Mathematical Methods 11

Coursework 1

Hand in the complete solutions to all three questions in the general office by
Thursday 01/11/2007 at 17:00

1) (20 marks)

i) Determine the linear fractional transformation in the form

b
T(z):Zjid for ad — bc # 0;a,b,c,d € C,
which maps the points z; = —1, 25 = —4, 23 = —3 in the z-plane onto the points
wy; — 00, wy = 0, w3 = —1/2 in the w-plane (image plane). Is this map unique?

ii) Compute all fixed points of the map 7'(z) in i).

iii) Consider a circle in the complex plane with centre on the imaginary axis passing
through all fixed points computed in ii). Show that 7'(z) from i) maps any of
these type of circles into itself, i.e. that the image is identical to the circle in the

z-plane.
iv) New linear fractional transformation can be constructed from successive actions
of T(z) as
To(2) =T oT(2), T3(z2):=ToTs(2),... Tu(z)=ToT, 1(z2).

Since T'(z) maps a circle passing through the fixed points onto itself, also T},(2)
maps points on this circle onto points of the original circle, when one identifies
the z-plane with the image plane. For n — oo all points will be mapped into
one of the fixed points. Convince yourself of this fact by computing 7,,(z) for
n = 1,2,3,4,5,6. Subsequently trace the points z; = —3/2 4+ i3/2 and z, =
—1/2+143/2 along their circles through the fixed points under the action of T5(z),
Ti(z) and Ts(2). Ilustrate your result with a picture and indicate the direction in
which the points move under the action of 7,,(2) by an arrow. Draw several more
of such circles, which you may guess without explicit calculation. The resulting
picture should resembles a dipole.

2) (10 marks) Use Euler’s formula to show that
arcsin(z) = —iln (iz +v1— 22> :

Subsequently use the principal branch of the logarithmic function to determine the
domain of analyticity for arcsin(z).



3) (20 marks)

i) A group (g,0) is a set of elements equipped with a binary operation o, satisfying
the follwing axioms:

a) Closure: For any two elements a,b €g also a o b €g.

b) Ezistence of the identity: For all elements a €g there exists an elements e €g,
such that eoa =aoe=a.

c) Ezistence of the inverse: For each elements a €g there exists an element

a' €g, suchthat a loa=aoa™' =e.

d) Associativity: For any three elements a, b, ¢ €g the relation (aob)oc = ao(boc)
is satisfied.

Verify the statement that the set of all linear fractional transformations is a group.

ii) The group obtained in this way can be represented by 2 x 2-matrices

a b
T = .
(2 3)
Taking now the binary operation to be a matrix multiplication verify that the
product of two matrices

TVTy = ar b az by _ [ maz+ bica  ajby + bids
C1 dl Co dg c102 + dlcg Clbz + dldg

can be identified with the composition 77 o Ty(z). Verify that the set of 2 x 2-
matrices form a group as defined in 1i).



