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Dynamical Systems ||

Solutions and marking scheme

INSTRUCTIONS: Full marks correspond to 60 marks.

1) Consider the dynamical system

L1 = 2C0ST| — COS X2,

To = 2C0Sx9 — COSTY,
(7) In order to find the fixed points solve
2cosxy —cosxo =0 and 2cosxy —cosxy = 0.
We find infinitely many fixed points

scgl’m) = (ig + 27n, ig + 27Tm) with n, me Z.

(74) In the region

we have four fixed points

We compute the Jacobian matrix to

94 .
Az, ) = ( sinxy sinxo )

sinz; —2sinxzo

Then
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Next we compute the eigenvalues of A(xf)

det A(@P)A(é?) = A2 4N—3=0= M =3 =1,

01

det A(wif‘))A((l)?) — N4 AA+3=02 A =1 =3,

This means the linearization theorem can be applied for all fixed points. m%) is

an unstable node, :rg}) is a stable node and xg) and xg) are saddle points.

(77) We compute the eigenvectors for A(scg)) to

@](_1)=<_11> and v(l) <1)

This means the matrix U1 = {vgl), vél)} can be used to transform A into the
Jordan normal form. Therefore

-1 30
(UW) Ao = (0 1) .

The local phase portraits for the linearized system related to {{3,0},{0,1}} and
A(:r%l)), respectively, results to:

T T T T T T T
BN Tl T, N TN R PR S o
L L LY P
\ - *.- L SRR \ .
TR e e Y L i i i, L \
" L » \ -\ N i S
= -'-_:Q__-v‘.:"ﬁ_ o P ‘M;_—d—_—'r 5k _

e

- e . \ /}’T—- —

~ N, \

/. i ‘_&N "._

I - e Wy
o

-l —

. . e m
. . . -
O pt—g—a—

o e
- b R

g - e e e —

\._ |~
/
e \
N
( J o
f‘

e e . b

{

i "
e gy -L"—h.. e b .‘\‘_\\ LS
i g T - [ L Y L T W
P T e | I e e o = LD \ \ LY T Y ‘\L{
LR N, N,
[ o e oo S LI T e Vi g =10 s L A A R T U TR T T
—-10 -5 0 5 10 -1 -5 0 5 10

Next we compute the eigenvectors for A(scg)) to

v§2): <_21\/§) and ’U§2) = <_2—i1_\/§)
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This means the matrix U?) = {vl ,v2 } can be used to transform A into the
Jordan normal form. Therefore
V3 0

The local phase portraits for the linearized system related to {{+/3,0}, {0, —v/3}}
and A(a: 7 ) respectively, results to:
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Next we compute the eigenvectors for A(:UES')) to
®3) _

(3)_<_2+¢5> | <_2_¢§>
1)1 = al ’U2 = 1 .

1
This means the matrix U®) = {vl ,v2 } can be used to transform A into the
V3 0

(U<3>)_1A(x;f’))U<2>= ( A _\/§>-

The local phase portraits for the linearized system related to {{1/3,0}, {0, —v/3}}
3)
and A(x);

Jordan normal form. Therefore

), respectively, results to:
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Next we compute the eigenvectors for A(w%)) to

This means the matrix U®) = {@54), v§4)} can be used to transform A into the

Jordan normal form. Therefore

-1 10
() Augxmn:(o3).

The local phase portraits for the linearized system related to {{—1,0}, {0, —3}}
(4) : .
and A(z}’), respectively, results to:
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(iv) The isocline dxa/dx; = 1 is computed from

dry %92  2C0Sx2 — COST]

= — = =1 = x1 = xo.
dry 21  2coSx1 — COSTy

(v) Assemble the information from (i7), (iii), (iv) we obtain
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2) We have the Lyapunov stability theorem: Consider the system Z=F (Z) with a

fized point at the origin. If there exists a real valued function V (Z) in a neighbourhood

N(Z =0) such that:

i) the partial derivatives OV /0x1, OV /Oxa exist and are continuous,

ii) the function V(Z) is positive definite,
iii) dV/dt is negative semi-definite (definite),

then the origin is a stable (asymptotically stable) fixed point.

A function V' for which the conditions i)-iii) hold with iii) (definite) semi-definite is

called a (strong) weak Lyapunov function.

