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Abstract

In this paper, we consider a model of kleptoparasitism amongst a small group of individuals, where the state of the population is
described by the distribution of its individuals over three specific types of behaviour (handling, searching for or fighting over, food). The
model used is based upon earlier work which considered an equivalent deterministic model relating to large, effectively infinite,
populations. We find explicit equations for the probability of the population being in each state. For any reasonably sized population, the
number of possible states, and hence the number of equations, is large. These equations are used to find a set of equations for the means,
variances, covariances and higher moments for the number of individuals performing each type of behaviour. Given the fixed population
size, there are five moments of order one or two (two means, two variances and a covariance). A normal approximation is used to find a
set of equations for these five principal moments. The results of our model are then analysed numerically, with the exact solutions, the
normal approximation and the deterministic infinite population model compared. It is found that the original deterministic models
approximate the stochastic model well in most situations, but that the normal approximations are better, proving to be good

approximations to the exact distribution, which can greatly reduce computing time.

© 2007 Elsevier Ltd. All rights reserved.

Keywords: Food stealing; Equilibrium distribution; Cumulant generating function; Markov process; Parasitism

1. Introduction

There are many biological situations in which a
population is divided amongst a number of sites. These
sites may be physical locations, such as patches of food, or
may categorise the population in some way, perhaps by
their activity or whether they have a particular disease or
not. The rates at which individuals leave each site depend
on the current location of the individual in question, and
are also often dependent on the location of other members
of the population.

A feature of interest in such situations is the expected
proportion of the population at each site at equilibrium.
This is often calculated using a deterministic model, which
assumes that the population is large. Individual movements
in a small population have a much larger effect on
transition rates than in a large population, and can also
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result in large differences between the expected proportion
of the population on each site given by the two models. As
a result of this, stochastic models are generally more
appropriate when considering small populations. The use
of stochastic models also enables the variance of the
number of individuals at each site to be calculated, which is
not possible using deterministic models.

Examples of such models include:

(1) The SIS epidemic. This is one of the simplest
epidemic models, in which individuals are either susceptible
or infective, and once they recover from the disease they
are immediately susceptible again (see Weiss and Dishon,
1971; Nasell, 1996, 1999; Kryscio and Lefevre, 1989). The
deterministic and stochastic models in this case give very
different results. The deterministic model either converges
to a stable mixture of infective and susceptible individuals,
or the disecase becomes extinct, depending upon para-
meter values. For the stochastic model the stationary
distribution is always the trivial one where the disease is
extinct. Extinction may take a long time to happen, and we
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may be interested in interim behaviour, so that the quasi-
stationary distribution (conditional on non-extinction) is
considered.

(2) Coagulation—fragmentation processes. The model
population contains N individuals who are grouped into
clusters of various sizes, where possible events are the
merging of two groups into one and the separation of a
group into two smaller groups. These processes have many
applications including animal grouping; see Durrett et al.
(1998, 1999) and their references. The long-term behaviour
of these processes again differs between the deterministic
and stochastic cases, but the deterministic model is
generally a better approximation to the stochastic one
than in the SIS epidemic.

(3) The ideal free distribution (Fretwell and Lucas, 1970)
which describes the distribution of animals among a
number of patches of a resource, such as prey or mates
(see, for example, Jackson et al., 2004; Hugie and Grand,
1998; Houston and McNamara, 1988; Ruxton and
Humphries, 2003; Yates and Broom, 2005). Deterministic
models predict the optimal distribution of individuals
between patches of different quality. Stochastic models
generally predict undermatching (a lower proportion of
individuals on the higher quality site than predicted by the
deterministic model) and this is often what is observed in
real populations, see for example Kennedy and Gray
(1993). It should be noted that Hamilton (2002) combined
the concept of the ideal free distribution and food stealing,
and modelled individuals moving between two food
patches where stealing was also possible.

We focus in this paper on the modelling of food stealing
or kleptoparasitism. Many authors have observed various
animals stealing food from others. For example Brock-
mann and Barnard (1979) reviewed literature from the
previous 40 years and found such occurrences among a
variety of bird species. Such kleptoparasitic behaviour can
be intraspecific, when food is stolen from members of the
same species, or interspecific, when food is stolen from
members of a different species. Although kleptoparasitism
is particularly well documented among birds, it occurs in
many species. For example, Vollrath (1979) conducted
both field and laboratory research into the theridiid spider,
which steals from two other spider species, while Homer
et al. (2002) have observed the behaviour in hyenas.

Recently a series of game-theoretic models of kleptopar-
asitic behaviour (e.g. Broom and Ruxton, 2003; Luther and
Broom, 2004; Broom et al., 2004) have been developed
investigating the strategic choices of individuals in a variety
of circumstances. They took as their basis the paper
Ruxton and Moody (1997) where behaviour was comple-
tely deterministic in character, due to the large population
assumed and the lack of decisions of the individuals
involved, and its refinement in Broom and Ruxton (1998).
Indeed, conditional on individuals’ decisions, all of these
models were essentially deterministic. In this paper we
consider the refinement of Ruxton and Moody (1997) in
Broom and Ruxton (1998) where no decisions are allowed

by individuals, and introduce a stochastic version of this
model, comparing the large population situation to the
non-deterministic stochastic version.

