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Each question carries 25 marks.

1) (i) (5 marks) State the definition for the cross ratio and a theorem

involving it, which may be used to decide whether four points in

the complex plane lie on a line or a circle. Compute the cross ra-

tio (3,−3, 3i, z4) and use the theorem to decide whether the points

z1 = 1 + i
√
8 and z2 = 3 + i lie on the circle |z| = 3.

(ii) (11 marks) The linear fractional transformation is defined as

w = T (z) =
az + b

cz + d
for ad− bc �= 0; a, b, c, d ∈ C.

For which choices of a, b, c, d does this reduce to a translation, a ro-

tation and the inversion map? Why is the case ad−bc = 0 excluded?

Determine the linear fractional transformation T (z), which maps the

points z1 = i, z2 = 0, z3 = 1 in the z-plane onto w1 = −1, w2 →
∞, w3 = −i in the w-plane. Is this map unique?

(iii) (9 marks) Using the parameterization of all possible circles and lines

in the z-plane

α(x2 + y2) + βx+ γy + δ = 0 for α, β, γ, δ ∈ R,

prove for the inversion map obtained in (ii) that it always maps circles

and lines into circles and lines. For which values of α, β, γ, δ are

circles mapped into circles, circles mapped into lines, lines mapped

into circles and lines mapped into lines?

2) (i) (3 marks) State the Schwarz-Christoffel theorem.

(ii) (11 marks) Determine the Schwarz-Christoffel transformation f(z),

which maps the upper half plane onto an equilateral triangle. Map

the points x1 = 1 and x2 = −1 to w1 = 0, w2 = a. Express your

result in terms of the quantity

γ =

∫ 1

−1

dẑ
1

(1− ẑ)2/3
=

√
π

21/4
Γ(1/3)

Γ(5/6)
≈ 4.20655.

(iii) (10 marks) Verify for the function f(z) constructed in (ii) that the

points x→ ±∞ are mapped to the third vertex of the triangle.

(iv) (1 mark) Draw the corresponding figure in the w-plane.
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3) (i) (6 marks) Define the exponential growth of a function f(x) and sub-

sequently define the Laplace transform Lf(x) for the function f(x).

State the convolution theorem for the Laplace transform.

(ii) (4 marks) For a piecewise smooth function u(x), with reasonable ex-

ponential growth, the Laplace transform of its nth derivative Lu(n)(x)
may be expressed as

Lu(n)(x) = xnLu(x)−
n−1∑

k=0

xn−k−1u(k)(0).

Prove this formula for n = 1, n = 2 and n = 3.

(iii) (2 marks) Compute the Laplace transform for the Dirac delta func-

tion v(x) = δ(x−α) and the exponential function w(x) = e−αx, with

α being a real number.

(iv) (13 marks) Using Laplace transforms, solve the first order differential

equation

u′(x) + u(x) = 5H(x)− 3H(x− π)

with boundary condition u(0) = 5. The function H(x) is the Heavi-

side function.
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4) The Fourier transform Fu(x) = û(x) of a piecewise smooth and absolutely

integrable function u(x) on the real line is defined as

Fu(x) := û(x) =

∫
∞

−∞

u(t)e−itxdt.

(i) (5 marks) Define the convolution u � v(x) of two functions v(x) and

u(x). Then show that the Fourier transform of the convolution of two

functions v(x) and u(x) equals the product of the Fourier transforms

of v(x) and u(x).

(ii) (3 marks) Compute the Fourier transforms Fu(x) of the function

u(x) = e−x
2

.

You may use the integral
∫
∞

−∞
e−(t+ix/2)

2

dt =
√
π.

(ii) (13 marks) Use the Fourier transformation method to show that the

solution for the Schrödinger equation

i
∂ψ(x, t)

∂t
+

∂2ψ(x, t)

∂x2
= 0

with initial condition ψ(x, 0) = g(x) and asymptotic behaviour

lim
x→±∞

ψ(x, t) = 0, lim
x→±∞

∂ψ(x, t)/∂x = 0

is given by

ψ(x, t) =
1

2
√
πit

∫
∞

−∞

dyg(y)e
i

4t
(x−y)2.
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5) Consider two infinite cylinders placed non-coaxially with |z−x0| = x0 and

|z| = 1. The cylinders are at constant potential φ1 = 0V at |z| = 1 and

φ0 = 50V at |z− x0| = x0. The value of the center of the smaller cylinder

and its radius is taken to be x0 = 4/17. Find the potential in the xy-plane

between the two cylinders.

(i) (2 marks) Draw the corresponding figure.

(ii) (4 marks) Verify first that the potential for two infinitely long con-

centric cylinders with radii r0 and r = 1 at potentials φ0, φ1 is given

by

φ(r) = (φ0 − φ1)
ln r

ln r0
+ φ1.

Hint: The Laplace equation in polar coordinates is

∆φ =
∂2φ

∂r2
+
1

r2
∂2φ

∂ϑ2
+
1

r

∂φ

∂r
= 0.

(iii) (16 marks) Verify that the map

w = f(z) =
z − κ

κz − 1 with κ ∈ R

leaves the circle with the radius |z| = 1 invariant, that is the image

is |w| = 1. Find the constants the constant κ and r0 such that the

circle |z − x0| = x0 is mapped onto |w| = r0.

(iv) (3 marks) Use the results from (ii) and (iii) to compute the potential

for the non-coaxial cylinders.
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