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Mathematical Methods 11

Coursework 2

Hand in the complete solutions to all three questions to the SEMS general office (C109).

DEADLINE: Friday 08/04/2011 at 14:00

1)

2)

3)

(10 marks) Use the relation between the Fourier transform and the Fourier transform
of its derivative Fu'(z) = izFu(x) together with [~ e Peitrdt — /me*/4 to
compute the Fourier transform Fu(z) of the function

u(zx) = 8P4($)e_“’2 ,

where Py(x) is a Legendre polynomial of order four. The Legendre polynomial of
order n can be generated from

1 dr

Po(@) = g g (= 1)

(25 marks) Compute the inverse Laplace transform £ !v(x) for the function

7
o) =5

in two alternative ways.

i) By evaluating the Bromwich integral

y+ico
1
Efl - tr f
v(x) s / v(t)edt  for v > a,
y—100

where « is the exponential growth of £~ 1v(z).

ii) By using some known Laplace transforms from the lecture.
(15 marks) Show, using Laplace transforms, that the solution to equation
my"(x) + Ny (2) + ky(z) = F(z)

subject to the initial conditions y(0) = y'(0) = 0 is of the form

1 o0
y(r) = — / ds F(z — s)e " sinws.
mw Jo
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- LONDON MA3605 , Andreas Fring, Mathematical Methods I1

Mathematical Methods 11

Coursework 2

Solutions and marking scheme

DEADLINE: Friday 08/04/2011 at 14:00

1) First we compute the Legendre polynomial of order four Py(x) [10 marks]
Py(z) = ﬁdd_; (m2 - 1)4
3
- g5 [
- e w1 (2 - )]
1d

= - (7x5 — 1023 + 3z)

1
=3 (352" — 302% + 3),
such that
u(x) = (351’4 — 3022 + 3) e
Next we define v(z) = e~". Then v/(z) = —2ze™*", v"(z) = (422 — 2)e~*", v (z) =
(122 — 823)e~" and v™ (x) = 4(3 — 1222 + 42*)e~*". Expanding u(z) therefore as
u(z) = Av(z) + Bv'(z) + Cv"(z) + DV (z) + Ev™(x)

o -

and comparing coefficients we find
A-3-2C+12E=0, 12D—-2B =0, 30+4C —-48E =0, —8D =0, 16E—35=0

Solving these equations gives

o7 75 35
u(z) = Zv(m) + Zv”(m) + 1—61)“’(30).

Therefore

57 75 35 __ .
Fu(z) = Z}"U(sc) + Z}"U”(sc) + —Fv"(x)

16
57 75 35 ,
= Fu(x) i Fu(x) + T Fo(x)
_ ST 75 o 35 4| —u2/
=/ T 18 Tt e

= ‘{—g 228 — 30022 + 352] e~/
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We used here repeatedly the relation between the Fourier transform and the Fourier
transform of its derivative Fu'(x) = iz Fu(x) together with [ e Peitrdt — \fre=v?/4,

2) i) Compute [25 marks]
Y4100
1 7
L7(r) = — .
v =55 | Eoa¢
Y—100
Parameterize z = ¢ + re?? and compute
1 7 . 27 7 1, | R )
= dz = 22~ R v rx_ Z Tr_ T _ h7
27rif22496 T omietw -z +7) 29 T 2° S
T

In order to show that

Y4100
t tx z zZT
/ 2 —49° dt:f{z2—496 e
y—i00o r

we have to guarantee that the integral over, say I', parameterized by re' for 6
from 7/2 to 37/2 vanishes as r — oco. Compute

3m/2

7 . re'? i0
———e"dz| = |7 : TeTTA
j{z2496 1T / (e +re?)2 —49°
2l /2
With
‘reio =r
ereiez — er:pcos@ < 1 for z < 0 < §7T
2 2
‘(5 Frei®)? - 49( > 12 49
follows
37/2 ”
re’ i0 r
e’ / ET )= 49€T6 Tdo| < e”r2 15 — 0 for r — oo.
w/2

= L7 v(x) = sinh 7z

ii) We can write

o) T 7 111
S 22—-49  (x-T)(x+7) 2\z-T7 x+7
From the lecture we know that for u(x) = exp(ax)
Lu(x) = ! & £ L _ exp(az).
T —a« r—a
Therefore
1 1 1 1
-1 _ 2, _ -1 _Lre ey
L v(m)—Q <£ ——= L x—|—7> 2(6 e~ ') = sinh 7z
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3) Acting with the Laplace operator £ on
ma(t) + \&(t) + rkz(t) = F(t)

gives
mLE(t) + ALa(t) + kLx(t) = LF (). (1)

Applying Lu™ (z) = 2" Lu(z) — 775 2 *1u®(0) for n = 1,n = 2 we find
Li(t) = t2La(t) — tz(0) — £(0) = Li(t) =t>La(t)
Li(t) = tLax(t) — x(0) = Li(t) =tLx(t),
We used the initial conditions z(0) = #(0) = 0. Therefore we can rewrite (1) as
mt?La(t) + MLx(t) + sLa(t) = LF(t),
which we can solve for Lz(t)

LE(t) LE(t) LR 1

L) = T w - m@ A Nmbtrim) . m G R

(2)

Here we completed the square and abbreviated w? = k/m — p?, u = A/2m. Using the
hint )

Lu(r) = ———F——  for u(x) = e sin Az.
Translating this to our notation here gives

w ot
Lo(t) = (RS for v(t) = e " sinwt. (3)

This means we can rewrite (2) as
1 1

where we used L(u*v)(z) = (Lu)(z)(Lv)(x) in the last equality. Acting now with
L' on (4) yields the final asnwer for x(¢) in form of an integral representation

1 o
x(t) = mF*v(t) = m/{) ds F(t — s)e” " sinws. (5)

[15 marks]