Clearly ¢) and %) are satisfied. For the dynamical system

T1 = —11 + 42,

and V (71, 22) = 22 + Az} we compute

_dt_aajll 01122

=21 (—xl + 4$2) + 2\z9 (—:L‘1 — x%)

= 2% + (8 — 2\)z 119 — 877

&9 = —x1 — T5.
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. for A =4 we have V(Z = 0) = 0 and V(&) < 0.
.3 a neighbourhood of the origin in which V is negative definite.

. V[#(t)] is a strong Lyapunov function on R2.
3) We consider the dynamical system
1
1 =z1(1 — 490% - x2) - 5962(1 + 1), (1)
i‘g = {EQ(l —4{E% —1‘%) +2{E1(1+IE1). (2)

(i) We compute the Jacobian matrix at the origin:

A(0,0) = (; ﬁ).

The eigenvalues are obtained from

10

det A(0,0)—)\(()l)] =N 22 +2=0= A\ =1+

This means the origin is an unstable focus.

(71) With x1 = rcos? and x9 = 7sin? we obtain

@1 = 7 cost — rsin 9V
= rcos(¥) (—r?sin®(9) — 4% cos*(¥) + 1) — %7’ sin(d)(rcos(¥) +1) (3)

@y = 7sind + 7 cos 9
= rsin(¥) (—r?sin®(9) — 4r% cos®(9) + 1) + 2r cos(9)(r cos(d) + 1)  (4)

where 22 + 22 = 2. Computing (3) x cos? + (4) x sind gives
i = —r3sint(9) — 4 cos® (¥) — 53 sin?(9) cos? (V) + 272 sin(19) cos?(¥9)
+rsin?(9) + 7 cos? () + %r sin(v) cos (V)
= —ér (127“2 cos(20) + 2072 — 3rsin(v9) — 3rsin(319) — 6sin(209) — 8)
For r = 2 we obtain
= i((a sin(19) + 6sin(20) + 6 sin(39) — 48 cos(20) — 72)

Even if we assume 6sin(¢) + 6 sin(219) + 6sin(39) — 48 cos(29) = 66, which can
never happen for the same ¥, we have 7 < 0 for r = 2.

For r = 1/8 we obtain

1 (3sin(v) . 3. 3 123
"= < 3 + 65sin(29) + 3 sin(399) 16 cos(29) + 16 )
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(iid)

E\ﬁ? if we assume%(m +6sin(29) + % sin(39) — 1% cos(29) = —% —6— % - 1% =
—iL
Therefore any trajectory which enters the region D can never leave it. If there

which can never happen for the same ¥, we have 7 > 0 for r = 1/8.

is no fixed point in D, then we can employ the Poincaré-Bendixson theorem to
deduce that there is at least one limit cycle in D.

We show that (0,0) is the only fixed point. For instance compute RHS of
(2)x1—RHS of (1)xe =0

1 1
0=222(1+z) + 51‘%(1 +x1) = <2m% + 51‘%) 1+x)=>21=-1
Substituting 1 = —1 into RHS (1)= 0 gives (1 — 4 — 23) = 0, which does not
have a real solution for xs.
(You can also use 1 = r/2cos? and z3 = rsind which translates into the
simpler equation 7 = r(1 —r2).)

For the function V (21, x2) = (1 — 4a§ — x%)z and the system (1), (2) we compute

V_ﬂ_a_v¢ —I—g—vi
Cdt _&%1 ! 0x2 27

= —16x, (—4:5% — x5+ 1) <sc1 (—4:6% — x5+ 1) — % (r1+1) :rg)

—4xy (—4:6% — x5+ 1) (221 (z1+ 1) + 22 (—4:5% — 23+ 1),
= —4 (42 + 23 — 1) % (423 + 23) .

Since (423 +23) > 0 and (422 +23 —1)2 > 0 we deduce that V < 0. This
means for ¢ — oo we obtain V(z1,z2) = 0 which means we always reach the
ellipse 1 — 430% — x% = (. Since no point on the ellipse is a fixed point it must be
a limit cycle.

The a-limit sets and w-limit sets are found to be

(0,0) for 422 + 2% <1
Lo (%) = YR for 422 + 23 =1 L,(%) = {
%) for 4z +2%>1

(0,0) for r=20
Vg for r#0

where we denoted the ellipse by ¢. > =30




