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Noncommutative spaces

e Flat (abelian) noncommutative space
[x*, x"] = 0"
In 3D:

[x0, yo] = i1, [0, 20] = i, [vo, 2] = 103,
; : . 01,0>,03 € R
[X07pxo] - IFL, [y07py0] = /h7 [ZQ,PZO] = IFL, 1,v2,¥3
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Noncommutative spaces

e Flat (abelian) noncommutative space
[x*, x"] = 0"
In 3D:

[x0, yo] = i1, [0, 20] = i, [vo, 2] = 103,
; : . 01,0>,03 € R
[X07pxo] - IFL, [.y07py0] = /h7 [ZQ,PZO] = IFL, 1,v2,¥3

e Snyder spaces, from twists:

[xi, ;] = i0(xip; — x;pi)
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Noncommutative spaces

e Flat (abelian) noncommutative space
[x*, x"] = 0"
In 3D:

[x0, yo] = i1, [0, 20] = i, [vo, 2] = 103,
; : . 01,0>,03 € R
[X07pxo] - IFL, [.y07pyo] = /h7 [ZQ,PZO] = IFL, 1,v2,¥3

e Snyder spaces, from twists:

[xi, ;] = i0(xip; — x;pi)

e Minimal uncertainty relations, from g-deformed algebras?:

[xi, 5] = i6(x;)?

2 /31
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =10
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =0
e Noncommutative case:
[A, B] ~ B?; even give up knowledge about B = AA # 0
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =0
e Noncommutative case:
[A, B] ~ B?; even give up knowledge about B = AA # 0

e For instance:
[X,P] =ik (1+7P?)

= minimal length
AXpin = AT /1 + T <P2>p

from minimizing with (AA)? = (A?) — (A)?
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Oscillator algebra vs canonical commutators

Deformed oscillator algebra:

AAL— g2 ATA; = 65, [AL Al = [AL Al =0,i,j =1,2,3;g € R

The limit g — 1 gives standard Fock space A; — a;:

[aia a_j-] - 61]7 [ai7 aj] = [a}L7 aj] = 07 I’-/ = 1’2’3
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Oscillator algebra vs canonical commutators

Deformed oscillator algebra:

AAL— g2 ATA; = 65, [AL Al = [AL Al =0,i,j =1,2,3;g € R

The limit g — 1 gives standard Fock space A; — a;:

[aia a_j-] - 61]7 [ai7 aj] = [a}L7 aj] = 07 I’-/ = 1’2’3

g-deformed Fock space representation (1D):
(A))" _1-g

‘n>q = \/W ‘0>7 [n]q G 1——672’ [n]q! . kH_l[k]q

Al0) = 0, (0]0)=1,
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Oscillator algebra vs canonical commutators

Deformed oscillator algebra:

AAL— g2 ATA; = 65, [AL Al = [AL Al =0,i,j =1,2,3;g € R

The limit g — 1 gives standard Fock space A; — a;:
la,a]] = 65, [a,a] =1a},a]] =0, ij=123

g-deformed Fock space representation (1D):

_ A . ki T
‘n>q T \/W ‘0>7 [n]q T 1——672’ [n]q! T kH_l[k]q

Al0) = 0, (0]0)=1,
= Aln), = \/In+1lqln+1),, Aln),=1/[nlgln—-1),
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Oscillator algebra vs canonical commutators

Deformed oscillator algebra:

AAL— g2 ATA; = 65, [AL Al = [AL Al =0,i,j =1,2,3;g € R

The limit g — 1 gives standard Fock space A; — a;:

[aia a_j-] - 61]7 [ai7 aj] = [a}L7 aj] = 07 I’-/ = 1’2’3

g-deformed Fock space representation (1D):

_ A . ki T
‘n>q T \/W ‘0>7 [n]q T 1_—qz’ [n]q! T kH_l[k]q
Aj0) = 0, (0]0)=1,
= Alln), = In+1gln+1),, Aln),=/Inlgln—1),

[M. Arik, D.D. Coon; J. Math. Phys. 17 (1976) 524
A.J. Macfarlane, J. Phys. A22 (1989) 4581
P.P. Kulish, E.V. Damaskinsky, J. Phys. A23 (1990) L415]
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What is the relation to the observables?
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What is the relation to the observables?