2. The models

We first recall the structure of the basic model from
Ruxton and Moody (1997) and Broom and Ruxton (1998).

They considered a population where the density of
individuals is P. This population is divided into three
different activities; searching for food items, which we label
state S; (state S in the original papers), handling a food
item, state S, (originally state H), and involved in an
aggressive contest, state S3 (originally state 4). We shall
label the number of individuals in S; as X; for i = 1,2 and
the number of fighting pairs in S5 as X3. Thus if the total
population size is n, then

X1 +X,+2X3=n.

The number of available food items per unit area is given
by f. Individuals were able to search an area v, for food in
unit time, so that the rate at which individual searchers
found food (and so moved from state S; to S,) was
A2 = vgf. At the end of handling, the handler resumed
searching. It was assumed that food items take a time to
handle drawn from an exponential distribution with mean
t,, so that individuals move from state S, to S; at rate
/21 = 1/t;. Individuals also searched for handlers, being
able to search an area of size v, per unit time. When a
searcher encountered a handler, it challenged for the food
item and a fight ensued, and one individual from each of S,
and S, moved to the fighting state S3, this occurred at rate
A13 = vy, per pair of individuals. Contest times were drawn
from an exponential distribution with mean time #,/2. At
the end of a contest, the winner started handling the food,
and the loser resumed searching, so that a fighting pair
splits, one of each moving from S3 to the states S; and S»,
at rate A3; = 2/t,. These are summarised in Fig. 1.

S
X1
A1 X A3 X1 X
X1 22
A3 X1 X
Ss X 2X3 |53
2231X3

Fig. 1. The stochastic kleptoparasitism model. The sites are indicated by
the boxes, transition rates are given on the arc with the arrow in the
appropriate direction between the states. Both rates into Sj are identical,
as are those leaving S3. Individuals enter state S3 in pairs, one each from
S and S». Similarly, pairs leave S3 simultaneously, with one going to each
of S; and S,.
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2.1. The deterministic model

We further define the proportion of individuals in state
S; as z; for all i and thus if the total population size is n,
then z;y = X /n, z = X, /n and z3 = 2X3/n. The transition
rates are as in Fig. 2.

We can thus find the large population transition rates 2;/.
in terms of A; as follows: The transition rate from S to Sh
is given by 212X = Aip(nzy) = n(),z21) for large n = 1), =
/112. Slrmldrly )VIZI = /121, while 2)»31X3 = 2/131(}’123/2) =
n(ﬂvg123) for large n—= }“gl =31 and ApX (X, = 213(1/!21)
(nz2) = n(A}5z122) for large n = 1} = nis.

Following Broom and Ruxton (1998) we see that for an
essentially infinite population, the proportions of the
population in each site satisfy the differential equations:

dZ Al I ! 7

_dtl = Jn122 + A3, 23 — ApZ1 — A32122, (1)
dZ Al I ! 7

—dtz = Apz1 + A323 — Ay 22 — A32122, (2)
dz , ,

d—; = 273712 — 20,23 3)

Note that Eq. (3) can be obtained from a linear
combination of Egs. (1) and (2). At equilibrium
dz;/dt = dzp/dt = dz3/dt =0, and substituting z3 =1 —
z1 — zp into Egs. (1) and (2) and rearranging gives

/ / 2/ al ’ YA
A+ 2321 + (A3, — A3z + 432122 — 43, =0,

/ / al al / ’
(A3; = A1)zt + (Ao 4+ 23))20 + 232120 — Aq = 0.

Therefore

!
1 ="Fo, “4)
12

while z, solves

2
1340173 + A5 (Mg + 25))z2 — A)pd5; = 0. (5)
S1
21
/\'212'2 /\’mzlzg

Ap21 A3123

7
A32122

Sa 22 23 |S3

’
)\31 23

Fig. 2. The deterministic kleptoparasitism model. The states are indicated
by the boxes, transition rates are given on the arc with the arrow in the
appropriate direction between the states per individual; thus the actual
transition rate of movement in a large population of size n is nx this
individual rate. Both rates into S3 are identical, as are those leaving S;.
Individuals enter state S3 in pairs, one each from S| and S;.

Since the coefficients of z3 and z; in this equation are
positive, z, is given by the positive root, meaning that

/ ’ 9/ 1 20091 AR 2 Al al ar
AU+ Ay) + \/}~31 (Ahg + 25))" 4 420540375, 75

22
23

Note that z; is the handling ratio, which is directly related
to the food consumption rate per individual. In fact this
consumption rate is z3/t;, = A5, 22.

2.2. The stochastic kleptoparasitism model

Following the description of transitions at the start of
this section, we can see that the transition rates for this
model are as shown in Fig. 1. The numbers of individuals
in S| and S, are X'| and X, respectively, while X5 gives the
number of pairs in S3. There are only four possible
movements. Recall that the population size n is fixed, and
that X| + X» + 2X3 =n.

