopulation. This is shown in Figure 8, where we can see that the effect of
adding empty places is now reversed, although the strength of this reverse effect
is weak.

5.4. The effect of a large home fidelity

Consider a well-mixed population of M subpopulations each containing L
individuals, so that N = ML, as described in Section 2.1, where h is very
large. Consequently from equation (3.1), x(m,G) is approximately 1 if G = Q,,,,
and is approximately 0 otherwise. Thus the fitness of an individual can be
evaluated assuming that we have a group containing precisely all individuals
from its subpopulation with probability 1. Due to the symmetric nature of our
population, the weights for any two individuals in the same subpopulation will
be the same, as will the weights for any two members of different subpopulations.
Denoting the latter as wo, which will be small, we have w;; = wo when I; and
I; are not in the same subpopulation, and w;; = wy ~ [1— (M —1)Lwo]/(L—1)
otherwise, with the probability of self-replacement negligible.

It follows that only replacements within subpopulations will happen, except
very rarely. Thus we can assume that the battle within any mixed subpopulation
of cooperator (C') and defector (D) individuals will be resolved with fixation of
one type or the other before any new mixed subpopulation appears.

We thus consider a two stage process. Firstly, a new mixed group appears.
This occurs rarely, through the invasion of a cooperator into a defector subpop-
ulation, or a defector into a cooperator subpopulation. Assuming that there are
currently Mo(Mp = M — M¢) cooperator (defector) subpopulations, such a
transition happens with probability

o @ MchOFL(C) (5 1)
Per= "0 (L = Dyw,FL(D) + O(wo) '
of a cooperator into a defector subpopulation, or
M MpLwo Fr(D
ppr = — pLwoky(D) (5.2)

M (L —=1)wFL(C) + O(wo)

of a defector into a cooperator subpopulation. The terms Fr,(C) and F(D) are
the fitnesses of cooperator and defector individuals within their own subpopu-
lations, and are obtained directly from equations (2.4) and (2.6), and the terms
O(wop) are of the order of wp, and very small. Further denoting = v/[r(L—1)]
we obtain that the ratio of the two expressions in equations (5.1) and (5.2), and
thus the relative frequency that the new invasions happen, is thus

%z (?8)2 (1“;1)2%(“@—1)%)2 (5.3)

18



516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

for large v and r.
The second process considers fixation within a well-mixed group of size L.
Following [23] we obtain the formula

i s
1 e 3
- L—1 173 T
]‘ + Zj:l jk:l ﬁ
for the fixation probability of ¢ cooperators within a population of size L. Here
Br (0x) is the probability that the next event is the replacement of a defector

(cooperator) by a cooperator (defector), when the number of cooperators is k.
We have here

(5.4)

_ r 4+ kv
Sp = k(L — k) el , (5.5)
L (L-1r+(L-kk+(k-1)2)s5—-(k-1)
g _ LK) r e -1 (56)
T L= r+ (L—k =Dkt k(k—1) 5 — K '
For sufficiently large r, we obtain
Ok 1+ kx
Br mfk(x)a (5.7)
where I 14 (L 9%
folw) = — L= 1L =Dk (5.8)

L-1+(L-2)k+1)x

The fixation probability of a single cooperator in a group of defectors is given
by pc,r = 1, and the fixation probability of a single defector in a group of
cooperators is pp ;, =1 — x_;. We thus have

e

This implies that

L-1

L—1
-5 ”’“ @ =+ =09 [] A 69)
i1 k=1

Q‘w

PCL

pcr > PD.L pDL (5.10)

Ppr pc, L
Following our assumptions, the population evolves following a succession of
invasions of subpopulations either of cooperators by defectors or of defectors by
cooperators. The probability that the next such event will be the invasion of a
subpopulation of defectors by a cooperator is simply

bcipc,L _ rs (5 11)
pcipe,r +porpp,n. 1+rs’

where rs = perpe.n/pprpp.r is the forward bias [40] of cooperative groups
within our population. For a cooperator to fixate in the population it must first
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fixate within its group with probability pc r,, after which, there is a competition
between groups proceeding precisely as in a Moran process, so that we have

171/7‘5

= —_— 5.12
pc =po.Ly— (A/re)™ (5.12)
with the equivalent expression for pp,
reg—1
PD = pPD,L J\S4 (5.13)
rg —1

It is clear from equation (5.10) that rg > 1, so that p¢ is greater than po (1 —
1/rg) for any M. Letting M become large means that 1/N = 1/M L will be less
than pe, but larger than pp, so that inequality (4.1) holds. This means that
for sufficiently large h,r and v, we have that cooperation evolves for any given
subpopulation size L. Thus cooperation can potentially evolve for arbitrarily
large subpopulations, although as we have seen previously, it is easier for smaller
subpopulations.

6. Discussion

In [10] a new framework for the flexible modelling of structured populations
using multiplayer interactions was introduced, see also [8, 13, 11]. This work
built on classical evolutionary graph theory, but was limited in terms of the
dynamics used. In this paper we have developed this framework further. Most
importantly we have developed a full range of dynamics to apply in the frame-
work, which will allow us to consider many different evolutionary scenarios. In
particular these can be applied for the fully independent model in general, not
just the examples considered here, enabling us to use a fuller range of the pos-
sibilities that our flexible framework allows. Thus this paper can be thought to
complete the basic development phase of our work.