e linear Ansatz for 3D flat noncommutative space:

ZFLU aj + )‘u J for @ = {x0, Y0, 20, Pxos Pyo> P20 }

= 72 free parameters
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What is the relation to the observables?

e linear Ansatz for 3D flat noncommutative space:

ZFLU aj + )‘u J for @ = {x0, Y0, 20, Pxos Pyo> P20 }

= 72 free parameters
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What is the relation to the observables?

e linear Ansatz for 3D flat noncommutative space:
3
Pi :ZKU aj+)\lja;r7 forgb): {X07y07207pX07py07p20}
j=1
= 72 free parameters

e For A, Al - X, Y, Z, P, P, P,:
- we do not even know the commutation relations
- representations turn out to be non-Hermitian

5
/31‘

Andreas Fring Non-Hermitian representations for noncommutative spaces



P -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: 3 PT-symmetry

[0, yo] = i1, [x0, 20] = 102, [vo, z0] = 163,
' - : 01,05,03 € R
[X07pxo] = Ih’ [yOvpyo] fnd /h) [207,020] — Ih’ 1 2 3
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

PT+: Xo — X0, Yo — FYo, 20— *tz9, [ — —I,

Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

PT+: Xo — X0, Yo — FYo, 20— *tz9, [ — —I,
Pxo = FPxos P = EPys Pz = TPz, 02=0.

PTo. : Xo = £X0, Yo = F¥o, 20 = tz0, | — —I,
pXO — :FpX07 Pyo - :tpyov pZo — :FpZm 02 — _62‘
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry
[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
. ! 30, 60,0, €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s
Xo — :l:XOv Yo — +Yo, Zy — :l:201 I — _I~
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo — :l:Xo, Yo — FYo, Zo — *2zg, I — —I,

pXO — :FpX07 pyo — :tp}’ov pZO - ZFPZO" 02 — _02'

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

Xo — :l:XOv Yo — FYo, Zy — :l:201 I — _I~
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo — :l:Xo, Yo — FYo, Zo — *2zg, I — —I,

pXO — :FpX07 pyo — :tp}’ov pZO - ZFPZO" 02 — _02'

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-

e Reduce number of free parameters.
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

Xo — :l:XOv Yo — FYo, Zy — :l:201 I — _i7
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo = X0, Yo — FYo, 20— *t2, |— —I,

pXO — :FpX07 Pyo - :tpyov pZo — :FpZm 02 — _62‘

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-

e Reduce number of free parameters.
e Models on these spaces will have the usual nice properties.

Andreas Fring
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Oscillator algebras of flat noncommutative spaces
PT +-symmetric Ansatz:

ay = Qixp+iqayy + Q3Zg + IQuapy, + 5Py, + 106P,,
a = agXp+iogyo + qoZy + iaoPy, + Q11Py, + 1012,
a3 = au3Xp + Iy + 52 + iQiePx, + Q17Pyy + I8P,

"/
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Oscillator algebras of flat noncommutative spaces
PT +-symmetric Ansatz:

ay = Qixp+iqayy + Q3Zg + IQuapy, + 5Py, + 106P,,
a = agXp+iogyo + qoZy + iaoPy, + Q11Py, + 1012,
a3 = au3Xp + Iy + 52 + iQiePx, + Q17Pyy + I8P,
Solution:
py = 12014 — (lg(V18 a Qo018 — g4 o Qg — Q212 4=
o 2idetM, ! 2idet M, 2 2idet M, 37
Q715 — Qlg(V13 Q33 — s Qg — i3y
Py, = 91+ ay as,
2det M, 2det M, 2det M,
Qgli1p — (X1pQl14 . Qigijp — Q2l1p . Qipijg — Qiglg
P = — a = %t e
2i det M, 2i det M, 2idet M,
with
at = a+ a;r

(Ml)jk = 6j+2k+/—8 fOF /:1,2

Andreas Fring Non-Hermitian representations for noncommutative spaces



Noncommutative spaces from oscillator algebras

Similarly PT -symmetric Ansatz:

X = Bp(Al 4 Ap) + oAl + A)) + As(AL + As),

Y = iia(Al — Ay) + ifs(AL — Ag) + ifie(A] — As),

Z = #r(Al+ A1) + (AL + A2) + o (AL + As),

Po = ik1o(Al — Ay) + iFq1 (AL — Ay) + iF1a(AL — As),
P, = Fia(Al+ A1) + Kua(AL + A2) + Fus (AL + As),
P, = ike(Al — Ay) + ik17(Al — Ay) + ik1g( AL — As),

with & = kiy/R/(mw) for i=1,...,9

K; = kivmwh for i =10,...,18
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Noncommutative spaces from oscillator algebras

Similarly PT L-symmetric Ansatz:

X = Bp(Al 4 Ap) + oAl + A)) + As(AL + As),

Y = iia(Al — Ay) + ifs(AL — Ag) + ifie(A] — As),

Z = #r(Al+ A1) + (AL + A2) + o (AL + As),

Po = ik1o(Al — Ay) + iFq1 (AL — Ay) + iF1a(AL — As),
P, = Fia(Al+ A1) + Kua(AL + A2) + Fus (AL + As),
P, = ike(Al — Ay) + ik17(Al — Ay) + ik1g( AL — As),

with & = kiy/R/(mw) for i=1,...,9

K; = kivmwh for i =10,...,18

Note: X, Y, Z, P, P,, P, are non-Hermitian in the usual space

8 /31
Andreas Fring Non-Hermitian representations for noncommutative spaces y



Compute non-vanishing commutators:

[X; Y]
[y, 2]
[X, P
[Y,P)]
[Z, P
[P P
[Py, P

[X, P2]

[Z, Pl

=3
2i ijl

=3
—2i ijl

=3
21 Zj:l

~2i )
=

2i Zj_

—2j ijl

3
- R124jR154; [1 + (q2 - 1)} AJT'Aj,

Rifsry [1+ (67— 1)] AlA;,
Rasifers [L+ (a7 —1)] AlA;,
Ao [1+ (¢* = 1)] AJA;

%_1 Rarikias 14 (¢ — 1)] AlA;,
ResjFusey [L+ (6 — 1)] AlA;,

3
/\%9+j/\%12+j [1 + (q2 — 1)} A_;[AJ'7

3
_ Riksy [1+ (¢ —1)] Al4;,




A particular PT L-symmetric solution

/‘fl=H4:/‘€5=lfs=/‘€102/112:/113:/114:/117:/118:0

161 2/‘€
X, Y] =if —Y2 —ep2
[ I=1 1+I P+1h 2/<a6 mw
q *193 2 2I€6 2
Y.Z 0 —Y P
Y. 21 = I3+I2+1h 2/{6 mw
2 2 2 2
. .q —1 2 2 Px/4 FLHP HlmllXPy
[X7PX] = Ih+lﬁ2mw /fllx +m2w21{/%1+ hQ + h/2

2 -1 I Ke o2
2+12mw |:4K:%Y +m2w2Py:|

[Y,P,)] = ih+i?
q

2 2

, g —1 Z K2 |, s 03 ZP,
Z, P, =ih 2 — P P —
2, P = in+ Iq2 +1 m [4/@;L m2w? Z+4h2 20V 2h2k2
with constraints
. o 0 03 h h
Ko = oo R3= 55 RO = —5x» Ris = —55, Rie =

2511 2"%6 ’ 2/%6 ’ 2/%6 ’

Andreas Fring



Reduced three dimensional solution for g — 1
e Set K11 = mwRe, k7 = 1/2k6, g = exp(27k2), then kg — O:

[X,Y] = it (1+7A'Y2), [Y,Z] = ibs (14_%\/2)’
[Z,P,] = ihi(1+7P?)

where 7 = Tmw/h, ¥ = 7/(mwh)

1
/31‘

Andreas Fring Non-Hermitian representations for noncommutative spaces



Reduced three dimensional solution for g — 1
e Set K11 = mwRe, k7 = 1/2k6, g = exp(27k2), then kg — O:

[X,Y] = it (1+7A'Y2), [Y,Z] = ibs (14_%\/2)’
[Z,P,] = ihi(1+7P?)

where 7 = Tmw/h, ¥ = 7/(mwh)
e Representation in flat noncommutative space:

_ X 2 01 [ x 2 2 _
X=(1+7p )%+ F (7pr - Tyo) Pyo Px = Pxp>
— Ry 03 (~,2 2 —
Z=(1+*p )+ % (7Y6 — 7PZ,) Pyos P, = ps,
Py:(l"i_TyO)pyov Y = yo.
11 /
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Reduced three dimensional solution for g — 1
e Set K11 = mwRe, k7 = 1/2k6, g = exp(27k2), then kg — O:

[X,Y] = it (1+7A'Y2), [Y,Z] = ibs (1+%Y2),
[Z,P,] = ihi(1+7P?)

where 7 = 7mw/h, T = 7/(mwh)
e Representation in flat noncommutative space:

X=(1+7p2)x0+ % (mzo - ?y(?) Pyos Px = Pxo;
Z=(1+ %Apfo)zo + % (72 — ¥P2) Py, P, = p,,,
Py:(1+7yg)pyo7 Y:y0~

e Bopp-shift to standard canonical variables:
Xo = Xs — %lpysv Yo — Vs 20 — Zs + %Pys,
Pxo = Pxsr Pyo =7 Pysr Pzg =7 Pz

1
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e Dyson map: M= Ny, sy
My = (LHAR) 2, = (F2) 7y, = (L+rp2)

e Hermitian variables:
01

_ _ _ 04
y = nYnt=y=y
_ _ 03\ ; 05
z = ndn ! npzi (ZO o %) npl + h”}’o pyon}’o =z!
pe = NPt =pg, =p}
. -1 _ -1 i
py = nPt=utp ! = p)
pz = ann_l = Pz = Pi
12
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e Dyson map: M= Ny, sy
My = (WH38) 2 m, = (P2 )2, = (Lrpl)

e Hermitian variables:

x = nXnt= 77;;: (Xo + 9_7;) 77,; - 9—7;77;)1%077;01 =x'
y = qY¥nt=y=y

z = nZnt= 77;; (Zo — 9—;) U;Zi + e—gnglpymy_ol =z
px = NPt =p, =pl
py = P t=unlp 0 =p]

p, = ann_l = Pz = Pi

e |sospectral Hermitian counterpart:
H(X,Y,Z,P.,P,,P,) # H\(X,Y,Z,P,,P,,P,) = h=nHn ' = h
e Metric: p = 1?

Andreas Fring Non-Hermitian representations for noncommutative spaces



A particular P7T g, -symmetric solution

Now starting from a representation:

X = X0 — %ZﬁYSPyo - %:fg/ngoa PX = Pxy>»
Z:ZO‘F%EBY(?Pyo‘{’%?fﬁngzm Pz:pzoa
Py:Pyo"‘%ngym Y:y07

yields the closed algebra

[X,Y] =i, (L+7Y2), [X,Z]=i6,(1+7Y?)
[X,P.] = ih, [Y.P,] = ih(1+#Y?),
[Y,Z] =i (1+7Y?) [Z,P,]=ih

13
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A particular P7T g, -symmetric solution

Now starting from a representation:

X = X0 — %ZﬁYgPyo - %:fg/ngoa PX = Pxy>»
Z:ZO+%E3y()2pyo+%7§§y§pzoy Pz:pzoa
Py:Pyo"‘%ngym Y:y07

yields the closed algebra

[X,Y] =i, (L+7Y2), [X,Z]=i6,(1+7Y?)
[X,P.] = ih, [Y.P,] = ih(1+#Y?),
[Y.Z] =i0s(1+2Y?) [Z,P]=ih

for §; = —03 this is also PT ,,-symmetric

13
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Minimal lengths, areas and volumes

Uncertainty relation:

AAAB > - )<[A B)),

e For instance for the special solution with g — 1:

AXuin = |01] 1/ 7 + 22 (V)2 AV oin = 0, AZpin = |03] /7 + 77 (Y)?

p7
AXpin = B J 7+ 22 (V)2 AVrin = 0, AZpin = Iy /7 + 72 (Y)2,
A (P)in = 0, A (Py) e = /7 + 72 (V)2 A(P,) 0 = 0.