The probability that X;(f) =x; and X,(¢f)=x; is
denoted by p,, ,,(7). The Kolmogorov forward equations
for p,, ,(?) for this process are
d
apxl,xg(t)

= Z13(x1 + D(x2 + Dpy 414100
+ A31(n — X1 — X2+ 2)py, 14,1 (D)
+ A1+ Dpy g 1(0) + A21(x2 + Dpy, g 01(0)
— [Aixixz + Asi(n — x1 — x2) + 412X
+ A xalpy, , (0)- (6)

Vxi,x2 €{0,1,...,n}, where by convention p, . = 0if any
of x1 <0, x, <0 or x; + x, >n occur. In addition, since the
number of individuals in S3 must be even, p, . (1) =0 if
n—Xxp — Xz is odd. At equilibrium (d/d?)p,, ,,(1) =0V xi,
x, and these equations become a set of linear equations for
the joint equilibrium distribution of X and X>.

2.2.1. The number of distinct states of the stochastic model

Under the model, n — x; — x; must be even; the number
of states for which X; = x; depends on whether n — x; is
odd or even. If n — x; is odd, there are (n — x; + 1)/2 such
states, otherwise there are (n— x;)/2+ 1 states. Since
(n—x1+1)/2=(m—(x; +1))/2 + 1, the number of states
when n is even is

n n/2 n—2i n /2
§+1+l§l2( 5 +1)=§+1+;1n—21+2
n n
=-+1 2)=
>t +((n+ )2

4
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If n is odd the total number of states is

(n+1)/2

(n+1)/2
n—Qk—1) B n+1
> 2<2+1>_(n+3) =2 ; k

k=1

:(n+3)n—;—1

n+1/n+1

S (2 +1)
_ (n+Dm+3)
=

In either case the number of states is of order n?/4.

2.2.2. Equations for the moments of X and X,

It is not practical to solve the equations for p, .. Instead
we find equations for the principal moments of the process,
namely the means, variances and the covariance of the
random variables X; and X, (from which the moments
involving X3 can also be found). We begin by obtaining a
partial differential equation for the cumulant generating
function of X'; and X3, from which equations for the above
moments can be derived. The cumulant generating function
is denoted K(s;, s2) and is defined to be log M (s, s2), where
M(sy,s,) is the moment generating function. From this it is
possible to obtain equations for the cumulants of X and
X,. The cumulant k;; is the coefficient of s|s,/ilj! in the
series expansion of K(si,s2). The partial differential
equation for K(sy,s,) is

" - o 0K
n)g](eMsz _ 1)+ [)»12(652 1 _ 1)+;L31(1 —e 1+ z)]a_Sl

. Lo 0K
+[Aa (€™ = 1) + A1 (1 — eAle)]a—
2
’K 0KOK
3(ert) — —-— ) =0. 7
+ M3(e )(6S16S2 + asl aS2) ( )

This is derived in Appendix A.

Differentiating K(s, ) with respect to s; i times and s, j
times and setting s; = s, = 0 in the function obtained gives
the (i,j) cumulant of X| and X>.

For example,

0K ’K
— = E(X]), YR = Var(Xl) and
asl S|=S2:0 asl S|=S2=0
’°K
" = Cov(X, X>).
051082 5125220 on(X1, X2)

Applying this to Eq. (7) gives the following set of
equations:

ni31 — 231y — A1y — A13012 — Az pp =0, (8)
Aoy — Aoy =0, )

niar — A1ty + (Aar — A3y — (Aia + Z31)07 + (Jo1 — A31)012
— Askay — Aspy 012 — Azpaot =0, (10)

Aalty + ity — 21205 — 22103 + (A1a + A21)o12 = 0, (11)

niat + (ian — Jany — 231k — (a1 + 231)03 + (a2 — 231)012
— diski2 — A3pa012 — Aaspy o3 = 0. (12)

These five equations contain the seven unknowns ,, fi,, 67,
03, 012, kay and kyn, where w; = E(X;), o7 = Var(X)),
012 = Covo(X1,X3), kot =E[(X) — 1)’ (X2 — )] and
kip=E[(X) —pu)(X2 — ,uz)z]. Further equations can be
obtained, but the number of unknowns would also be
increased.

It is possible to obtain expressions for u; and ¢, in terms
of u, from the first two of these equations. These are

2
H =;ﬂlv‘2 (13)
112
and
A 231(A A y
Glzz—iuz—ﬂm( 12+ A21) ni3 (14)

2 13412 2T

and are derived in Appendix B.
We now show two results relating these moments.

Result 1. The signs of nz; — u; and nz, — u, are the same.

The proof follows from the fact that expression (4) for
z1, with the substitutions 1}, = 412 and 15, = 51 can be
rearranged to give

)4221 - 12122 =0.
Multiplying this equation by n and subtracting (9) gives
Ja(nzy — ) = Za1(nza — o).

Since 412 and Ay; are both positive, it follows that nz; —
and nz, — p, have the same sign.

Thus the number of searchers and handlers is either both
overestimated or both underestimated by the deterministic
model.

Result 2. The signs of nz; — u, and o1, are the same (and
so are also the same as that of nz; — y).

Making the substitutions A}, = A2, A5 = ndi3, 4y = A2
and 1}, = A3 into Eq. (5) and multiplying by n gives

J3221(n22)* + 231(Aaa + Aan)nzy — nhpais = 0.