We have then developed the fully independent model to incorporate subpop-
ulations and in particular consider a generalized version of the territorial raider
model introduced in [8]. This is beneficial because previously the fully inde-
pendent model, represented in the bipartite graph in Figure 1, would require
a vertex for every individual as well as an additional vertex for every available
place. Now we just need a vertex per subpopulation, potentially allowing a small
number of very large subpopulations to be considered, which would not have
been possible previously. Thus this generalization allows us to look at much
larger populations, which most real populations are, but still be able to use
some analytical methods. The fact that larger populations can be considered
without increasing complexity in turn allows us to incorporate other features
that will enable our model to be applied more widely, as discussed below relating
to mobile populations.

This type of structure has been considered in a slightly different context,
for example, the island- or community-structured populations of [53]. In this
model interactions occur at multiple levels, interactions between community
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members being more common than those with non-community members where
interaction occurs at multiple levels. Members of one community first play a
public goods game and then join the members of another community and play a
public goods game such that, at the highest level, the entire population plays a
public goods game. This is in contrast to our case, where individuals only play
a game if they are present in the same place at the same time. They showed
that cooperation can evolve when DBB dynamics are used and selection is weak
within communities, which is consistent with our results.

We note that the framework of [8] is capable of modelling far wider be-
haviour than that developed here, in particular it is able to consider dynamic
populations whose distributions continuously change due to their history, and
the interactions that they have. Thus it can incorporate the type of situations
with mobile populations modelled in [55, 47]. In particular, movement can
follow a stochastic process in which the individuals move depending upon their
current state as in [16]. This is an important step in the development of realistic
population models, for example related to territorial behaviour where animals
can cover long distances, or movement behaviour varies throughout the year as
seen in, for example, African wild dogs that live in packs [17]. In a recently
submitted paper [39] we have developed a Markov chain version of our model,
and again consider a combination of theoretical developments and the specific
application of the evolution of cooperation. This is our first step in the type of
history-dependent analysis described above.

We then applied our new methodology to an example, considering the evolu-
tion of cooperation within a population involving subpopulations. We saw as in
evolutionary graph theory that the choice of dynamics is crucial, and that DBD
(and BDB) dynamics would not allow cooperation to evolve, but that DBB (and
BDD) would, which is consistent with [36]. Further, using the latter dynamics,
the size and the level of isolation of the subpopulations is important, with the
smaller the subpopulations and the greater the isolation, the greater the chance
for cooperation to evolve. Unsurprisingly, the larger the level of reward v, the
better the cooperators do. In particular, the larger the subpopulations, the
larger the reward v required for cooperation to evolve; note that this is similar
to the requirement that the benefit-to-cost ratio exceeds the average number of
neighbours an individual has from [36].

We see from Figure 6 that our new idea of strict subgroup temperature
is important in explaining the level of cooperation that evolves. Low (high)
temperature helps promote the invasion of cooperators (defectors). In particu-
lar, higher temperatures allow cooperators to cluster more strongly and benefit
more from cooperating with one another. We note that this raises a more gen-
eral question about temperature. Within subpopulation temperature includes
replacement weights between pairs of individuals from different subpopulations,
but excludes weights between pairs from within the same subpopulation. What
if two individuals have very similar, but not identical, movement distributions
(and thus whilst formally not within the same subpopulation, for practical pur-
poses they might as well be)? Under the current definition no distinction is made
between this and two individuals whose distributions are completely different.
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We will investigate this question in later work.
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Appendix A.

A state of the population gives the type of each individual in the population.
Let S be a state of the population such that n € S if and only if I, is a
cooperator. There are then 2% different states of which N (}}) is the state in
which there are all cooperators (defectors). Using any dynamics, the probability
of transitioning from state S to &’ is defined as follows

Pssi =Y v for &' =SU{j}, or Y v for &' =8\ {j}, or Y v for &' =S8,

i€S ¢S i,jES
i,j¢S
(A1)
or 0 otherwise.

Cooperators (defectors) is said to fizate from state S in the population when,
starting from state S, every defector (cooperator) is replaced by a cooperator
(defector), that is the population reaches state A/ (). At this point no further
changes are possible, since one type is extinct, and so the population remains
in this state. Let p§ be the probability that cooperators fixate from any initial
state S, then this is obtained by solving the following system of equations

pS = Pssip§, (A.2)
S/
with boundary conditions
p§ =0 and pN =1 (A.3)

where Psg is the probability of transitioning from state S to 8’. The probability
pZ that defectors fixate from any initial state S is obtained in the same way
with the boundary conditions reversed.

The mean fixation probability of cooperators (defectors) is a, potentially,
weighted average of the probabilities pg (pg ), over S when there is only one
cooperator (defector) in the population, that is |S| =1 (|S| = N —1). There are
two common weightings used; uniformly weighted (as we use here) or weighted
in proportion to the mutant appearance distribution as defined in [2].

The evolution of the population is essentially described by an absorbing
Markov chain. The mean fixation probability is therefore calculated by com-
puting the state transition probabilities that are then used to construct the state
transition matrix of the Markov chain. The state transition matrix is then used
to calculate the fixation probability see, for example, [23] for explanation of how
this is done.
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