Mathematical Methods IIt

Exercises 1
(This should be revision material.)

1) Represent the following complex numbers in the form z = x + iy with z,y € R.
Determine also their absolute values, arguments and thus write them in polar form.

i) z=(—i)" i) z=(1+i)* i) 2= (Vb—1)—i(2—iV5)

i)5 .
10 'U) z = E]]:tzgf’ 'UZ) Z = (3—i)2

2) Prove the triangle inequalities

2| = [w| <z +w| < 2] + |w] .

3) Find all fixed points of the functions

f1(2)22z_2, fg(z):%, for z #£ 0.

z

4) Provide a reasoning for the derivatives for the following functions

L) =22y +av¥i fol2)=2—2 f3(z)=1+2%
fa(z) =1+2 fs(z) = 5 fe(2) = fi(z)
to exist. In case they do exist, compute f/(z) fori=1,2,...,6.

5) Show that the functions
ui(z,y) = 2z — 2xy and ug(z,y) = 2% — Avy?, A€R

are harmonic functions. Construct their conjugate harmonic functions and therefore
an analytic function.

!The course material can be found on: http://www.staff.city.ac.uk/ fring/MathMeth/
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Solutions to exercises 1

—im/2 ii) 2 =4e" iii) z= —3i = 3e /2
lei arctan 3/4
10

i) z=e
) z=i=¢e"? v) z=i vi) z=4+Si=

2) Start with
24w = (z+w)(Z+w) = 22+ wZ + 20 + wd = |2]* + |w]® + 2Re(z0).

Therefore
|z + w\Q — (2] + |w|)* = =2|2| |[w| + 2 Re(zw)

but Re(zw) < |zw| = |2| |w|, such that
|2+ wl* = (|| +w])* < 0

3) The fixed points are

<I%

1
froaf P =144, fpr M =1 -5 xi

4) f1(2), f4(z) and f3(z) do not exist because the Cauchy-Riemann condition do not hold
in general

Gu=2y# =2y Gu=2w#-G=—y
8u2 — 3& 8’1}2 =9 %1;2 :O: 861;2
boizdio Hoo- &

fi(z) and fi(z) do exist, because the Cauchy—Rlemann conditions hold and the partial
derivatives are continuous

8”4 81}4 % . . 61}4
Bz_l_ay 8y_0_ :>f4() 1
us _ e Qv dus _ 2wy _ _ vy
81‘ (z2+y ) 8 By ($2+y2)2 81‘

_ _y*-a? - 2zy o 1
= f5( ) (2442)2 + Z(x2+y2)2 = 2 for z 75 0

fé(2) does exist, because f4(2) is an analutic function and therfore also f;(z) and fy(2).

fe(z) =
5) Clealy Auy(z,y) = Q2ui(x,y) + djui(x,y) = 0. Then

axul(xuy) :2_2y:8y’l}1($,y) :>U1( y)

2y —
ayul(xay) = —2r = _axvl(x>y) = Ul( ) x

2 3{ + fl@) } = v (z,y) = 2*—y*+2y+c
+f(y)

O2ug(w,y) = 0,(32% — \y?) = 6z

Doug(,y) = 0y(—2Azy) = =2

Opuz(z,y) = 32% — 3y* = Qyva(w,y) = va(w,y) = 32y — y* + f(2)
ayu2(xa y) = _6:)::1/ = _axUQ(xa y) = U2(£7 y) - 3:1:2,3/ + f(y)

} = Aug(z,y) =0 for A =3

}:>v2(:c, y) = 3x2y—1yP+c



