
Dynamical Systems Exercises 3

1) Sketch the phase portraits for each of the following systems and find the corresponding
α and ω limit cycles.

i)

ṙ = r(1− r)(r − 2)
θ̇ = 1 .

ii)

ṙ =

½
0 for r ≤ 1

r(r − 1) otherwise

θ̇ = −1 .

iii)

ṙ = −r(r − 2)2
θ̇ = 1 .

2) Show that the system

ẋ1 = x1(2− x21 − x22)− 2x2
ẋ2 = x2(2− x21 − x22) + 3x1

has a fixed point at the origin and classify it.

i) Transform the system to polar coordinates and show that the fixed point at the
origin is the only one of the system.

ii) Show further that the system has a period orbit in the annular region 1 ≤ r ≤ 2.
iii) Determine some values rmin and rmax, such that the orbit is in the smaller annular

region 1 < rmin ≤ r ≤ rmax < 2.

3) Prove that none of the following dynamical systems has any limit cycle

i)
ẋ1 = x1 + 3x

2
2 and ẋ2 = −2x1 − x2(1 + x21 + x41)

ii)
ẋ1 = x1 − x21 + 2x

2
2 and ẋ2 = x1x2 + x2 .
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