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The boundary forcing of open flows of active media can lead to a variety of
spatiotemporal structures, depending on the local kinetics of the medium and on the
characteristics of the forcing. Here, we demonstrate that regardless of the local kinetics,
the combination of flow and boundary forcing is a powerful method for replacing intrinsic
modes with extrinsic ones. This entrainment of dynamics has important implications for
biological morphogenesis. During early embryonic development it is frequently observed
that stripes of gene expression and segments arise one after the other along a growth-axis.
We show that axial growth can be viewed as an open flow of cells away from a growth
zone. Based on this realisation, we demonstrate using three generic
reaction—diffusion—advection schemes how a space-periodic structure is induced, one
“segment” at a time along the growth/flow axis, by a segmental clock that is synchronised
within the growth zone. The schemes are investigated in the context of an abrupt and a
gradual change in the properties of the segmental clock. Experimental observations
provide evidence that the latter is involved in the early development of many vertebrates.

1 Introduction

In past decades, pattern formation in far-from-equilibrium systems has been studied primarily in
the context of reaction—diffusion systems with a rapidly diffusing inhibitor. The realisation® that
the coupling of local kinetics to long-range inhibition may cause spontaneous symmetry-breaking
has had a great impact on modern understanding of pattern formation.2~*! On the other hand,
symmetry breaking in open-flow reaction—diffusion—advection (RDA) systems has been considered
only recently.!?-22

The key element of an open flow!? is that it begins at an upstream boundary where fresh
medium is injected. This influx represents a boundary forcing that may entrain the temporally
evolving medium into a variety of wave-patterns. The resulting spatio-temporal dynamics depends
on the local kinetics of the medium (monostable, bistable, oscillatory) and on the character of the
boundary forcing (constant, periodic, stochastic).

We argued recently?! that axially growing embryos are actually equivalent to open flow
systems: the movement of an organising centre or growth zone relative to the stationary cells is
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equivalent to a relative flow of cells away from this upstream boundary. In this paper, we extend
our earlier analysis?? to open-flow RDA systems whose local kinetics is either monostable,
bistable or oscillatory. The idea is that cell differentiation during early development is regulated,
at least in part, by a space-period morphogen pattern imposed by the combination of a growth-
induced flow and a periodic process, a segmental clock, at the growth/flow boundary. Our investi-
gation is also relevant to pattern formation in periodically boundary-forced plug-flow reactors
and in light-sensitive media whose properties change at a moving boundary of illumination.
The open flows investigated here are “plug-flows” modelled by the RDA equations of the type:

2

Ou Ou 0°u
5 S -¢s5+Do3

s u(x =0, t) = b(t), 1)

where u is a vector of interacting species, f(#) describes their local interactions and D is a diagonal
matrix containing the diffusion coefficients. The flow coefficient, ¢, is equal for all the species.
No-flux boundary conditions are imposed at the outflow, x = L, while b(t) describes the character-
istics of the temporal evolution at the inflow boundary, x = 0. The flow carries elements away
from the boundary at velocity ¢ and an element is located at x = a¢ after it has spent the time-
period (or age) a in the flow.

In a chemical system, eqn. (1) describes an ideal plug-flow reactor illustrated in Fig. 1(a). In this
context, Kuznetsov et al.'* and later Andrésen et al.'® studied eqn. (1) with oscillatory local
kinetics, equal diffusion coefficients and constant boundary forcing. Based on linear analysis they
predicted the formation of waves that are stationary relative to the inflow boundary. This finding
was startling at that time since long-range inhibition is not involved. We have since confirmed
their existence experimentally'” and generalised the linear analysis.'® We have also investigated
periodic boundary forcing!® which is of key relevance to biological morphogenesis.?!+22

Space-periodic structure in the form of repetitive segments or bands of gene expression arises in
many insects, worms and vertebrates one after the other along a growth-axis. A relevant case is
the one where axial growth occurs by the divisions of stem cells at the tip of the growing embryo.
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Fig. 1 (a) Open flow packed-bed chemical reactor. Reagents are injected at one end and products removed at
the other. The constant influx imposes a boundary forcing that may be constant, periodic or stochastic in time.
(b) The typical reference frame of axially growing embryos. Daughter cells are stationary and the terminal
growth zone is pushed downwards. (c) The growth zone is taken to be stationary. The continued shedding of
progeny cells now amounts to a steady flow of cells away from the growth zone.
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This is illustrated in Fig. 1(b). While the terminal growth zone (TGZ) of proliferating stem cells
advances downward (slanted arrow), the daughter cells remain stationary with respect to their
immediate environment and the embryo as a whole (horizontal arrow). Thus, the distance between
the TGZ and the daughter cells increases as the embryo continues to grow.