Substituting the expression for g, into (8) and multiplying
by 412 gives

niiaizr — 23121z + Aoty — 21213012 — Aizdarpg = 0.
Adding these two equations gives

Mala(nz2)? — 12) + 231(haa 4 J21)(nz2 — ts) — Aiadi3o1n = 0.

= (122 — W)z (nz2 + py) + A31(A12 + 421)) = 412413012

This shows that the signs of nzy — u, and o, are the same,
since the A;s and p, are all positive.

Thus if X| and X, are negatively correlated, as we would
naively assume should usually be the case since the total



484 G.E. Yates, M. Broom | Journal of Theoretical Biology 248 (2007) 480489

number of individuals in the three categories is fixed, then
this would indicate that the deterministic model would
underestimate the number of searchers and handlers.

2.2.3. The normal approximation

If one assumes that X'| and X, are bivariate normal, then
ko, and kj, are both 0. This method is described by
Whittle (1957) and has been applied more recently by
Nasell (2003) with the stochastic logistic model, of which
the SIS epidemic is an example. Using this approximation
it is possible to derive expressions for 67 and &3 in terms of
[y, and a quartic equation for (,, where the " above each
variable denotes the normal approximation. These are
derived in Appendix B.

The variances are given by

5 21 (231 — 4 a1 — 4
2= g /21431 = 421) 21 — 431

generated; Az, 421, 431~ U(0,50) and A;3~U(0,2.5), the
distributions chosen to ensure that the transition rates
were, on average, of similar order (4,3 being associated with
the only quadratic transition). Table 1 shows u,, fi,, 63, 63,
g12, kz’l and k]jz, while Table 2 shows Ui, O'%, 013 and 023.

Since [i, satisfies a quartic equation, the normal
approximation gives four values for fi,. Only one of the
solutions of Eq. (17) was a plausible value for fi, for each
set of parameters used here. The normal approximation is
very accurate and all of the estimates of a%, 013 and 0,3 are
fairly good. In particular, the normal approximation agrees
more closely with the stochastic model than does the
deterministic model for each parameter set.

The deterministic model, stochastic model and its
normal approximation were evaluated for 400 sets of

275, — 321231 + 23, _adai(n+1) | Zaidai(Aar — 4sr)

= i
Y VALYSE! ? 213 yin

7312221 — Z31)n + Aix + A31) — A2/

},3171

Aty
(31 — 221)(3Aa1 231 + 2212001 — 23, — J122a1)

)"12)"13

A13(A12 + 231 + A13fip)

dar23,(n+ 1) 22173,(2a1 — 2a1)

A2 4+ A31 + Azl

230 + Aa1 + Aisft)

(15)

Jad3(aa + 231+ Ai3f) - Aadl (a4 Ja1 4 Aasf)
and
o 2031 =) . A=Ay 240, —3inda 4+ 43, Anda(m+ 1) 2[R — A)n + Ao 4 A1) — Andall
0y =[5+ . I + + > - =
213 A13 A 213721 J3(Zathin + 231412 + A212130)
n A12A31(A12 — 231) A2lzin 22031 = 212) 3231002 + 220102 — 23 — Ja1231)
23301 A1z + A31412 + A1 diafln At3Garlnz + As1i + Jardisf)

I 25,(n+ 1)

2 2
245 (431 — A12)

+ =
A3t (Zo1 41z + 231412 + Aa1 A1z i)

while the quartic equation for [, is

203375, (az + 22D + 23321323123, + 23))

+ 221201 (hia = 213 + Ja1 + 5230005 4 Ai3[As1(aa + A2 (A31 (23, + 43)
+ 212232 4 Aa1) = 2203(n 4 2) + 8431)) — 243, 01323, i3
+ A223112002 + 221)*23) = 213231((23, + 23+ 1) + 2412401 (3n + 2))
+ 73102 + 701)” = Aadiadar(az + 72020 + 3) + 2nA12433 001 )i
+ =23, 051n031(an + 221) iz — Jaz + Ja1 + 2231) — 2A12213721)

=0. (17)
These equations are of course rather cumbersome, but

can be used to find numerical results, as we do in the
following section.

3. Numerical evaluations

Tables 1 and 2 show the results of evaluations of both
the stochastic and deterministic models, along with the
normal approximation to the stochastic model, for a
variety of parameter values. The Z;’s were randomly

23001t dan 4 2a1202 + A dasfn)

(16)

parameters with the results summarised in Table 3. In each
case the population size was either 10, 20, 30, 40 or 50. For
the first 200 sets (Run 1 in Table 3) /412, 421 and A3
~U(0,n) and A;3~U(0, 3) so that the transition rates were
of similar order. The covariance between X; and X», 012, 18
negative for each of these sets of parameters. In the last 200
parameter sets (Run 2 in Table 3) A;,~U(0.5,1.5),
213, 21~ U(10°,1.0001 x 10'%) and 23,~U(0,0.1). These
distributions were chosen to give parameter sets for which
a12 may be positive. If o1 is to be positive it must be when
U, is small, since expression (14) for o, in terms of u, is
decreasing in p,. Also, n/3/A;3 must be larger than
(;LZ]/;LIZ)M% + ()u31(/112 + /121)//113/112)/12. They were chosen
as a result of carrying out some evaluations for which o,
was close to zero. When the normal approximation
provided more than one set of values for the cumulants,
the set which gave the means closest to those given by the
deterministic model were used.

