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Calogero–Moser–Sutherland opera-
tor

L =Δ−
n∑

i<j

2m(m+1)

sinh2(xi − xj)

Quantum complete integrability:

L1 = ∂1 + . . .+ ∂n,

L2 = L,

Ls = ∂s1 + . . .+ ∂sn+ lower order terms,

s = 1,2, . . ..

[Ls, Ls̃] = 0.

L1, . . . , Ln are algebraically independent.

If m ∈ Z+ then there are additional quantum

integrals (Chalykh,Veselov’90). For example,

Mt =
n∏

i<j

(∂i − ∂j)
2m∂t+ lower order terms,



1 6 t 6 n.

[Mt,Mt̃] = 0, [Mt,Ls] = 0.

Generalized CMS systems

Consider configuration A = (A,m) where A is

a finite set of non-collinear vectors α, α ∈ Cn;
m is a multiplicity function, m(α) = mα ∈ Z+.

LA =Δ−
∑

α∈A

mα(mα+1)(α, α)

sinh2(α, x)

Examples of configurations A leading to su-
percomplete rings of quantum integrals con-

taining LA.

1. Calogero–Moser–Sutherland case, AAA=== AAAn−1.

α = αij = ei − ej, 1 6 i < j 6 n, mαij = m



2. AAA = CCCn

ei, 1 6 i 6 n, mi = l

1

2
(ei ± ej), 1 6 i < j 6 n, mij = m

3. AAA = RRR – root system [Olshanetsky, Perelo-

mov, 1977]

The set of hyperplanes {(α, x) = 0|α ∈ A} is
invariant under reflections around them. The

multiplicity function m = m(α) is also invariant

under Weyl group.

4. AAAnnn,111(mmm) [Chalykh, F., Veselov, 1996]

ei − ej 1 6 i < j 6 n mij = m

ei −
√
men+1 1 6 i 6 n mi,n+1 = 1

An,1(1) is root system An with multiplicity 1

5. Cn(l,m)Cn(l,m)Cn(l,m) [Chalykh, F., Veselov, 1999]

ēi =
√
2m+1ei, 1 6 i 6 n− 1, mi = l



ēn =
√
2l+1 en, mn = m,

ēi ± ēj
2

, 1 6 i < j 6 n− 1, mij =
2l+1

2m+1

ēi ± ēn
2

, 1 6 i 6 n− 1, min = 1.

We assume 2l+1
2m+1 ∈ Z+; l,m ∈ Z+.

Cn(m,m) is root system Cn with multiplicities

m,1

6. AAAnnn,222(mmm) [Chalykh, Veselov, 2001]

ei − ej 1 6 i < j 6 n− 1 mij = m

ei −
√
men 1 6 i 6 n mi,n = 1

√
−m− 1e0 − ei 1 6 i 6 n mo,i = 1

√
−m− 1e0 −

√
men m0,n = 1



Baker–Akhiezer functions for gen-
eralized Calogero–Moser–Sutherland
systems

[Chalykh, Veselov, 1990; root systems]

For A = (A,m) = R,An,1(m), Cn(l,m),An,2(m)
there exist Baker–Akhiezer functions

ψA(k, x) = PA(k, x)e(k,x),

k, x ∈ Cn, (k, x) = k1x1 + . . . + knxn, where

polynomials PA have the form

PA(k, x) =
∏

α∈A
(k, α)mα+ lower order terms in k,

such that the following conditions hold.

For any vector α ∈ A

ψA(k+ sα) ≡ ψA(k − sα)

at (k, α) = 0 for s = 1, . . . ,mα for A = R,An,1(m),
Cn(l,m) (and more complicated for A = An,2(m)).



Baker–Akhiezer function ψA(k, x) satisfies

(
Δ−

∑

α∈A

mα(mα+1)(α, α)

sinh2(α, x)

)
ψA = k2ψA.

Define ring RRRA consisting of polynomials p(k)

such that

p(k+ sα) ≡ p(k − sα) at (k, α) = 0

for s = 1, . . . ,mα for any α ∈ A.

Theorem [Chalykh, Veselov, 1990]

For any p(k) ∈ RA there exists differential op-

erator

Lp(x, ∂x) = p(∂x) + lower order terms

such that

Lp(x, ∂x)ψ
A = p(k)ψA,

and [Lp1, Lp2] = 0 for any p1, p2 ∈ RA.



Bispectrality. Dual difference
operators.

A = (An,m) – Ruijsenaars operator (1987)

DAn =
n+1∑

i=1

n+1∏

j 6=i

(
1−

2m

ki − kj

)
T i

where

Tif(k1, . . . , ki, . . . , kn+1) = f(k1, . . . , ki+2, . . . , kn+1).

Then DAnψAn = (e2x1 + . . .+ e2xn+1)ψAn

[Chalykh,2000]

A = An,1(m)

DAn,1(m) = a1T1 + . . .+ anTn+ an+1T
√
m

n+1,



where for i = 1, . . . , n

ai =

(

1−
2

ki −
√
mkn+1 + 1−m

) n∏

j 6=i

(

1−
2m

ki − kj

)

and

an+1 =
1

m

n∏

i=1

(

1+
2m

ki −
√
mkn+1 + 1−m

)

,

T
√
m

n+1f(k1, . . . , kn+1) = f(k1, . . . , kn+1 + 2
√
m).

Theorem [Chalykh, 2000]

DAn,1(m)ψAn,1(m) =

(e2x1 + . . .+ e2xn+
1

m
e2
√
mxn+1)ψAn,1(m)

Macdonald operator (1988)

A = R – root system of type An,Bn,Cn,Dn,E6, E7.

π – minuscule coweight for 12R
∨: (π, α) ∈ {0,−1,1}

for all α ∈ 1
2R
∨.



