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Time allowed: 2 hours

Full marks may be obtained for correct answers to
FIVE questions of section A and TWO questions of section B.

If more than TWO questions are answered of section B,
the best TWO marks will be credited.

Turn over ...



Section A

Answer all five questions from this section. Each question carries 10

marks.

1. The vectors 7, 7, k constitute an orthonormal basis in Euclidean space. A
— —
and B are points with position vectors OA = %H— Jand OB = 37+ 47.

(7) Find the position vector for a point C' on the line through A and B,
i.e. C'€ AB such that AC: CB=2:1.

(i) What does it mean to say the two points X and Y on a line £ divide
AB harmonically?

(771) Find the position vector for a point D, such that C' and D divide AB

harmonically.

2. Given are the three vectors

]_ nd
'lj = 5 <T+'f_ j"‘T k) s
— 1 — — '
v o= 5 (—T+Z+]+7'_]€) R
— ]' — — "¢
W= §<z+T,j—T+k),

where 7, = %(\/5+ 1)and 7_ = %(\/5 —1).

(1) Show that u, ¥ and w are unit vectors.

(77) Determine all three angles inside the triangle formed by the two vec-

tors @ and v.

(731) Find the angle between w and  and also the one between @ and v.

(Hint: The computations simplify if you make use of the fact that 7 is
the golden ratio and 7_ its inverse, such that the following identities can
be used 72 = 1474, 72 =1 —7_ and 7_74 = 1. You can also use
cos(4m/b) = — 174 /2.)
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3. An electron with charge ¢ is sent with velocity ¢ into a magnetic field,
where it is subject to the Lorentz force F = (¥ x B). The vector B is

the magnetic induction.

(1) In two experiments, in which the electron is send into different di-
rections, the force F' is measured. In experiment 1 the electron has
velocity @ = 27+ J'and the force F = q(—27+47— 5/2) is measured. In
experiment 2 the electron has velocity v = 37— 27+ 5k and the force
F= q(197+ 7— 1112,:) is measured. Determine the magnetic induction
B from these data .

(77) In a third experiment one measures for the same magnetic induction
B the force F = q(67+ 27— 6]5), but forgets to record the velocity.
Could the electron have had the velocity v = ©— 3j or v = 2i'+ 2k?

Could the electron have come from the direction 7+ E?

(731) Is it possible to design an experiment such that only one measurement
is required to find B?

4. Find the gradients of the tangents to the ellipse with equation
522 + 9y? = 180,
passing through the point P(9,0).
5. Given are the two points A(0,4,—3) and B(1,2,1)

(1) Find the equation of the line passing through A and B. Subsequently

determine the point of intersection of this line with the zz-plane.

(#7) Find the coordinates of the point in which the line through the points
A and B intersects the plane

P: br—3y+2z=1.
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Section B

Answer two questions from this section. Each question carries 25 marks.

6. (i)

(iid)

Prove that the distance d of a point P(zg,yo) from a line £ described
by the equation ax + By + v = 0 is given by

axo + Byo + v

Var+ P

d=

)

where a, 5,7 € R.

Given are the two lines

Ly @ 2y—5x—6=0
Ly : 4y —10z+8=0.

Determine the distance between these two lines. State Euclid’s axiom

which allows you to use the formula proven in (7).

Why is @ - (0 x @) = 0 the same as saying the vectors «, ¥ and W are

linearly dependent?

The vectors 7, J, k constitute an orthonormal basis. For the vectors
G=7-37—2k,  T=3T—~j+k  and @ =20+k.

decide for which values of v the vectors u, v, @ become linearly de-

pendent.
Prove the identity

i X x W= (@ %) 0 — (@ 0)@

Hint: Without loss of generality you may choose your coordinate

system such that @ = 77" with v € R.
Prove the identity

UXUTXWXT=[U- (VX)W —[u-(Fx d)|Z.

Hint: Use for this the identity from (ii7).
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8. Given are the two spheres
S Byt + =9
Sy 2P+ (y+6)*+2°=36

and the plane
P: A+ py+z=6.

(7) Show that the condition for P to be the tangent plane to S; is
N+put=3

(77) Find the condition for P to be also the tangent plane to Ss.

(771) Determine the equation of the plane which is the common tangent

plane to &7 and S,.

(iv) Specify a vector which lies in the plane determined in (i77).
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