From Table 1 and Run 1 in Table 3 we can see that
generally the deterministic model underestimates the
number of individuals in states S; and S,, i.e. that
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Table 1

The mean, variance and covariance of X; and X, for a variety of transition rates

Model A2 A13 A2 231 i Mo a12 ol o3 ka1 ki

S 26.39 1.297 23.80 11.81 13.4338 14.8958 -2.78 10.92 11.81 -2.06 —1.98
D 26.39 1.297 23.80 11.81 13.3769 14.8327

N 26.39 1.297 23.80 11.81 13.4348 14.8968 —2.83 10.88 11.76

S 13.50 2.380 13.96 3.281 7.1911 6.9542 —0.58 6.59 6.39 —0.52 —0.53
D 13.50 2.380 13.96 3.281 7.1562 6.9204

N 13.50 2.380 13.96 3.281 7.1931 6.9561 —0.61 6.56 6.36

S 17.47 2.300 32.69 30.01 20.9940 11.2195 -3.47 14.51 9.37 —1.89 —2.63
D 17.47 2.300 32.69 30.01 20.9123 11.1758

N 17.47 2.300 32.69 30.01 20.9950 11.2200 -3.51 14.47 9.33

S 49.44 1.516 35.76 9.751 10.7328 14.8386 -2.13 9.19 11.89 -1.72 —1.57
D 49.44 1.516 35.76 9.751 10.6853 14.7730

N 49.44 1.516 35.76 9.751 10.7338 14.8400 -2.18 9.15 11.84

S 46.02 1.274 46.33 4.207 10.0455 9.9783 —-1.25 8.79 8.74 —1.05 —1.06
D 46.02 1.274 46.33 4.207 9.9983 9.9314

N 46.02 1.274 46.33 4.207 10.0470 9.9798 —1.29 8.75 8.70

S 44.00 0.2067 34.01 21.19 19.7018 25.4890 -9.16 12.62 13.64 -3.16 —1.40
D 44.00 0.2067 34.01 21.19 19.6698 25.4476

N 44.00 0.2067 34.01 21.19 19.7019 25.4890 -9.17 12.61 13.63

S 23.63 1.273 16.87 40.05 16.0989 22.5499 -5.91 11.88 14.27 -3.39 —2.38
D 23.63 1.273 16.87 40.05 16.0499 22.4813

N 23.63 1.273 16.87 40.05 16.0992 22.5503 —5.94 11.85 14.25

S 49.66 0.1327 2.763 13.47 2.5746 46.2746 —2.33 2.45 441 -2.10 1.79
D 49.66 0.1327 2.763 13.47 2.5735 46.2538

N 49.66 0.1327 2.763 13.47 2.5746 46.2746 —2.33 2.44 4.42

S 17.15 0.9662 10.15 0.9526 4.6964 7.9353 —-0.42 4.45 7.22 —0.40 —0.38
D 17.15 0.9662 10.15 0.9526 4.6734 7.8964

N 17.15 0.9662 10.15 0.9526 4.6979 7.9379 —0.45 443 7.18

S 5.771 0.2995 19.09 28.51 35.3951 10.7001 —7.02 12.16 8.58 1.53 —4.44
D 5.771 0.2995 19.09 28.51 35.3468 10.6855

N 5.771 0.2995 19.09 28.51 35.3952 10.7001 —7.03 12.18 8.56

n = 50 in all cases. The letters in the Model column correspond to each of the models. S stands for stochastic, D for deterministic and N for normal
approximation. The values for the deterministic model in the ‘mean’ columns are nz; and nz,, respectively. The stochastic model and normal

approximation are described in Sections 2.2 and 2.2.3, respectively.

nzy<p, and nzp<p,. Thus there is a consistent bias
when using the large population approximation, when
the values of the transition rates are broadly compa-
rable. Associated with this, the covariance of X and X;
was negative in each case (as we may expect because there
is a total of n individuals to divide between these
categories). However, the covariance between X; and
X, was positive in 180 out of the 200 cases from Run 2
in Table 3 (which used values evaluated in order to
try to make this occur). It follows from Results 1 and 2 in
Section 2.2 that nz; >u,; and nz; > u, in these cases, and
so sometimes the more usual result above does not
occur. Note that, as can be seen, the bias is very small
and the large population approximation predicts the
expectation of the number of individuals in these states
well (although the variance can be quite large). The use of
deterministic models for the various previous works on
kleptoparasitism such as Broom and Ruxton (1998) thus
seems reasonable.

The other two covariances were not positive for any of
the parameter sets investigated. Thus the number in the
fighting category S3 seems always negatively correlated

with the numbers in either of the other categories. It was
found that 6} <63 <= p; <p, and 6} >03 < ;> p, for
all cases evaluated. This again makes sense; the larger the
expected number on a given site, the larger the magnitude
of the variance of this number. We have not been able to
prove the generality of these results.

