Mathematical Methods II

Exercises 5

1) Compute the Fourier transforms Fu(x) of the following functions

i)
-1 for —1<x<0
u(z) = 1 for 0<z<1
0 for lz| > 1

i)
(z) = x for |z| <A
=100 for |z > A
i)
u(z) = (42° — 2)e™
Exploit the fact that Fu'(z) = iz Fu(x) and F(e ") = /me /4,
iv)
u(z) = 22e
Exploit the scaling property of the Fourier transform Fu(Az) = izFu(x) and
Fle ™) = /me /4,
2) By using a similar technique as for the heat equation in the lecture, solve the wave
equation
Po(at) _dowt)
dt? de?
subject to the initial condition ¢(z,0) = 0 and boundary condition 0;¢(z,t) = f(x).

3) The function ¢ (x,y) satisfies the Laplace equation

d*Y(,y) N d*y(z,y)
dz? dy?

=0 for —c0o <z <00,y >0
subject to the boundary condition ¢ (z,0) = f(z), lim, .9 (z,y) = 0. Solve this
Dirichlet problem by using Fourier transforms.

4) The heat equation in two space dimensions is
AT (x,y,t) = 0T (z,y,t).

Write this equation in polar coordinates and assume that T'(x, y,t) as a function of r,
and t factorises as

T(r,9,t) = R(r)O(9)7(t).
Find the differential equation satisfied by R(r), ©(¢) and 7(t).



Solutions to exercises 5

b 21
Fu(x) = — [cos(z) — 1]
ii) ' .
Fu(x) = % l)\ cos(z\) — Smff)\)}
i)
Fu(z) = (iz)>F(e™) = —a?\/me >/
iv)
d Ve d T 20\ €_x2/4>\ ™ 9
fu(m):—a}"(e )——a <\/;e / )—T F(Q)\—x)
2)
o(z,t) = %/_tf(x — s)ds
3)
W(x,y) = / g(s)e Ve "*ds where Fg(z)= f(x)
4)
7 +a’t = 0
o + 62@ = 0

R+ rR + (*r* — )R = 0
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