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1. Consider the following second order differential equation

(4)

(i)

(iid)

P4+i4+pt+vi®=0 peRTveR.

Find a suitable variable transformation which changes the second
order differential equation into a system of two first order differential

equations.

Determine the fixed point of the system. State the linearization the-
orem and decide whether it can be used to draw conclusions from it

with regard to the stability of the fixed point.

State the Lyapunov stability theorem. Take the function
V(zy,20) = ax] + 222, a € RY

as a candidate for a Lyapunov function. Find a relation between
« and p and a range for v, such that V(x1,z2) becomes a weak

Lyapunov function for the dynamical system constructed in (7).
For o = p1 and v = 0 decide whether any of the two functions
Vi(xy, ) = 2] + 25 and Va(x1,20) = 23 + 25

is a Lyapunov function for the above system.

State the extension of the Lyapunov stability theorem and conclude
from it that the fixed point is asymptotically stable for the values of

a, 1 and v found in (7).

Turn over ...



2. Consider the dynamical system of the form

(4)

(i7)

(iid)

(v

~—

i1 = xo+xy(2? + 22— 5)(1 - af — 25 — 22%22)
By = —x1+ w2 + 22 —5)(1 —af — 25 — 20323)

Change the variables of the system to polar coordinates, using the
conventions x; = rcos1 and x5 = rsind. Deduce that the origin is

the only fixed point of the system.

Use the Poincaré-Bendixson theorem to argue that there is at least

one limit cycle in the annular region

Sketch the phase portrait for the above system.

State the defininiton for o and w limit sets and subsequently com-
pute all of them. State the definition of a limit cycle using the notion
of a and w limit sets. Compute the limit cycles explicitly and de-
cide whether they are stable, unstable or semistable. Compare your

results with your answer to (iz).

State Bendixson’s criterium and decide whether it can be used to

argue that the domain

A

D={(r9):3<r<5)

contains a limit cycle.
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(4)

(iid)

Describe what is meant by bifurcation theory, a bifurcation and a

bifurcation diagram. Consider the one dimensional system
i =2 +vy2* — A with y,A € R.

Find the fixed points for the system. For v = 0 find the pitchfork
deformation point for the above system. Show that when v # 0
this point transforms into a transcritical bifurcation point. Find the

turning point of the system as a function of ~.

Consider the dynamical system

&1 = 9wy + 327

Toa = AIg— 293%932 — 921 — 2:6? + a:cf

with A € R being a bifurcation parameter and constant o € R. For

which values of « is the origin an asymptotically stable fixed point?

Hint: You may use the stability index
I = w (Y1111 + Y1122 + Y1212 + Y2222) + Y111Y121 - Y111Y112 + Y121Y122
Y5V — ViVip — VYo

where
_
Y; 0y (0,0)

oy
ay]aykayl (0,0) .

Y} and Y]’k ’

J

State the Hopf bifurcation theorem and use it to decide whether the
system in (ii) possesses a Hopf bifurcation point for A = 0 when

a=2and o = 4.
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4.

(4)

(i)

(iid)

What is meant by a Hamiltonian system in two dimensions, equations

of motion and an autonomous system?

Provide a criterium that can be used to decide whether a system is
Hamiltonian or not. Employ the criterium to determine the value of

i such that the system

T = 3:6%93% + 221 4 o
Ty = —prirs — 2wy + sin(z?)
becomes a Hamiltonian system.
Provide a definition for a potential system. Derive the Hamiltonian

function for the dynamical system

j:l = T2
201)1
1+ 22

j?g = —2$1+

and confirm that it is a potential system. Fix the potential in such

way that its value at zero is zero.

Compute all fixed points of the system in (#ii) and determine their

nature by making use of the fact that the system is a potential system.

Sketch the potential for the system in (4i7) and compute the equation
for the separatrices by making use of the fact that the Hamiltonian is
conserved along a trajectory. Draw the phase portrait for the system.
Include the separatrices and some representative trajectories. Include
the direction of time on the trajectories and provide a reasoning for

your choices. Explain in which areas of your diagram the motion is
bounded.
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5. Consider the following difference equation
Tpi1 = F(z,) = 8z, — 4A22 for A € R™.
A is taken to be the bifurcation parameter.
(1) Depending on the values of \, determine the nature of the fixed points

and their stability.

(i7) State the condition which determines the existence of a 2-cycle. Show
that 2-cycles for the above system are governed by the solutions of

the equation
148\ —4da) — 32222 + 1622\ =0 .

Compute the solution of this equation and use it to argue that the

existence of a 2-cycle requires A > 3/8.

(731) Determine the domain of stability for the 2-cycle.
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