DRπ =
∑

τ=wπ
w∈W










∏

α∈12(R
∨∪(−R∨))

(α,τ)=1

(

1−
mα

(α, k)

)









Tτ ,

where W is the corresponding Weyl group, and

Tτf(k) = f(k+ τ).

Theorem [Chalykh, 2000]

DRπ ψ
R =

( ∑

w∈W
e(wπ,x)

)
ψR



Dual operator for Cn(l,m)Cn(l,m)Cn(l,m)

ēi =
√
2m+1ei, 1 6 i 6 n− 1, mi = l

ēn =
√
2l+1 en, mn = m,

ēi ± ēj
2

, 1 6 i < j 6 n− 1, mij =
2l+1

2m+1

ēi ± ēn
2

, 1 6 i 6 n− 1, min = 1.

Define

DCn(l,m) =
n∑

i=1

a+i T
+
i + a−i T

−
i

where for 1 6 i 6 n− 1

T±i f(k1, . . . , kn) = f(k1, . . . , ki±
√
2m+1, . . . , kn),

T±n f(k1, . . . , kn) = f(k1, . . . , kn ±
√
2l+1).

Then coefficients a±i are defined by

a±i =
n∏

j=1

a±ij, i = 1, . . . , n,



where for 1 6 i, j 6 n− 1, i 6= j

a±ij =

(

1−
2l+1

±k̄i+ k̄j

)(

1−
2l+1

±k̄i − k̄j

)

,

a±ii =
1

2m+1

(

1−
(2m+1)l

±k̄i

)

,

a±in =

(

1−
2m+1

±k̄i+ k̄n − l+m

)(

1−
2m+1

±k̄i − k̄n − l+m

)

,

a±nj =

(

1−
2l+1

±k̄n+ k̄j + l −m

)(

1−
2l+1

±k̄n − k̄j + l −m

)

,

a±nn =
1

2l+1

(

1−
(2l+1)m

±k̄n

)

,

where we use notation k̄i =
√
2m+1 ki for i =

1, . . . , n− 1, and k̄n =
√
2l+1 kn.

Theorem [F]

DCn(l,m)ψCn(l,m) =





 2

2m+1

n−1∑

j=1

cosh x̄j +
2

2l+1
cosh x̄n



ψCn(l,m),

where x̄j =
√
2m+1xj, x̄n =

√
2l+1xn.

Dual operator for AAAnnn,222(mmm)

ei − ej, 1 6 i < j 6 n− 1, mij = m

ē0 − ei, ei − ēn, ē0 − ēn,

where

ē0 =
√
−m− 1e0, ēn =

√
men,

1 6 i 6 n− 1, and min = m0i = m0n = 1.

Define

D = −
1

m+1

(

1+
2(m+1)

k̄0 − k̄n − 2m− 1

)

×

n−1∏

j=1

(

1+
2(m+1)

k̄0 − kj −m− 2

)

T0+



n−1∑

i=1

(

1−
2

ki − k̄0 +m+2

)(

1−
2

ki − k̄n −m+1

)

×

n−1∏

j=1

(

1−
2m

ki − kj

)

Ti+

+
1

m

(

1−
2m

k̄n − k̄0 + 2m+1

)

×

n−1∏

j=1

(

1−
2m

k̄n − kj +m− 1

)

Tn.

Theorem [F]

DAn,2(m)ψAn,2(m) =

( n∑

i=0

1

(ēi, ēi)
e2x̄i

)
ψAn,2(m),

where ēi = ei for 1 6 i 6 n− 1.



Construction of BA functions

Chalykh, 2000: A = R,An,1(m).

Theorem

For A = R,An,1(m),An,2(m), Cn(l,m),

ψA = cA(x)
(
DA − λA(x)

)M
Q(k)e(k,x),

where

Q(k) =
∏

α∈A

mα∏

i=1

(k+ iα, α)(k − iα, α),

λA(x) = (ψA)−1DA(ψA), M =
∑
α∈Amα.



Commuting difference operators

Let A be one of R,An,1(m),An,2(m), Cn(l,m),

let p ∈ RA. Define

Dp = ad
degp

DA
p(k),

where adAB = A ◦B −B ◦A.

Theorem

For any p1, p2 ∈ RA

[Dp1, Dp2] = 0,

and also [DA, Dp1] = 0. These operators sat-

isfy

Dp1ψ
A = p̂1(x)ψ

A.



Integrability at generic coupling con-
stants

R: Take ps - basic invariants
An,1(m):

ps = ks1+. . .+k
s
n−1+m

s−2
2 ksn+lower order terms

Cn(l,m):

ps = k2s1 + . . .+ k2sn−1 + (
2l+1

2m+1
)s−1k2sn + . . .

An,2(m):

ps = (−1−m)
s−2
2 ks0+k

s
1+. . .+k

s
n−1+m

s−2
2 ksn+. . .

Theorem [Chalykh, F., Veselov’99-05] In ev-

ery case there exist differential operators

Ls = ps(∂x) + lower order terms

such that [Ls, Ls̃] = 0, and L2 = LA (or L1 =

LA). The difference operators Ds = ad
degps
DA

ps

also commute [Ds,Ds̃] = 0.



Restrictions for configurations ad-
mitting BA functions

Let A = (A,m) admit BA function. Let A+ ⊂

(A ∪ (−A)) be a positive subsystem with an

edge vector α.

Theorem [F]

A+\α = B1 t . . . tBN

such that for all l, 1 6 l 6 N

1) for any β, γ ∈ Bl

β − γ = nβγα,

with nβγ ∈ Z;

2)
∑
β∈Bl mβ(mβ +1)(β, β)(α, β)2s−1 = 0,

where 1 6 s 6 mα.