4
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Before taking the limit, we obtain for instance:

o 1 [
AYrmiHRe| \/§(q2 —q2)+(qg—q') (ng (Y), + h_g <Py2>p>

s
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Before taking the limit, we obtain for instance:

R 1 B _ 1 2 Fe
AYiA Rl \/z(q2 —q?)+(qg—q') (4/%% (Y), + 7 <P)%>p>
absolute minimal lengths: (Q := \/q? — g~2)

01

ke

| el 1
LAY, =100 Az= |8
Q 0 \/z 0 2\/5

1

AXyg = ——=
0 W

s
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Before taking the limit, we obtain for instance:

1 1 , k2
L n a2 _ A2 _ 4—1)2 6 2
N \/z(q ) +(a-q7) (4%g Yot 2 <Py>p>
absolute minimal lengths: (Q := \/q? — g~2)

01

ke

1

1 ||
. AYo=192Q, AZ=-——

oY NG

= absolute minimal uncertainty volume:

AXy

1
AVy=—
CV2

- similarly for the momenta

0105

K6

<q2 B q—2)3/2

s
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Different types of representations

[X,P] = ih (14 %P?)

non-Hermitian: X1y = (1+7p*)x, Pay=p

6
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Different types of representations

[X,P] = ih (14 %P?)

non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)'/2, Py = —ip(1 + ¥p?)~/2

6
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Different types of representations

[X,P] = ih (14 %P?)

non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)'/2, Py = —ip(1 + ¥p?)~/2
Hermitian: X (1+ %pz)l/zx(l + 7V'P2)1/2; Poy=p

6
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Different types of representations

[X,P] = ih (14 %P?)

non-Hermitian: X1y = (1 +¥p*)x, Py =p

Hermitian: Xy = (1 + %pz)l/zx(l + 7V'P2)1/2= Pey=p
X

Hermitian:

6
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Different types of representations

[X,P] = ih (14 %P?)

non-Hermitian: X1y = (1 +¥p*)x, Py =p

Hermitian: Xy = (1 + %pz)l/zx(l + 7V'P2)1/2= Pey=p
X

Hermitian:

How are these representations related?

6
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Solvable non-Hermitian potentials

H(p)y(p) = Ev(p) < —f(p)v"(p)+&(p)y'(p)+h(p)¥(p) = E(p)

7
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Solvable non-Hermitian potentials

H(p)y(p) = Ev(p) & —f(p)Y"(p)+&(p)Y'(p)+h(p)Y(p) = Ev(p)
transformation:

w(p) = e Polp). x(p) = [ DO g [ iGpap

¢(q) = v(q)F[w(q)]

general formula for the metric:




Swanson model in different representation

On a noncommutative space the model is 2 x non-Hermitian:

1
A -
Ho = o (Ao +3 ) + 0l + BAL A, fori=1,2,3.4
hw(l—7)—a—-p_, Qmw «
= Pz + ——— X XiyP
2mhw Ol 2h (i) T ( 2h>{ )(}

AU) = (mwX(J-) + iPU)) /V2mhw,
AJ(rj) = (mwX(j) — iPU)) /\/ 2mhw,
Q:=a+F+ hw,

a,f €R

18
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E, — %[(T 20T 4 2m27)Q + (20 + 1)
+\/4 (RPw? — 4af) + 7Q(TQ — 4hw)]

lo
/31‘
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E, = %[(7’ +2n7 +2n*7)Q + (2n + 1)
+\/4 (RPw? — 4af) + 7Q(TQ — 4hw)]

e representation 1:

1 B-a 1 \/¥p
, — 1+ ¥ AR = 4P,l:_* _—
¥n(P) (1+7p%) ne < ﬁ———255>

a=p—71Q

1+¥p°) °®

lo
/31‘
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En = 711[(7 +2n7 +20°7)Q + (20 + 1)
+1/4 (h2w? — daf) + TQ(TQ — 4hw)]

e representation 1:

1 sa_1 V¥p
Volp) = 1+ 7p?)em aPl- ' r
@ T

a=p—71Q

plp) = 1+7p?) ®

e representation 2:

23

Valp) = \/1/V_n [cos (ﬁp)] o P,‘,L_’L [sin (\/;pﬂ
P(P) = \/¥ [cos <\/¥p>} (67;2
restricted momentum —7 /2% < p < w/2V¥
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For all four representations:

(bl F (Po, X) Yy, ”

2
_ ) H
/ [ /h\/ (1-22)0, ‘Pmu (z)| dz
20 /
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Klauder coherent states

~ J"2 exp(=iven)

N 6,) JERS,vER

14,7, 6)

with

n 50 Jk
h ‘¢n> = hwen ’¢n> ) Pn = Hk:l €k, Nz(J) = Z —_

h1
/31‘
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Klauder coherent states