For every set of parameters tested u;<f;, i =1,2 and
g12>612. [; and 61, are the estimates of y; and o1, under
the normal approximation. Thus the normal approxima-
tion seems to always overestimate u; and u, (although this
overestimate is very small). It has, again, not been possible
to prove the generality of this result.

4. Discussion

This paper considers both a deterministic and a
stochastic model for kleptoparasitism, along with a normal
approximation to the stochastic model. The deterministic
model is that of Broom and Ruxton (1998), for which
explicit solutions for the equilibrium proportion of the
population on each site can be found. The forward
Kolmogorov equations were derived for the equilibrium
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Table 2

The mean and variance of the number of individuals on site 3, along with
the covariances of the number on site 3 with the numbers of individuals on
sites 1 and 2, for a variety of transition rates

Model /7, 13 J21 231 U3 013 %3 a3
26.39 1297 2380 11.81 21.6704 —-8.14 —-9.02 17.16
26.39 1.297 23.80 11.81 21.7904
26.39 1.297 23.80 11.81 21.6685 —8.05 —8.93 16.98
13.50 2.380 13.96 3.281 358547 —6.01 —5.81 11.82
13.50 2.380 13.96 3.281 35.9235
13.50 2.380 13.96 3.281 35.8508 —595 —5.75 11.70

17.47 2300 32.69 30.01
17.47 2300 32.69 30.01
17.47 2300 32.69 30.01

17.7865 —11.04 —5.90 16.94
17.9119
17.7850 —10.96 —5.82 16.78

49.44 1.516 3576  9.751 244286 —-7.06 —9.76 16.81
49.44 1.516 3576  9.751 24.5417
4944 1.516 3576  9.751 244263 —6.98 —9.66 16.64
46.02 1274 4633 4207 299763 —7.54 —-7.49 15.03
46.02 1.274 46.33  4.207 30.0702
46.02 1274 4633 4207 29.9732 746 -—-7.41 14.87
44.00 0.2067 34.01 21.19 4.8092 —3.46 —448 794
44.00 0.2067 34.01 21.19 4.8826
44.00 0.2067 34.01 21.19 4.8091 —3.44 —446 790
23.63 1273 16.87 40.05 11.3511 =597 —8.36 14.33
23.63 1.273 16.87 40.05 11.4688
23.63 1.273 16.87 40.05 11.3506 —5.91 —8.31 14.22
49.66 0.1327 2.763 13.47 1.1508 —0.12 =2.08 2.20
49.66 0.1327 2.763 13.47 1.1727
49.66 0.1327 2.763 13.47 1.1507 —-0.11 —-2.09 2.20

17.15 0.9662 10.15
17.15  0.9662 10.15
17.15 0.9662 10.15

0.9526 37.3683
0.9526 37.4301
0.9526 37.3642

—4.02 —6.79 10.81

—-3.97 —6.73 10.70

ZOWVNZOWNZOWVNZOWNZzO0WVNZOgw»nZ0wzZogwnwZo0wnzogw

5.771 0.2995 19.09 28.51 39048 —5.13 —1.55 6.69
5.771 0.2995 19.09 28.51 3.9677
5.771 0.2995 19.09 28.51 39047 -—-5.14 —1.52 6.67

n = 50 in all cases. The letters in the Model column correspond to each of
the models. S stands for stochastic, D for deterministic and N for normal
approximation. The value for the deterministic model in the ’mean’
column is nz3. The stochastic model and normal approximation are
described in Sections 2.2 and 2.2.3, respectively.

distribution of the stochastic model. It is not practical to
solve these explicitly, but numerical solutions have been
obtained for many sets of parameters.

A partial differential equation for the cumulant generat-
ing function was derived for the stochastic model. A set of
five equations for the means, variances and covariance of
the number of individuals on sites 1 and 2 has been
obtained from this. These equations contain seven un-
knowns, since they also contain the cumulants k»; and
kip. The normal approximation reduces the number
of unknowns, since k»; and k;, are assumed to be
zero under this approximation. These equations are not
linear, and the solution is given in the form of a quartic
equation for p, and expressions for p;, a3, 63 and g5 in
terms of p,.

The stochastic model generally gave larger numbers of
individuals on sites 1 and 2 than the deterministic model.
This corresponds to a larger number of searchers and
handlers, and a smaller number of individuals fighting.

Table 3
A summary of numerical evaluations of the deterministic and stochastic
models and the normal approximation

Characteristic Run 1 Run 2
Total evaluations 200 200
g1 > 0 0 180
W <t and o3 > 03 0 0
i < and o3> 03 0 0
1y > s 0 0
g3 > 0 0 0
23>0 0 0
Multiple possible sets of parameters 7 196

under normal approximation

The numbers in the Run 1 and Run 2 columns give the number of times
each characteristic was observed in that set of evaluations. n = 10, 20, 30,
40 or 50. For Run 1 43,721,431~ U(0,n), 413~U(0,3) and for Run 2
Ja~U(0.5,1.5), A1z, A1 ~U(10%,1.0001 x 10'°), 23,~U(0,0.1).

