Maths for Actuarial Science Answers, 2009

Paper 1 Section A

Question 1:

©?-100415 A B C
(1+2)2-2)2 1+ 2—-z (2-2)%
Solving we find A =22, B= 1 and C' = —1. [5]
Hence
z? — 10z + 15 26 17 1
dr = —1In(1 ——mm2—z)— ——+ K.
/(1+3:)(2—3;)2 v=g 4 - gh@-o)—gr—5+

[3]
Question 2:

The circles have centres (1,2) and (3,1), and the line passing through the
two centres is x 4 2y = 5. [3]
Circles meet when

Py =20 —dy—4=a"+y* — 60 —2y—8

i.e. when 4z — 2y =4, or y = 2z + 2. [2]
For points, substitute into equation and get

(1+\/ﬁ 12+2\/ﬁ) and(l—\/ﬁ 12—2\/5)

5 5 5 5
[3]

Question 3:

(a) Let u = e®. Then

e 1 1/ 1 1 1 (14
_ _ /1 — 21 .
/1—62wd$ /1—u2du /2(1—u+1+u> du=3 n(1—6x>+0

[4]

5 5 1 5 2
do = - do = 4/ =tan™! - .
/2x2+5 “ 2/x2+g . \/;an (m 5)+C

[4]



Question 4:

Verify the first identity.

[3]

Differentiate the given equation n times and collect terms to deduce the

second identity.

Question 5:

The integrating factor here is

exp(/ cot xdx) = exp(/ Césxdx) = exp(lnsinz) =sinz.

ST

So we know that the general solution of this equation reads

1
f(z) == (/sinxcosecxdx+6’) ;
sinz

where C' is a constant.

Finally
, x4+ C
fl) = ——.
sin x

It is defined for sinx # 0 i.e. for x #nm, n € Z.

Question 6:

1. This is a direct application of the identity
(a+b)? — (a —b)* = 4ab

2

with a = %- and b= ﬁ defined for x # 0.

2. We use the formula seen in the lectures

L:/b 1+(%> dz

Withf(w):%nL L a=1land b=2. So

2z

[5]
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[2]



using the first part.

/’-’ x2+ LY, 20 11% 17
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[3]

Now

[3]



Section B

Question 7:

(a) The Maclaurin series of a function f up to quadratic term is given by

! O 1! 0
1! 2!
Differentiating we find that
, ze® " e“(1+2)® —2(1 + z)we®
@) =G5 md @ T
Thus we obtain
72
flz)y =1+ 5

[9]
(b) When n = 1 the result is easy. Now suppose the result is true for n = k;
we need that this implies it is true for n = & + 1. Differentiating f*(z) we
get
3571(3¢™ + 3(3x + n)e™) = 3" (92 + 3n + 3)e™

which simplifies to give the desired expression for f**1(z). Hence the result
follows by induction. [8]

(c) Integrating I,, by parts we obtain
1
I, = [2"€"], — / nz" te*dr = e —nl,
0

as required.
It is easy to calculate that Iy = e — 1, and then we deduce that I, = 1,
Iy =e—2,and I3 =6 — 2e. [9]

Question 8:

Similar exercises have been covered for the sphere and the torus.

1. f satisfies the equation of the ellipse which we write

rer=1 (1- 220

72

and since it describes the upper-half, we take to positive square root

1 2 2
fz) = ﬁm'

4

=



Finally, the full upper half ellipse is described when z runs from 0 to
2r.

[5]

2. We use the formula

A= /ab27rf(a:>g/1+ (%)zdx,

with f given above, a =0 and b =2r. So

- o R P —(x—r) 2:1:
A—?T\/i/o V2 —( )JIJF(\/i\/T?(IE—TP)d

— wﬂ/ozr\/ﬂ—(x—rﬁjt(w_r)zd:c

2
[6]

3. We use the change of variables x — r = rv/2sinu which yields dxr =

rv/2cosudu and the following bounds. When z = 0 sinu = —? S0

u = —7%. When x = 2r, we obtain similarly v = 7.
[4]
So we can write
I
A = 7T\/§/ A/ 12(1 — sin® u) r1v2 cos u du
-
i i1 2
= 27r?”2/ cosudu = 27r7“2/ y du
- -
5 [ sin 2ujl 1
= 7#r°lu+
2 |«
4
Hence -
A=mr? (— 1)
Tr 5 +
[11]

Question 9:



1. From h(z) = f+(x) we get

7

ah _ ,f
de  f3
and inserting in
2 1
Ff +F:$—1.
it becomes
—K +h=x-1,
or
h—h=1-—uz.

This a linear first order ODE which can be solved using the integrating
factor technique. The latter is e here so

h(z) = e Ua e dr + c} 7

where C' is a constant. Integration by parts give

/aze_”7 drx = —ze " + ‘/e_”j de = —e (14 z).

So
hz) =" [~e "+ e (L+a) + O] =a+ Ce,

Finally, an expression for f is

whenever this makes sense.

[13]
2. First we find the general solution of the homogeneous equation
f+8f +25f=0.

The auxiliary equation is r?48r+25 = 0 with complex conjugate roots
—4 + 3i. So we get

f(z) = e **(Acos 3z + Bsin3z).



Now we look for a particular solution of the complete equation
f 4+ 8f +25f = 48cosx — 16sinx,
in the form f(z) = acosx + [sinz. Inserting
—a cos x—f sin 2+8(—asin 2+ cos x)+25(a cos z+Fsinx) = 48 cosz—16sinzx .

Matching the coefficients give 24+ 83 = 48 and 245 — 8a = —16 with
solution a = 2 and = 0. Collecting everything, the general solution
of the complete equation is

f(z) = e *(Acos3x + Bsin3z) + 2cosz.

[13]



