Maths for Actuarial Science Answers, 2010

Paper 1 Section A

Question 1: We have cosh? z — sinh® z = 1, and so must solve

cosh® z + 9 = 6 cosh z.
Rearranging this becomes
(coshz —3)* =0

and so coshax = 3. [5]
We have

cosh™ (u) = In(u + Vu2 — 1)

and so cosh™'(3) = In(3 + v/8). As cosh(z) is an even function, the set of
solutions is

z=+In(3 +V8).

[3]
Question 2:
(a) The Taylor series of f about ¢ is given by
f9(c i
1(5.0)= 3 00w oy,
i>0
[2]

(b) Let f(z) = z*Inx. Then
f(z)=2xlmxz+z f'(z)=2Imz+3 f"(z)= %

Therefore
f=o0, f(H=1 f(H)=3 f"(1)=2

Substituting we obtain
3 5 1 3

[6]



Question 3:

(a) Let u =27 and §* = e~**. Then

xQG—Qm
/:L‘Qe_%d:t = - +/xe‘2wdx

1,26—2x 1,6—235 6—2x
= - — + dz

2 2 2
126—2:0 Te 2z e—?zz
= 5 3 1 ¢
[4]
(b) Let u = v/3z + 2,50 £ = 22 Then
3z u? —22
———dr = —udu
/\/3$+2 / u 3
2 /1 2
= §<§u3—u>+C:—(3x—1)\/3x+2+(].
[4]

Question 4:

(a) We have cosh0 — e® cos0 = sin(x) = 0. So 'Hospital’s rule implies that
the limit is

lim sinhz — (e"cosz —e"sinz)) 1
2—0 3 cos 3x 3
[4]
(b) We have
i Sx?+3x— T\ lim 5+3/x—=7/a"\ 5
z—oo \ 2 — 32?2 o 2/x% —3 3
[4]
Question 5:
I, = / " cosx dx
0
= [2"sinz]; — / na"™ ! sin ada
0
= 0+ [na"'cos x]g — /0 n(n — 1)a" % cosx dx
= "' —nln— DI,
[4]



Iy = —61°— 30l
= —67° — 30(—47® — 1215)
= —67° + 1207 + 3601,
= —67° + 1207 + 360(—27 — 21)
= —67° 4 1207° — 7207

as Ip = 0. [4]

Question 6:
Integrating factor is :

I = €2f tanxzdr __ ,—2In|cosz|

& = se(32 T

[4]
Therefore, after multiplying both sides of our equation by I we can write the
equation in the form:

d
d—(y sec’ ¥) = secx tan
T

Integrating gives
ysech =sgecx +¢

Rearranging yields
Y = COST + ccos’ &

[4]



Section B

Question 7:

(a) We have

and so must solve

cos(76) = cos (g — 59) :

This has general solution
0 = 2 (g ~50)

with n € Z. Rearranging we obtain

nwo 7w s
9_F+ﬂ or 9—727T—Z
with n € Z. [8]
(b) y = tan~! z for z € R if and only if x = tany with
T
2~V

[3]
(c) Let @ = tan"'a and § = tan~'b, so =5 < o, < § and tano = a and

2
tan 3 = b. We have

a+b  tana+tanf
l1—ab 1—tanatanf

tan(a + ) = tan(a + S + nw)

(for all n € Z). Now tan™' (££5) must lie between —Z and Z, and equal
a + 3+ nm, for some value of n. But by our assumption we have n = 0. [6]
(d) If the assumption is not satisfied then the righthand side of the equality
must be modified to put it in the right range of values (i.e. we do not have
n = 0 in the above argument). [2]

(e) Let y = tan"!(z/a). Then z/a = tan(y) and so

Therefore

dy 1 1 1 a

dz  asec?y a(l+tan’y) a(l+22/a?) (a2 + 22)




and hence

a dy
————dr= | —dr= .
/((12—!—132) v /dx r=y+C
[7]
Question 8:

fo =32 — 4z + 3y and f, = 3y* + 3x — 4y. [ = 62 —4, f,, = 6y — 4 and
fay = 3. [5]
At stationary point f, = f, = 0 and so, subtracting f, from f, we obtain:

3a” —y*) =Tz —y) =0
or
3z—y)le+y—7/3)=0
so either x =y or z +y = 7/3. [5]

The latter is not possible since y = 7/3 — x gives

5 3D
x = —7/6)° + —
o= - 7/67 +

so f, > 0. Therefore we must have x = y. This gives f, = f, = 327 — 2 =
x(3x —1) =0 and so x = 0 or x = 1/3. So stationary points are (0,0) and

(1/3,1/3). [6]
At (0,0): faufyy — foy = 71€ foafyy — f2, > 0 and fzz = —4 < 0 and so

zy

this is a maximum at which f = 0. At (1/3,1/3): feufy — f2, = =5 ie

zy
Jawfyy — :fy < 0 and fzx = —4 < 0 and so this is a saddle point at which

f=-1/21. [4]

Question 9:

(a) Seek solutions of the form y e**. We get the auxiliary equation:
N —2X+5=0
So A1, Ao = 1 £+ 2i. Therefore,
y = Ae't® | Bel=2
This can be written as

y = €"(C cos(2x) + D sin(2z))



(b) First seek solutions of form y e**. We get the auxiliary equation:
M =2 +1=0.

In this case we have repeated roots. Therefore the solution to the homogenous
equation is:
yp = Ae” + Bxe®

[5]
We now seek y, of the form y, = az?e®: Substituting into the equation we
get
a(2e” + dxe” + 1%e”) — 2a(2xe” + 2%e”) + a(2’e”) = €”

giving a = 1/2

therefore

Yy = YntUYp
1
= Ae® + Bze® + §x263’
[5]
Now apply boundary condition y(0)=1 gives 1 = A To apply the second

boundary condition we need: 3 = Ae® + B(1 + x)e® + €*(2x + 2?) Now
y'(0)=0s00=A+ B soB=—1Hence

1
y = e —xe+ 51‘26:0

[5]