Thus, the deterministic approximation will often over-
estimate the number of individuals involved in a con-
test, and we may expect to see less conflict than is predicted
by our models, especially in the case of small popu-
lations, where the differences with the infinite population
approximation will be largest. One possible reason
for this is as follows: if the number of individuals on S
and S, in equilibrium were equal, then any move-
ment between the two would reduce the product X X5,
and so the rate of movement towards the fighting state S
would generally be reduced by this variability. This
argument may still hold when X and X, are of similar
order. The differences between stochastic and deterministic
models were always small, however, indicating the validity
of the use of the deterministic model for these kind of
systems. The difference between these values is related to
the sign of the covariance between the numbers of
individuals on sites 1 and 2 as shown in Section 3. There
were some cases for which this covariance is positive,
meaning that the deterministic model gives the larger
numbers of individuals on sites 1 and 2. These were
associated when the numbers in S; and S, were very
uneven (in particular X, was small), so the above argument
may be reversed, and variability may increase XX, on
average.

The normal approximation performs well, particu-
larly for estimating the means, where these were a lot
closer to the means given by the stochastic model than
were those given by the deterministic model. In fact the
differences between the actual means and the normal
approximations were almost zero. The approach of
using Normal approximations to simplify the analysis of
such systems seems a possible way forward. For any
such system of equations we would have a multivariate
normal random variable of dimension k, the total number
of sites. Although the quartic equation and expressions
for the variances are long, they can be evaluated
numerically much more quickly than the equilibrium
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Kolmogorov equations can be solved. This will be
especially true if, as in our kleptoparasitism model, we
are interested in the distribution of the number of
individuals involved in a particular behaviour, for an
intermediately sized population (for a very small popula-
tion, we could find numerical solutions to the Kolmogorov
equations themselves).

The deterministic nature of earlier game-theoretic
models of kleptoparasitism can thus be considered justified.
These models, starting with Broom and Ruxton (1998),
showed that stealing is optimal under certain conditions
even though this inevitably reduced the food intake of the
population. Stealing in particular was profitable when
fights were not costly, and food was hard to find. One
important prediction was that there should be a step
change in behaviour when food availability crossed a
certain threshold, so that small ecological effects would
have a dramatic effect on the behaviour of the population
and so on the food consumption rate. The potential for
kleptoparasitism can thus have a serious effect on the
fitness of a species and on its evolution; it should be noted
that many species find much of their food through
kleptoparasitism (see for example Brockmann and Barnard
1979).

The kleptoparasitism model that is our focus here is
one of several that considers competition over food
in various scenarios. Another such model is the producer—
scrounger game (for example see Caraco and Giraldeau,
1991; Dubois and Giraldeau, 2005). The producer—
scrounger model starts from rather different assumptions
to the kleptoparasitism models, for example animals
search for static food clumps which contain several food
items with negligible handling times and are -either
producers or scroungers; our models assume single food
items which require a non-zero handling time once
discovered, and individuals search for both food and
stealing opportunities. The dynamic structure of the
kleptoparasitism models, with individuals being tracked
between the different states, is also absent. The solutions
from both models are influenced by similar factors
such as effectiveness of foraging and the effect of
population density, although both of these are introduced
in rather different ways. Thus the models can be thought of
as complementary. Another model of similar type is
described in Auger et al. (2006) which is a deterministic
predator—prey model. Individuals are tracked between
states as in our model, so in this sense it resembles our
model more than the producer—scrounger models. The
contests for food are different to ours, and involve
individuals changing defensive strategies but not challen-
ging ones. An interesting attempt to unify some of the
different models (but not Auger et al., 2006) is described by
Vahl (2006) who examines the assumptions, both explicit
and implicit, of the key food competition models. It would
be of interest to develop similar stochastic versions of some
of these other related models, and make similar compar-
isons as we do here.

Appendix A. Derivation of Eq. (7)

The first step in deriving this equation is to multiply
Eq. (6) by exp{s;x; + s2x2} and add over all values of X
and X,. This gives

n n—x

d
Z Z exp{s1x1 + 52X} apxl,xz(t)
x1=0 x,=0

n n—x

=) > explsixt + s}z + D + 1)

X1=03,=0
XDy 11 (B) + 2310 — X1 — X2 +2)p 11,1 (0)

+ A1 + Dpy 1010 + 221002 + Dpy 4y 110

— [Ai3xixz + As1(n — x1 — x2) + A12x1 + A21x2]

XP, o (D] (18)

At equilibrium, the left-hand side of this equation
reduces to 0, while each sum on the right can be ex-
pressed in terms of M(sy,s), OM/0s;, 0M/0s, and
M /0s510s,. The first term on the right-hand side is
equivalent to

n—2 n—x;—2

DD i+ DO+ Dpypiop expisixi + 52x2)

x1=0 X2=0

n—1 n—x
=13 Z Z X1X2Dy, x, EXP{s1(x1 — 1) + s2(x2 — D)}
X1=1 Xz:l
Since
n n—x
M(s1,5) =Y Y explsixi +$20}py, 1,
X|=0xz=0

this is equivalent to

2

asl aSQ '

