MA3615 Groups and Symmetry

Solutions to Exercise Sheet 3

1. (a) H=1{0,2,4,6} is a subgroup of Zg of order 4.
H' ={0,4} is a subgroup of Zg of order 2.
(b) Zp=1{0,1,2,...,n— 1}.
If n is divisible by m, then n = mk for some k € N.
Consider H = {0,k,2k,...,(m — 1)k}. This is a subgroup of Z,, as we have

(S1) 0 € H.
o [ (+keH ifitj<m—1

(SQ)Zkﬂk_{ (i+j—mkeH ifi+j>m

(S3) (ik)™' = (m — i)k € H as ik + (m — i)k = mk = 0.

(c) As Zs is abelian, left and right cosets coincide. We have

H' = {0,4},

1+ H =H' +1=1{1,5},
2+ H =H' +2=1{2,6},
3+H =H +3={3,7}.

2. S3=1{e¢,(1,2),(1,3),(2,3),(1,2,3),(1,3,2)}. Any subgroup must have order dividing
|S3| = 6, so any subgroup must have order 1,2,3 or 6.
Order 1: {e}.
Order 2: {e, (1,2)}, {e, (1,3)}, {e,(2,3)}.
Order 3: {e, (1,2,3),(1,3,2)}.
Order 6: S3.

3. (a) bZ = {all integer multiples of 5}.

(b) This subgroup is equal to H = {4n+6n : n,m € Z} C 2Z. But2 =4(-1)+6 € H
As 2 generates 27 we must have 27Z C H. Thus H = 27Z.

(¢c) H={2n+3m : n,m € Z} CZ. But 1 =2(—1)+ 3 € H and as 1 generates Z
we have Z C H. Thus H = Z.

4.
(1) ={1}
(2) ={2,4,1}
(3) =1{3,2,6,4,5,1} = Z=
<4> = {4’ 2, 1}
(5) =1{5,4,6,2,3,1} = Zs
(6) = {6,1}

So Z% is cyclic generated by 3 (or 5).



5. Let s be the reflection through the vertical axis, ¢ be the reflection through the horizon-
tal axis and r be the rotation by 7 around the centre of the figure. Then G = {e, s, ¢, 7}.
(Note that this group is isomorphic to the group of symmetry of a rectangle, and also
isomorphic to the group Vj introduced in Exercise Sheet 2.)

Now we have G C Dg and G C D15. In fact we have G = DgN D15 as GG has to preserve
both the square and the hexagon.

6. Let H, K be subgroups of a group G. We need to show that H N K is also a subgroup
of G.

(Sl)ee Handee Ksoec HNK.

(S2) If g1, 92 € HNK then g1,92 € H and so g1x g2 € H, also g1, 92 € K 80 g1%gs € K.
Thus g1 xgo € HN K.

(S3) For each g € HN K, we have g7' € H (as g € H) and ¢! € K (as g € K) and
sogle HNK.

7. Dg={e,r,72 13 s,rs,r%s,73s} Note that for 1 <i < 3 we have sri = ri~is.

(a) H ={e, s}
rH = {r,rs}, Hr = {r,r3s}
r?H = {r* r’s} = Hr?
r3H = {r3, r3s}, Hr3 = {r® rs}.
(b) H={e,r, 7%}
Hs = {s,rms,1%s,rs} = Hs.

8. We have |Sy| = 4.3.2.1 = 24, so using Lagrange’s theorem we know that any subgroup
of Sy has order 1,2,3,4,6,8,12 or 24. Thus if H is a subgroup with |H| > 8 then we
know that |H| > 12.



