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Mathematics for Actuarial Science (AS1051)

Coursework 1 (Solutions and marking scheme)

This is an assessed coursework, and will count towards your final grade. Solutions
should be handed in to the SEMS general office (C108) by the stated deadline. Late
submissions will be penalised.

DEADLINE: Monday 03/12/2012 at 16:00

1) i) We convert [5 marks]
V12cos? 0 —sin20 =0

into
2v/3 cos? 0 — 2cosfsind = 2cos (\/gcosﬁ — sin@) = 0.

This means we have a solution whenever

cosf =0 or tand = /3,

that is
O:j:g—l—er or ng—i-mr with n € Z.
i) We use the identity log, ¢ = logy ¢/ logy a to re-write [5 marks|

logz(|222 + 5z — 6])
logs 27 '

logs(z) = 10g27(‘2x2 + 5y — 6‘) =

Next we use logs 27 = logs 33 = 3logy 3 = 3 and 3logs(z) = logz(x?), such that
logs(2%) = log3(|2m2 +5z—6|) = 23 = ‘2:1:2 + 5z — 6.
Thus

for 222 +52—6 >0: 22 —222 -5 +6=0 = x1=1, 29 =23, x5 = —2
for 222 +52 -6 <0: 2®+2:2+52—-6=0 = 2 complex, 1 real solution

Since logs(z) is only defined for x > 0 we have to discard the solution xs.
However, z1 = 1 and z2 = 3 are two viable solutions. (The real solution of
2% + 222 + 52z — 6 = 0 is positive and therefore also viable, although more

3/118413/1695

complicated, i.e. % [—2 — L 4+ /118 + 3v/1695| ~ 0.8204. Only two

solutions are needed to get full marks.) > =10
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2) Integrate
I, .= /cos" 0do,

by parts with u = cos” ! § and dv/df = cos §. Therefore du/df = (1—n) cos™ 2 §sin 0
and v = sin f, such that

I, = sinfcos” 10+ (n—1) /cos”_2 6 sin® 0d,
= sinfcos" 10+ (n—1) /005"2 0 (1 — cos®6) df,
= sinfcos" 104 (n—1)(I,—2 — I,).
Therefore we find the recursive equation [2 marks]

1 -1
I, = =sinfcos" 16+ n—In,g
n n

In order to find I we compute first Iy = [ df = 6. Then we have [4 marks]
I, = %sin@cos& + %I@ = %9 + isinZO,
Iy = 411 sin @ cos® 0 + ZIQ = 411 sin 6 cos 0 + Z(%H + i sin 26),
= 20 + isin20+ 3—1281n40,
Is = é sin @ cos® f + 214 = é sin 6 cos® 0 + g(g@ + i sin 26 + % sin46),
= %9 + g sin 260 + 6_34 sin 46 + %2 sin 66.
To find I7 we compute first I; = [ cos#df = sinf. Then we have [4 marks]

1 2 1 2
I3 = gsin000820+ 511 = gsin000820+ gsinﬁ,
1 4 1 41 2
Is = gsinécos40+ 313 = gsinécos40+ 3(5 sin 6 cos? 6 + gsiné),

1
= Esin30+ —sin5c9+gsin0,

48 80
1 6 6. 1. 6 6, 5 . 1. 5 .
I; = 7sm@cos 0 + 7[5 = 7sm@cos 0+ 7(48 sin 30 + 0 sin 50 + 8sm€),
T (. 1 . 35 .
—asm?ﬁ—l—%smw—%msmw—i—asm@.
3) First we assume [4 marks]
1
3ii—25>() = r>2 or x<-5 (case 1)

Then the inequality becomes

32415 2c+1  2?+6x-58  (z+3—67)(x+3+V67) 0
72 2-4 (@-2(z—-4) (@ —2)(z —4) <o
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This is true if either one or three

—3-V67 <

of the factors on the left hand side are negative, i.e.

T <2 or 4<x<—3+\/ﬁ.

