Stochastic Models

Simulating Markov jump processes

1.  The standard Poisson process

Although it is possible to sample the Poisson process only at discrete moments in time, thus making it effectively a discrete-time process with Poisson-distributed increments, we will instead concentrate on simulating the jumps exactly at the times when they occur.  Thus the graph of the process will be horizontal between jumps, with vertical elements at the times when jumps take place.
Load the workbook used in previous sessions:  again, the point of this is to use the random number generator you wrote in the first lab session.  

Start a new worksheet.  Use the top row for a title for the worksheet, then enter the label “lambda” in cell A3, with a suitable value in B3:  ( will be the rate parameter of the process.  Cell B3 should be named “lambda”.

We will leave some space for additional parameters, to be used when we come on to compound Poisson processes.

Column A will contain the times of the jumps, column B the value of the process.  Put suitable labels in A7 and B7.
In A8 put the starting time (0), in B8 the starting value of the process (also 0).

A9 must contain the time of the first jump, which is exponentially distributed with mean equal to 1/(: use the formula =A8-LN(random)/lambda.

It is tempting to use the formula =B8+1 to fill cell B9 and to copy cells A8 and B8 down into several subsequent rows, but if you do this you will see that, when you construct a chart, all the points are joined by sloping lines, which is not at all what we want.  So we have to be a bit more clever.

First we want a horizontal line segment joining (0,0) to (T1, 0), which will be followed by a vertical segment joining (T1, 0) to (T1, 1).  To achieve this:

In cell B9 enter the formula =B8, in cell A10 the formula =A9, and in B10 the formula =B9+1.  
Now select A9:B10 and copy this down into an even number of rows.

Use an XY-scatter chart, with lines between the vertices, to plot your Poisson process.  If you change the rate parameter, (, you should find that not much changes except for the scale on the time axis.

2.  The compound Poisson process

A compound Poisson process (CPP) is similar to a standard Poisson process, except that the X(t)-value needs to increase by a random amount instead of by 1 each time.  We will use column C to hold the values of the compound process.

We can choose any distribution we like for the increments of the CPP, since we have already devised techniques for simulating values from arbitrary distributions.  However, since it is easy to do the Gamma distribution in Excel, let us stick with that.
The Gamma distribution has two parameters, ( and (.  Use A4 and A5 for the labels, B4 and B5 for the values and use Insert | Name | Define to name the cells.  Remember that the mean of the Gamma distribution is (/(, the variance (/(2: for the sake of comparison with the standard Poisson process, it will be convenient if the mean jump size is equal to 1, i.e. ( = (.  
Start by putting 0 in C8, =C8 in cell C9, and =C9+GAMMAINV(random,alpha,1/beta) in C10.  (Note that Excel uses a slightly different parametrisation of the Gamma distribution, which is why we use 1/beta rather than beta).
Now copy the pair C9:C10 into the rest of column C.  Add column C to the plot (select the values, press Copy, click on the chart and press Paste).

You will notice that, due to our method of construction, the times of the jumps of the CPP are the same as the times of the jumps of the standard PP: this is perfectly acceptable, since we know that this is a property of the CPP.
If (=( and both are large, then the size of the jumps is always close to 1 and the CPP is not noticeably different from the standard PP.  But, if (=( and both are small, the jump height has large variance and you will observe significant differences between the two processes.

3.  The surplus process

(This can be omitted if you are short of time.)

Recall that the surplus process S(t) is defined as S(t) = u + ct ( X(t), where X is the CPP simulated above.  You will require cells to store the premium c and the initial capital u:  name them premium and capital.  Now enter the formula =capital+premium*A8-C8 in cell D8 and copy this down into the rest of column D.
The feature of greatest interest is whether the process goes below 0.  The easiest way to check this is to see whether the minimum value of the surplus process is negative.  For example, you could use the formula =IF(MIN(D8:Dn)<0,”Ruin”,”No ruin”) in cell E6 to record the result, where n represents the last row of your workspace.
Try varying the premium to see what effect this has on the event of ruin.
4.  The continuous-time Markov jump process
This is similar to the discrete-time Markov Chain. We use the formulation which is based on exponential holding times in each state, followed by a jump to a different state according to a transition matrix.  The main difference between continuous time and discrete time is that each state x has an additional parameter (x reflecting the rate of leaving that state.
The process we will simulate is a model for global climate change.  It has been observed that the world’s climate has various stable states, and that it stays in one state for several thousand years before switching with surprising rapidity to a different stable state.  We will assume that the climate can be classified as Hot, Warm, Temperate, Cool or Cold, and that the generator matrix (with time measured in units of 10,000 years) is
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Start a new worksheet.  As for the Poisson process, we will use column A for the time variable, column B for the state variable.  Again we will be producing a chart which reflects the fact that the process stays in one state for a period of time then jumps to another, so that there will be horizontal and vertical lines on the chart.

The generator matrix will not be used directly, although the transition matrix and the rates will be derived from it.  So let us use O4:O8 to store the row labels for the Q matrix (Hot, Warm, etc.), and enter the Q matrix in P4:T8.
The transition rates (x will go in cells M4:M8, with the label Rates in M3.  They can be derived automatically from the Q matrix using the offset command:  for example, in M4 we can enter the formula =-OFFSET($P$4,ROW()-4,ROW()-4), then copy the formula down.  M4:M8 should be given the name Rates.
Now that we have the (x, we can calculate the rxy, remembering to make special provisions on the diagonal.  Repeat the labels Hot, etc. in E4:E8, use state labels 0 to 4 in F4:F8, and in G4 enter the formula =IF(P4<0,0,P4/Rates), which can then be copied into the region G4:K8.
Look back to the second lab sheet to recall how to create the cumulative transition matrix in cells G10:L14, and name it CTmatrix.  Use E10:F14 for the same labels as in E4:F8, and enter the values 0 to 4 in cells G15:K15, naming this SVector.
Finally we are ready to start on columns A and B.  Put labels Time and State in A5 and B5, with initial values of 0 in A6 and anything in the range 0 to 4 in B6.
A7 will hold the time of the next transition, given by 
=A6-LN(random)/OFFSET(rates,B6,0,1,1), and B7 will be equal to B6: this will give us the horizontal line on the chart.  


For the vertical line, we put in A8 the formula =A7 and in B8 the formula which gives us the next state in the sequence once the transition has taken place.  This is generated just as in the discrete-time case: 
=LOOKUP(Random, OFFSET(CTMatrix,B7,0,1,5), SVector).
Now copy A7:B8 down for an even number of rows and produce an XY Scatter chart as before.
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