Z13 exp{—(s1 + 52)}

The second term on the right-hand side of Eq. (18) is
equivalent to

n—1 n—x
E E 231(n — X1 — X2+ 2)py -1 €XPLs1XT + $2x2)
X|=1 x2=1
n—2 n—x;—2
= 31 E E (n— X1 = X2)Py, 1,
x1=0 X2=O

x exp{si(x1 + 1) + s20x2 + D}

Since n—x; —x; =0 when x;+x;=n and p, . =0
when x| + x; = n — 1, the sum above is equivalent to

n n—x
A1y Y (n—x1 = x2)py  explsi(x1 + 1) + 52062+ 1)}
x1=0 xz=0
oM oM
=) M————.
31 exp{sl + 5} <n 35, o5, >
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The third term on the right-hand side of Eq. (18) is
equivalent to
n—1 n—x

D0 Aaler 4 Dpy st eXPIsIXT + 52}
X1=0 X2=1

n n—x

=12 3 Y Xipy ., expisi(x1 — 1) + 8202 + 1))
X1=1 xz=0
oM
==
12 o1
Similarly
n  n—Xx aM

Z Z A21(X2 4+ D)py 1 ppp1 eXpisixg + 520} = Joy 5 —
x1=0 x,=0 asz

and

n—xi

n
Z Z[;~13x1x2 + 231(n — X1 — x2) + A2x1 + 21220y,

x1=0 x,=0

X exp{s1x1 + s2x2}

~. T A 12_“1‘/121_-
asl 652

aS| aSZ

M oM oM oM oM
=),13—+j.31 nM — —
051082

Inserting each of these expressions into Eq. (18) gives the
following partial differential equation for M(sy,s):

M
n2z1(e" = DM + [Ap(e™ ™" — 1) + A1 (1 — es1+s2)]%T
|

oM
+ [}Ql(eﬁ—sz _ 1) + /131(1 _ es1+52)]_
aSQ
‘ M
+ Ap3(eC) — 1) —0. (19)
051087

Since K(s1,57) = log M(sy,$2),

0K 10M

K
=M|—
(6s16S2 +
These expressions can be substituted into Eq. (19) to give
Eq. (7).

oK oK
051082 )

Appendix B. Derivation of the expressions for i, 6%, o3 and
o2 in terms of i, and the quartic equation for 1, under the
normal approximation

Firstly, expressions for p; and o, are derived from
Eqgs. (8) and (9). Since neither equation includes the terms
k»1 and kj, the expressions for fi; and 6, are identical to
those for y; and oy, except that u, is replaced by g, in
each. It is clear from Eq. (9) that

Aot
= 2

A2

Substitution of this expression for u; into Eq. (8) gives

(A2 +721)  Aizda

niz — A
31 31 5 125 Ao

15 — Ji3o12 = 0,

which can be rearranged to give

221 5 Al + 421) nis

012 = ——7— +
A2 #2 A13212 = 13

Setting k> = k1 = 0 in Egs. (10)—(12), gives
nis1 — Asify + (a1 — 230 — (A2 + 431067 + (A1 — A31)612

— I3y 612 — Azt =0, (20)

Aol 4 Jofia — 21267 — J163 + (hpa + 221)612 = 0 (21)

—=— i =1,2
aS,' M aS,' ’ ! ’ and
and
2 2
oK = oM i@_Maﬂ niat + (Aaa = ZaDiy — Aaift — (a1 + 231)63 + (2 — A31)612
051052 M 0s;0sy  M? ds; Osy o o
— 231,612 — 213465 = 0. (22)
Thus
When the above expressions for f[; and &), are
oM _ M@_K i=1.2 substituted into Eq. (20) the following equation involving
Os; Os; fi, and &7 is obtained:
213’3 Ia1(Ja1231 + 2212731 — Jaal
— Oia + A1 + Aaii)? + 132 2053 4 21(A21431 + A212 31— A2 21)#}2
AT 12
_ Aai(dida(n+ 1) + Andis + 231+ Aada) = 23,(hna + A1) — ndiadan i+ 231(Z13 + Jo1 — Aa)n
A12213 ? 213
d The coefficient of &f in this equation is negative, since 4,
an A1z and A3; are all positive and fi, >0. This means that the
5 5 equation can be rearranged, to give an expression for 6—% in
oM — ( oK + LG_M%) terms of f[,. Expression (15) is the partial fraction
051053 051052~ M? 0s1 s expansion of this.
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Similarly, substituting the expressions for ji; and 6}, into
Eq. (22) gives

A2231 + 2421231 — Aot .o

3dor .\ . Azdol .
- (/121-1-/1314- 1521#2)0%4‘ 1;1221#%+

12 A2

H

0.

2310022030 + 1) 4 27, + Zindar + Aizdar) — 23, (aa + Ja1) — Ai2di3 el i+ A31(di2 + Az — Aan
_ , —

12213

Since all of the ;s are positive and i, >0, this equation
can be rearranged to give &% in terms of fi,. Expression (16)
is the partial fraction expansion of this.

Finally, the quartic equation for [, is obtained by
inserting the expressions for fi;, 612, &f and &% into Eq. (21).
When all terms on the left-hand side of this equation are
placed over a common denominator, we have the left-hand
side of Eq. (17) as the numerator and A;3413(412 + 431 +
A3fn)(A12421 + 412431 4+ 413421 01,) as the denominator. This
denominator can be removed, since it is always positive.
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