1 = J"2exp(—ive,)
J = . Je RS R
| 777¢> N(J)nZO \/,O_n |¢n>7 S 0,’76

with

n o) Jk
_ . 201\ 2
h‘¢n> _Men’¢n>7 Pn = Hk:l €k, N (J) . Zk:o Or
Basis properties:
e continuous in J, vy
e provide a resolution of the identity
e temporary stable

e satisfy action identity

(7, @ H Ly, ®), = (J,7,¢| h|J,7,¢) = hw
[J.R. Klauder; Annals Phys. 237 (1995) 147] @

Andreas Fring
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Generalized Heisenberg's uncertainty relation

For a measurement of two observables A and B we have:

1
AAAB > 2 (4,7, 9 [A, B] 4,7, 9),

Uncertainties:

AA = (J,7,0| A |J,7,0), — (7,9 AlJ, 7, P):

7

o
/31‘
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Generalized Heisenberg's uncertainty relation

For a measurement of two observables A and B we have:

1
AAAB > 2 (4,7, 9 [A, B] 4,7, 9),

Uncertainties:

AA = (J,7,0| A |J,7,0), — (7,9 AlJ, 7, P):

Ehrenfest theorem

. d
ih— (Jo7y o+ tw, O A,y + tw, @), = (. + tw, [ [A H] |,y
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Generalized Heisenberg's uncertainty relation

For a measurement of two observables A and B we have:

1
AAAB > Z|(J,7,9[A, B] 4,7, 9),

Uncertainties:

AA = (J,7,0| A |J,7,0), — (7,9 AlJ, 7, P):

Ehrenfest theorem

. d
ih— (Jo7y o+ tw, O A,y + tw, @), = (. + tw, [ [A H] |,y

Time evolution

exp(—iHt/h) |J,7,®) = |J,7 + tw, )

Andreas Fring Non-Hermitian representations for noncommutative spaces @




1D noncommutative harmonic oscillator

P2 mw? 1 7
H=— X2 —hw( =+~
2m + 2 (2 + 4>
defined on the noncommutative space

[X,P]=ih(1+¥P?), X =(1+7%p%)x, P=p

3
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1D noncommutative harmonic oscillator

P2 mw? 1 7
H=— X2 —hw( =+~
2m + 2 (2 + 4>
defined on the noncommutative space

[X,P]=ih(1+¥P?), X =(1+7%p%)x, P=p

first order perturbation theory

E, = hwe, = fwn [1 + %(1 + n)} +O(r2)

|6,,) \/n— )a|n—4) —|—16\/ (n+1)4|n+4)+0O(7?)

Pochhammer functlon (x)n :=T(x+n)/T(x)
PR (2 + 3) N (J) = e (1= = 22) + O(?)
2z T), 4

Andreas Fring Non-Hermitian representations for noncommutative spaces
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the K-states saturate the generalized uncertainty relation

AX2 = <J777¢|X2|J777¢>n - <J77’¢|X|J777¢>37

A
/31‘
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the K-states saturate the generalized uncertainty relation
2 _ 2 2
AX - <J777¢|X |J777¢>n_<J77’¢|X|J777¢>n

h
= 5 [1+7 (14 J(2—2ysin2y — cos2v))]

A
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the K-states saturate the generalized uncertainty relation
2 _ 2 2
AX - <J777¢|X |J777¢>n_<J77’¢|X|J777¢>n

h
= 5 [1+7 (14 J(2—2ysin2y — cos2v))]

APZ - <Ja77¢|p2|~j777¢>_<J777¢|p‘-j777¢>2

h
= % [1 — 7J(cos 2y — 275sin27)]
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the K-states saturate the generalized uncertainty relation
2 _ 2 2
AX - <J777¢|X |J777¢>n_<J77’¢|X|J777¢>n

h
= 5 [1+7 (14 J(2—2ysin2y — cos2v))]

APZ - <Ja77¢|p2|J777¢>_<J777¢|p‘-j777¢>2

h
= % [1 — 7J(cos 2y — 275sin27)]

therefore

h T .
AXAP = 3 [1+ 7 (1+4Jsin?q)]

