Mathematical Methods: Fourier Series

Fourier Series: The Basics

Fourier series are a method of representing periodic functions. It is a
very useful and powerful tool in many situations. It is sufficiently
useful that when some non-periodic problems arise transformations
are used to make such problems periodic so the Fourier series can be

used.



A function with period P means that f(x) = f(x 4+ P) for all x.
Some well known periodic functions are listed below:

Function Period Function Period

Note: If a function is periodic with period P then it also has periods
2P, 3P, 4P, and so on. If we set 2w/a = P, or a = 27w/ P, we see
from the above table that cos(27wz/P) and sin(27wxz/P) both have
period P. Similarly, cos(2nmz/P) and sin(2nmx/P), n =1,2,3, ...,
both have period P/n and hence also have period P.



A function with period P means that f(x) = f(x 4+ P) for all x.
Some well known periodic functions are listed below:

Function Period Function Period

Sin & 2T
COS I 2T
Sec T 2T
tan x T

Note: If a function is periodic with period P then it also has periods
2P, 3P, 4P, and so on. If we set 2w/a = P, or a = 27w/ P, we see
from the above table that cos(27wz/P) and sin(27wxz/P) both have
period P. Similarly, cos(2nmz/P) and sin(2nmx/P), n =1,2,3, ...,
both have period P/n and hence also have period P.



A function with period P means that f(x) = f(x 4+ P) for all x.
Some well known periodic functions are listed below:

Function Period Function Period

sin x 27 sinax  27/a
COS T 27 cosar  27/a
sec x 2T

tanx s

Note: If a function is periodic with period P then it also has periods
2P, 3P, 4P, and so on. If we set 2w/a = P, or a = 27w/ P, we see
from the above table that cos(27wz/P) and sin(27wxz/P) both have
period P. Similarly, cos(2nmz/P) and sin(2nmx/P), n =1,2,3, ...,

both have period P/n and hence also have period P.



The essential idea behind Fourier series is to represent periodic
functions in terms of a sum of well known periodic functions. Sines
and cosines are chosen as they are smooth. If f(x) has period P we

write

2nmx 2nﬂx
N n bn .
f(x) = a0+2a Cos — + by, sin 5

n=1

Some people use a convention where in stead of ag they have ag/2.
Always check to see which convetion an author is using.

This leaves the problem of how to find ag, a,, and b,, for a given
function . ..



To find ag we integrate f(x) over any interval of length P, say from
0 to P:

P P 00
2 2
/0 f(x)dx = /0 (ag + Z Qy, COS ?x + b, sin 7;7)m> dx

n=1




To find ag we integrate f(x) over any interval of length P, say from
0 to P:

P P 00
2 2
/0 f(x)dx = /0 (ag + Z Qy, COS ?x + b, sin 7;7)m> dx

n=1

Assuming you can swap the order of integration and the summations

/f dx—/o o da

2 P9
Z( / COS ngxdxqtbn/() sin Tj;mdx>

we get




But

P P
2 P 2 P
/ cos L = [— sin mm:] = —— (sin2nm — sin0) = 0,
0

P 2nm P |, 2nm
and
o onmx P onmr]’ P
/0 sin 2 dr = [—% cos — ]O = (cos2nm — cos0) = 0,
giving

/Opf(x) dr = Pag  or  ag— %/Opf(:c) de. (1)

So ag is just the average value of f(x).



To find all the other a,, and b,, we need to use the trigonometrical
relations

1

cos Acos B = 5 (cos(A+ B) + cos(A— B)),
1

sin Asin B = B (cos(A — B) —cos(A+ B)),
1

sin A cos B = 7 (sin(A + B) +sin(A — B)).



To find a,, consider

P
2
/ cos mwxf(x) dx
0 P

P 0
2Mmmx 2nmx 2nmx
— n by, si .
/0 COS Iz <a0+ E .y, COS 5 + b,, sin 5 > dx

n=1



Again, assuming we can swap the order of integration and
summation, we obtain

j= )=
2mmx 2mmx
dxr = d
/o cos — f(z)dx CL()/O cos ——dx

00 P P
2Mmmax 2nmax 2Mmmax 2nmx
E n dx + b, ' dz,
—+ a /0 COS Iz CcOS 2 x —+ /0 CcOS Iz SIn Iz T

n=1



P
00 P
+ nz::l % i COS (m —;n)mg -+ oS (m Pn)ﬂaz dx
P
. 2(m4+n)mx . 2(m —n)mx
bn - d .
+ /0 SN Iz SN D x

Since m and n are both positive integers we have seen already that
all these integrals are zero except for the cases where m = n. In the
case m = n the sine integral is obviously 0, but

cos(2(m — n)mx/P) = 1 and so that integral gives P. Hence

P
2mmx QA P
-
/0 Cos — f(z)dx 5




or

2 [ 2nmx
n:_ . 2
. P/o cos 0% f () da (2)
Similarly we find
2 (¥ .2
b = %5 /O sin ”}Z”” f(x) dz. (3)

The integrals for ag, a,, and b,, given above are all over the interval
from 0 to P. However as all the functions involved are periodic with
period P they can be taken over any interval of length P. You are
free to choose the interval to make the calculations involved easier
for youself.
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Equations (1), (2) and (3) are called the Euler formulas for the
Fourier coefficients.
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Equations (1), (2) and (3) are called the Euler formulas for the
Fourier coefficients.

Example: Sketch the periodic function with period 27 given by

-1 —7m<x<0
+1 O<ax<nm

) ={

Find 1ts Fourier series.
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