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Hermitian: orbital angular momentum g;
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Embryo orbital angular momentum
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T, is Non-Hermitian operator
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Agenda

1. From Hermitian operator to Embryo Operator

2. Cohortspin T, (Embryo Operator)

Non-Hermitian spin angular momentum

3. Embryo orbital angular momentum Operatorf

4, Embryo Special Unitary Group SO(3)
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11 zZ* = z°, 79 =g '8

D~ 7

Symbol # was introduced by Al
Mostafazadeh JMP 43, 205-214 (2002)

a is Matrix Coefficient,
is Hermitian function or Hermitian matrix

- 1
1.2 define Embryo operator : Z :E(Z@ +7)
o771/ ¢ Mmatrix  or derivative :



1.3
define Embryo operator : Z = %(Z@ + Z
.

/ . matrix / . derivative
1 1+ = 5 IR
Z:E(a Z'a+Z) P, = {( 5) @5}
Oy 0 a0
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112" =272% Z=a ' Z «a
/ N\

Spinor representation, Vector representation

a=h(g)=| ,

| K'Z \/EUKQ_W 7728_2i¢ ]
@ = H(¢) — \/EﬁKeJri(p P 772 \/5771(6_“0
nle®  \2nwe’’ p
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2. Cohortspin?, (Embryo Operator)

Non-Hermitian spin angular momentum

2.1 Spinor representation

=4 T

1
2

+Hre™

—ixe’?

e

+Hn 1

N I

(T)® =T, Embryo operator, Called Cohortspin

T,, T, are non - Hermitian

Satisfies commutation rule
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as 77=O,K=\/1+772 =1, g;

T back tothe combinations of Hermitian operator &

T, = +(r,Cc08 @ + 7,SIn @)
T, = 2(z,cos ¢ -7,SIn @)
T3

— 1
= 503

(T)* = T, Hermitian operator
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2.2 The route to Cohortspin T (1) g;

2.2.1. §:%f — @, orthogonal real transformation
' Cosgp  Sing 0][S,| |®,
-Singp Cosep 0]|S, |=|D,

0 0 1l|s,| |o.

1 0 o0 1[e,] [T
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2.3 The route to Cohortspin T (I1)
231 Pauli 7 = (©)°=h"7h, h=x+27
r.) =1, +4inSing T,
ry =7, —4in Cose T,
ry =7, +4in T,

be substituted in following expressions

TE =T, +{Cosg(ef - 7) + Sing(cf ~7,)} =0
1 :
T, =T2+§K‘{COS§D(T§9 —7,)=Sing(z; —Tl)}+z%77(rf +7,)=0

TS@ :T3—z%77{COSg0(2'2@ +7,)—Sing(zr,” +z'1)}+%/<(ff —7,)=0
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3. Embryo orbital angular momentum Operatof; ' 4

1 e
3.1 LqDEE(lgo_l_l(o)

Cin-2° =—in- L h i) in-D)hp) = hig) =& + 21T,
op op op
:—ihi—ZﬂmT2 =1, - 2innT,
o
L—'hﬁ'hT—l hnT
¢——l 5—1772—(0—1772
D : a @ . D
L(D :(—Zh—) +(_lh77T2)
5 9% o
= —ih—=2innT,+ihnT @, =—-ih——innl, =L
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A90>

3.2 Isthere Associated Gegenbauer Equation ? E E @

In Euclidean Space, g(¢) =Sing, from Hermitian adjoint operator of
©@,) =-0,-97(8)0,9=-0,—Cotd
obtain
1. = (L) =L=0%+Cot00,=—I>
Legendre Z*ZQ
LP, ={0%+Cot00 ,}P, =—I(I+1) P =—I*
Compared with Gegenbauer EQ

GC, ={0%+(1+4m, )Cot00,}C,,, =—I1(I+1+4m,)C,,

l,mo

2. =(G)* =82+ @1—4m,)Cot0 8, +4m, # G =2 + (1+4m,)Cot 60,

(G)" # G, however , possesses real values
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3.3 Embryo Oribital Angular Momentum L

Hermitian orbital angular momentum

1, =10, = ig, 1,

1

a =g(0)h(p) = (Sin )" (x + 21T,)
C :%{(Z)@ +f}:%{a1fa v 7Y
Embryo orbital angular momentum
LL, -LL =ig,L, i, j=1,2,3
L, =/, +inhCot §Cos ¢T, +i2m ,hCos 6Sin ¢

L, =/, +inhCot 6Sin T, —i2m,hCos 8Cos ¢
= —ihd, —ihT,

2007-7-18 3
14



In non - Euclidean Space g(0) = (Sin 8)**",
from Embryo adjoint operator of &, @

Obtaln (849)(-B :—59_9_1(6’) a@ g:_éﬁ_(l_l_é]'mo)COte

N

(G) =G, G=0%+(1+4m,)Cot6 0,

Gengenbauer EQ.
GC,, ={0%+(L+4m,)Cotd 8,}C,, =—I(+1+4m,)C,, (m=0) (1)

= a =h(p)g(0) = Sin1+4m°6'(/c+ 2nT,)
—{05 + (L+4m,)Cotdo, — (Sin6) (L2 —4m? ) — 2m, (1+ 2my)} = L
{0% + (1+4m,)Coto,, — (SinO) ™ (m* +4mmy) — 2my(L+ 2m,) ¥C, =-L°C}",
—(l+2my)(1+2m, +1) C], =—L* C/"

[,m

Associated Gegenbauer EQ.
{05 +(1+4m,)Cotdo, — (Sind) *[m” + 4mm, ]+ I(l +1+4m,)} ¢, =0 (3
Assoclated Gegendre EQ.
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3.4

—

(1)’ =-n*{o, + Cot 80, — (Sin 6)*1>}

—

(1) = I(l+1)

(L)? =
—1*{0; + (1+4m,)Cot 60, — (Sin ) * (L — 4mg) — 2my (1+ 2m,)}

(L)? = (I+2my) (I +2m,+1)
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4, Embryo Special Unitary Group SO(3) ”}

Consinder special unitary operator U for which by defi#ion
In Euclidean inner product space

(@, 9)| =|(UD, UP)| =|(@,U"UP) =|(@, U UY) =|(@, ¥)

E.Winger showed that the probabilities of the transformed system
Is exactly the same as that of the original one,
If operator satisfies

U"U=UU", Uu*r=u-
Each typeof unitary U hasits conservative operator
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For example,
the case of Hermitian special unitary SO(3)

I _ —
R( @) = Exp( 1—h—5§0 1)
| is conservative generator with respect to space rotation,

| is generator of R(o)
What happen,
If orbital angular momentum
IS non — Hermitian operator ?
[ =Fxp = FxP=L

—

P 1s non—Hermitian operatol
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For example,
the case of Embryo special unitary SO(3)

R(¢) = Exp( 1—%5¢-E)

L is conservative generator with respect tospace rotation,

L is generator of R(¢)
[ =Fxp = FxP=L

P and L are non—Hermitian operator:
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