A
/31‘
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the K-states saturate the generalized uncertainty relation
2 _ 2 2
AX - <J777¢|X |J777¢>n_<J77’¢|X|J777¢>n

h
= 5 [1+7 (14 J(2—2ysin2y — cos2v))]

APZ - <Ja77¢|p2|J777¢>_<J777¢|p‘-j777¢>2

h
= % [1 — 7J(cos 2y — 275sin27)]

therefore
h T . 2
AXAP = 3 [1+ 7 (1+4Jsin?q)]
h .
= 5 (1 +T<J’77¢| P2 |J777¢>)
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the K-states saturate the generalized uncertainty relation
2 _ 2 2
AX - <J777¢|X |J777¢>n_<J77’¢|X|J777¢>n
h
= —[14+7(14 J(2—27ysin2y — cos 27))]

2mw

APZ - <Ja77¢|p2|J777¢>_<J777¢|p‘-j777¢>2

h
= % [1 — 7J(cos 2y — 275sin27)]

therefore
AXAP = 3 [1+ 7 (1+4Jsin?q)]

(147 (J,7, @ P?|J,7,9))

NSNSt

Strong disagreement with
[S. Gosh, P. Roy; Phys. Lett. B711(2012) 423]

Non-Hermitian representations for noncommutative spaces
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Ehrenfest theorem:

d
s (4,7 4 tw, @ X |J, 7y + tw, &) =(J, 7 + tw, O| [X, H] |4,y + tw, D),

ih .
= (J,7 + tw, 9| E(P +¥P3) |J,y + tw, ®),

2 1
= —ih3/?/ # {sinﬁ +7 {(J+ 1)4 cos ¥ + Esinﬁl(2 +J- 3Jcos2%)”

5
/31‘
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Ehrenfest theorem:

d
h (4 + tw, O X,y + tw, @)=,y + tw, S| [X, H] [,y + tw, ),

ih .
= (J,7 + tw, 9| E(P +¥P3) |J,y + tw, ®),

2 1
= —ih3/?/ # {sinﬁ +7 {(J+ 1)4 cos ¥ + Esin%(2 +J- 3Jcos2%)”

d
s (7 + 1w, @ P,y + tw, @),=(J, 7 + tw, ®| [P, H] [,y + tw, @), ,

= (.7 + tw, ®| — imha? (X + gXPZ + ngx) |, + tw, @),

= —iy/2Jm(wh)3 [cos’y + % [(34+2)cosy — 4(J + 1)7sing — 3J cos 37]

b5
/31‘
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Fractional revival structure

Given a wave-packet ¢ = Z cn®, localized at n = n with Ej

e revival after classical period T, = 2wh/ |E}|
e partial revival after p/qT,., with revival time T,, = 4rwh/|E}|

b6
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Fractional revival structure

Given a wave-packet ¢ = Z cn®, localized at n = n with Ej

e revival after classical period T, = 2wh/ |E}|
e partial revival after p/qT,., with revival time T,, = 4rwh/|E}|

K-coherent states for HO on noncommutative spacetime
Jowt,d) =) culJ)exp(—itE,/h) [6,)
Weighting function: c,(J) = J"?/N'(J)\/p,
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Fractional revival structure

Given a wave-packet ¢ = Z cn®, localized at n = n with Ej

e revival after classical period T, = 2wh/ |E}|
e partial revival after p/qT,., with revival time T,, = 4rwh/|E}|

K-coherent states for HO on noncommutative spacetime
Jowt,d) =) culJ)exp(—itE,/h) [6,)

Weighting function: c,(J) = J"?/N'(J)\/p,
Mandel parameter:

2
Q —%—1——g+0(72)<0
2
(n) = J—1 (J + J;) +0(7?), <n2> = J+S—7 (J+3S + P)+O(r

An* = (n") — (N =J-r (J+ ) +0(7%).