Combining this with (case 1) gives

—3—\/(§<x<—5 or

Next we assume

4<x<—3+6T. (sol case 1)

1
3x+5<0 = —-bh<r<2 (case 2)
xz—2
Then the inequality becomes
3z +15 2z41  62-52* (v —/62/5)(x = /62/5) “0
x—2 r—4 (z—-2)(x—4) (x —2)(z —4) ’

This is true if either one or three

<_. /82
v 5

of the factors on the left hand side are negative, i.e.

Sibe

or 2<zx< or x >4.

Combining this with (case 2) gives

The overall solution is the union

62

—H<r<— = (sol case 2)

~—

of (sol case 1) and (sol case 2), that is

162
36T <z < — % or 4<xz<—3+6T7.

4) i) We have

6x° + 22+ 242

62 + 22+ 242

(22 + 22+ 1) (222

—zx+4)(z+1) (222—z+4)(z+1)3

This is not a proper fraction, so we write

62> + 22+ +2 _
(222 —xz+4) (x +1)3

Therefore

1524 + 2123 + 3222 + 322 + 10
a (z+1)3 (222 —x +4)
A B

- <(sc+1) Tare T

C
(z+1)3

Dx+ FE
202 —x + 4

152 + 2123 + 3222 + 322 + 10 = 2Az* + 3A2° + 4A2® + TAx + 4A + 2B23

+Bx? + 3Bz + 4B + 2C2% — Cx + 4C + Dz
+3Dx> +3Dz? + Dx + Ex3 + 3E2? + 3Ex
+E

[4 marks]

> =38
[9 marks]
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Comparing coefficients gives

—2A—D+15 =0,
—34-2B-3D—E+21 =0,
—4A—B—-2C—-3D—3E+32=0,
—7A—3B+C—-D—-3E+32=0,
—4A—4B—4AC—E+10 = 0.

Solving these equations gives A = %,B = —];1—85’,0 = %,D = %,E = %.
Hence
1920 183 4 45(29x + 2
f($>:3— + 2 3 (2x+)
343(z+1)  49(x+1)2 T(x+1)3 343(22%2 —x +4)
i7) Therefore [3 marks|
Flz) = 454z —1)(292 +2) 1305 . 1920 B 366
343 (222 — x + 4)2 343 (222 —x +4)  343(x+1)2  49(x+1)3
L2
T(x+ 1)
9 3
'(0) = —3 ‘1) = —.
i13) We find [4 marks]
1 3 3z 183 9 333 arctan (4\9537—11>
—/f(sc)d:c:—+— + 5 —
5 5 5 245(x+1) 35(x+1) 6861/31
261log (222 —2z +4) 384
— ——1 1
1372 313 08(® T 1)

5) We use the formula from the lecture

a+b
arctan a + arctan b = arctan T—ab + pm,
—a

where
1 for —m <arctana +arctanb < —5

p=4q 0 for —3F <arctana + arctanb < §
-1 for § <arctana+ arctanb <=

Using 0 < arctan (z) < /4 for 0 < x < 1, 7/4 < arctan (z) < /2 for > 1 we have

T 3 5 T ™ 3 5
— < — - ) < = — << — - <
1S arctan (2> ,arctan <4) <5 = 5 = arctan (2> ~+ arctan (4) <

such that
3 22
arctan 5 + arctan = arctan —7 + .

> | Ot
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Using the previous estimates and the fact that arctan (x) is odd we have

T 5 8 T 5 8 T
=< _— —— < —= —a < _ —— < —
5 = arctan < 2> ,arctan ( 3) S = —m < arctan < 2>+arctan ( 3) <5

such that .
arctan [ ——= | +arctan| —= | = arctan | — | — 7
(=3) +onctan (=3 =t (57)
With
_I < arctan —§ < _r 0 < arctan ﬁ < il
2 - 7))~ 47— 34/ — 2
T avctan (=22 +arctan (2L) < T
2_arcan 7 arctan 31) 573
arctan | —— | 4+ arctan ﬁ = arctan —ﬂ
34) 920 )’
h that
suc a o @
920