Lbkiae, Cuw) (20032

- _ ~ - W oo - -~ ~_ /
&, =<1 2 = -% 2, =S 7_(2/) .~ , W20, w et

ool vy | foay(a ey
(w~w3/(w, -,/ (2-2,/(2, ~2

AL
y °*2 L (@) (- <3/ o 2wts 32k
2t/

el (2¢3/(~¢ ¢/ /
5 2w = 347, o 3arf-a-
21/ 2ty
244
5 w s TR/ = T
~—~— & T

— )
X S
x* +(>/—7(/l= “r %°
= Xt e Y T2k y = G ES
=4 A L
2>

p—

%%MAJQWM%WW&WM

/T@/—M«/z:r‘: %t

, ,
i'fg N 2.‘9{ Y
I G - L
24/ 24 ( DY + &




-

-—

(2

X : X 2
2ty 27 +¢ - O % 2¢t¢ &ty _(_%
24/ 27+ 2+ 2% 4

22 r y(as2")4/6 0K (287 + & 27 4 2 +\5§~72~/2/*f98»2*~\x 4 A2

2ar ¢ @ray ¢

22 ¢ ¢(2¢2% /6 v/ K3 (27~2) s

227 «(2e2*/ 1/

e _ -
gg'ff%(Sfé? t(6 + & &) Lt e (2" —g)== 2>
%
2a* ¢ (2r2'/) ¢/
* .- 2 2 -
¥ -2 22 - X FEYy ¢ = 2 F
22" ¢+ ¢(a2r2?)rl6 ~(2 +3 _f%z ¢ -~ >
22% + (2+r2/ ¥/ 2 27
2 - : ¢ :
v &t = [ Tei- %/ @
2%
Z:ch(z/: s, Y 2% fva 44 _ Sa .
ey, 2+¢ v 2 ¢/ 22 t5
2+ 1
7= . 52y
75:/°C@/- égfrw‘g’ \{-27‘87‘5)2720 132 28
22 *t5 T
lp= el = 132+28
- == T T7eledSe
\\
(32 + 24 ) [32t28 722 413 202 ré4y
22 +13
7_ = 072 ~ [(/27‘?0
AT Sosrer T _ 4kra +s0 + $02 +/6s 12/2 4290
pre ree Fr2 TP0 202 4y §/2& +12/
202 F &/ T
(272 24¢%
Z;: 707;.[&/: m+9 N /2,/8‘/‘29’97‘23‘5‘37‘9(39: 3652 + P2y

— —\———s

-_ e — . .
D (202 * 2%¢ (212 2% v6/2 (2 (822 + 3¢5
SN

Gr& *12y t




/M&/{

DY AP 7ww&j7~/ﬁgi?”(

Sy b cortoe =t (O Ef f/i/ y/ 8z

T il oy M

= ~j+.3-c’
2 2

= L '(',3('
2 2

R = YRS R

7o) =% 220 = (g1 090

- L o722 _ 2. 01 F 0,12 ¢

/v[%/ - 2092 T SRR

7;(3//: .332/9‘?+2/X?(’: 2. .00 + 0,0( ¢
(65 986

_ 97 27 - ’

[(2) = B1LE2E = (78 £ 0.5,

T (2) - 2327 +2%3¢ 78+ 007

. 2/ 3 722 g o

) SR ‘

[ (2,)= 577867 22182 | 60p . p 6/,

277200

P4

€



2 L‘E:/&?/(l"w.tm/

= M2="c'/%((('2+m/ @
-z -
%mw%f M2:~('/€;7/[‘"2+¢?7A({/67(/—21/)‘/

%MM%‘?MM,J (wolo/sé@__ oes e veoed
/"WW / /-21//1‘ ool (.('/ ¢ 2 f-/b«(f/a?//‘éy//é///zﬂ

) L S (-2 o (1-2Y) = (-0
<) . et » 2=te”
) 2 = x O X o> EM

S 2= [ =XT ERT S (XD [ D el (- 1)t o,

%./ 2=y /-f)/zé/ﬂ?‘ B IS O S, 7/7"“"—-4/(

<of Lere S
2 +ﬂ7ﬂ[;’ /@(f-e‘/j =r R

2
=) (- er =0 -2
(o2t s st =m20r2 22t
2 ;
& = (’ /=7 /g//(
2 7

D e reretion ezt ﬁm%w‘v&j
2 2 WVV/MW 7/ Wm & e @T\((-w,//((,,mj

. @



= a2 r4
! - (C}f&’/—ﬁé
a2+ 4
C(C/2+/,/t‘0{
_ q(a’sf/’/ fé(6'3+///

c C«’ 2 +4'/ # ol(c’s cot?)
(aa('féc/z '(-(9(4 féo’[/ - ﬂ"él—rél/
TeAe, tet o] e

IT="Te =z

L o Tp = A2rs s
cCr <o

"

7‘,[2/ e /= e 07‘”@/ = J = 2

x / (s 4

= 2

Cf‘r@/fd
@7"(3/1-[ :cg?”(e/,z—af(é

74(£/(a —c2/) = A2 4

> 7 e s LES
~Cc2 t &
D U
A T T (2 =2 —
ot 245 '
%(czfpf ~5 ‘&’(0(2'* &-M-écg

—c Ma‘4‘/ - - b ;
c 2ol v % ¢ 7‘?&{—/(0(




i i
70(7/ o /’”/ = (To/“’/,, 7

T o @"a"-f AICH/): -f(“léufél "
( -

4 i f / if
I , /;
c /2 p'(, /i
r

7 S L
L Ak T E D
Ter' =77
e

M’/>
ﬂ—j -