= sub-Poissonian statistics

Andreas Fring Non-Hermitian representations for noncommutative spaces



Weighting function

—J=15
e oo J:3
=45

25

(a) 7 = 0.1 with (n) = 1.24,2.25,3.04
(b) 7 = 0.01 with (n) = 2.93,5.76,13.72

h
/31‘
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Autocorrelation function

A(t) = (4,7, 8 14,7 + tw, 8) ) = [(J,7, 0 |, 7 + tw, ®), |

AOt@

1.00

N L
0 50 100 t 150 200 250 500 1000 t 1500 2000

(a)J=157=01w=05~v=0, Tq=10.05 T, = 251.32
(b) J=6,7=001, w=057y=0, Ty=1174 T, = 2513.27

2 4
Tu=" T +2Nr, Te=-L
W W oY)

Andreas Fring



Q-dependent coherent states

Now consider deformed canonical commutation relations:
2

1 1
[X,P] = ih+ iq2 <mwX2 + P2>
g°+1 mw

ho
/31‘
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Q-dependent coherent states

Now consider deformed canonical commutation relations:
2

1 1
[X,P] =ih+ iq2 (mwX2 + P2>
g°+1 mw

Take
X=a(A'+A), and P=ip(A - A)

with o = 1/24/1 + ¢21/h/(mw), B = 1/24/1 + ¢?v/himw
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Q-dependent coherent states

Now consider deformed canonical commutation relations:
2

1 1
[X,P] =ih+ iq2 (mwX2 + P2>
g°+1 mw

Take
X=a(A'+A), and P=ip(A - A)
with o = 1/24/1 + ¢21/h/(mw), B = 1/24/1 + ¢?v/himw

Hermitian representation:

—i

Naers

A= - I_ q2 (e,,'y( . efi)v(/2e27'ﬁ) , AT —

with X = xy/mw/h and p = p/vVmwh

(ei>”< . e2fﬁeiy</2)

ho
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Q-dependent coherent states

Now consider deformed canonical commutation relations:
2

1 1
[X,P] =ih+ iq2 (mwX2 + P2>
g°+1 mw

Take
X=a(A'+A), and P=ip(A - A)
with o = 1/24/1 + ¢21/h/(mw), B = 1/24/1 + ¢?v/himw

Hermitian representation:

—i

Naers

A i (e”)v‘ B effy(/zezna) AT =
1— g2
with X = xy/mw/h and p = p/vVmwh

Non-Hermitian representation:

(ei>”< . e2fﬁeiy</2)

and Al = (1 -x) —x(1 - ¢*)D,

Andreas Fring



For Hermitian representation:
e The uncertainty relations:

1
AXAP|‘J7’Y>q Z 5

(a0l XL, |

are shown to hold, but are saturated only for t = 0.

e Infinitely many revival times emerge,
since e, = [n]y = d*E/dn* # 0 for k =1,2,3, ...

20
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e The uncertainty relations:
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are shown to hold, but are saturated only for t = 0.

e Infinitely many revival times emerge,
since e, = [n]y = d*E/dn* # 0 for k =1,2,3, ...
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For Hermitian representation:
e The uncertainty relations:

1
AXAP|‘J7’Y>q Z 5

(a0l XL, |

are shown to hold, but are saturated only for t = 0.
e Infinitely many revival times emerge,
since e, = [n]y = d*E/dn* # 0 for k =1,2,3, ...
Classical period: Ty =6.65, g =e 9% J =6, 7=6.1875

O —

6

1.00
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For Hermitian representation:
e The uncertainty relations:

1
AXAP|‘J7’Y>q Z 5

(a0l XL, |

are shown to hold, but are saturated only for t = 0.

e Infinitely many revival times emerge,
since e, = [n]y = d*E/dn* # 0 for k =1,2,3, ...
Revival: T, = 1330.19, g = e %09 J =6, 7 = 6.1875

500 t 750 1000 1250
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For Hermitian representation:
e The uncertainty relations:

1
AXAP|‘J7’Y>q Z §

(a0l XL, |

are shown to hold, but are saturated only for t = 0.
e Infinitely many revival times emerge,
since e, = [n]y = d*E/dn* # 0 for k =1,2,3, ...

Superrevival: Tgprey = 3999056, g = e %9, J =6, 7= 6.1875

100000 t 200000 300000 400000
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Conclusions
PT-symmetric noncommutative spaces exist
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Conclusions
PT-symmetric noncommutative spaces exist
PT-symmetry can be used as a technical tool
Models on these spaces are self-consistent and physical
Procedure for constructing minimal uncertainty NC-spaces
Klauder-states satisfy axioms, saturate minimal uncertainty
Revival times are potentially measurable

Outlook

Construction of more solutions to master equation

Study more models on these spaces

Relation to complex classical mechanics?
Answer in the next talk by Sanjib Dey

Thank you for your attention
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