Fig. 1(c) shows the same process in the reference frame where the TGZ is stationary (horizontal
arrow). The continuous shedding of daughter cells from the TGZ now amounts to a steady flow of
cells away from it (slanted arrow). As in the plug-flow described by eqn. (1), the distance between
the TGZ and a cell with age a is given x = a¢ when the growth rate, ¢, is constant. The net result
of a growth-induced flow is thus the same as in a flow system of the plug-flow type and axially
growing biological systems can be approximated by eqn. (1) when cell-cell communication is
modelled as a diffusion-like process.

As indicated by Fig. 1(b) and (c), there are two ways to model axial (i.e. anisotropic) growth.
One is to keep the cells fixed while allowing the growth-boundary to move, as in Fig. 1(b). The
flow is absent in this reference frame and the length of the system increases at a rate given by the
growth velocity. The other is to keep the growth-boundary stationary and have cells move, as in
Fig. 1(c). We have chosen to adapt this latter reference frame since the theory of open flow systems
is well developed. Since we are modelling a growth-process, the boundary at x = L in eqn. (1)
should strictly speaking move at a velocity given by ¢. However, the outflow boundary does not
have significant influence on the dynamics of the system provided that its length is sufficiently
large at all times. It suffices for the present purposes to have a constant value of L.

To induce cell differentiation, a space-periodic morphogen pattern must be stationary relative
to individual cells, at least in the absence of a mechanism that can interpret a temporally varying
morphogen level. The structures investigated throughout this paper are those that are stationary
relative to cells and the developing embryo as a whole. Relative to the growth/flow boundary they
have a velocity that is equal to the growth/flow velocity, i.e. ¢ = ¢.

In a system described by eqn. (1), a structure that propagates with velocity ¢, in the absence of a
flow, will in the presence of a flow typically propagate with a velocity given by:

ct=¢tc. @

The reaction—diffusion driven propagation is simply decreased when the structure moves against
the flow (¢~ < ¢,) and enhanced when it moves with the flow (¢* > ¢,).

To obtain structures that move with velocity ¢ = ¢ relative to the upstream boundary it is
required that ¢, = 0. Thus, we are looking for reaction—diffusion schemes that support stationary
structures in the absence of a flow. They fall into three generic classes: (1) (nearly) stationary phase
waves in media with oscillatory local kinetics, (2) media with steady or oscillatory local kinetics
that support Turing structures and (3) media with bistable or excitable local kinetics that support
stationary interfaces. When formed in the presence of a flow, we refer to them as flow-distributed
structures (FDS).

The paper has two main sections. The idea pursued in Section 2 is that cells within the TGZ in
Fig. 1(c) oscillate in synchrony and thereby impose a periodic forcing, b(t) = b(t + T'), on the shed
daughter cells. We show how the periodic boundary forcing in the three generic scenarios may
entrain the spatio-temporal dynamics and give rise to FDS with velocity ¢ = ¢. In Section 3, we
review the developmental process in vertebrates known as somitogenesis. Experiments have
demonstrated that gene expression has wave-like character during somitogenesis in fish, birds and
mammals and involves gene expression waves that propagate through the unsegmented tissue
with decreasing width and velocity. Eventually, the velocity and wavelength coincides with what is
predicted by each of the schemes investigated in Section 2. The spatio-temporal wave behaviour
indicates that the local kinetics within cells change smoothly rather than abruptly, as assumed in
Section 2. By allowing for a spatial variation of the kinetic parameters, we demonstrate that each
of the three schemes account well for the observed wave behaviour.

2 Flow-distributed structures: general aspects
2.1 Phase-wave FDS

We first consider the spatio-temporal phase dynamics of a medium whose local kinetics supports
an oscillation with period T;,. To derive the phase function, 6(x, ¢), i.e. how the oscillation phase
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depends on space and time, we introduce a new space co-ordinate x/(¢Tp). This yields a new
velocity ¢/(¢Ty) = 1/T,. Eqn. (1) is then re-scaled by introducing the co-ordinate z = x/(¢Tp)
— t/T, that moves with the flow. In this reference frame, eqn. (1) transforms into:

3 o
-f—ﬂm+85§EMm@ with & =
y4

o @
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o1
The diffusion coefficients are set equal to D for all the species. The kinetics in the co-moving
reference frame thus approaches that of the local kinetics as ¢ approaches zero, h(u, &) — f(u) for
¢ —» 0. When ¢ = 0, diffusive interactions are non-existent and the cells oscillate independently of
each other. This means that the time periodic solution of the local kinetics, via the above change
of variables, translates to a space-periodic solution in eqn. (1). When diffusion cannot be ignored,
but ¢ remains low,?? it is reasonable to expect that cells oscillate with a period T such that
T(e) > Ty for e - 0.

Suppose that the boundary forcing, b(t), has a period T’ and that daughter cells (or volume
elements) have oscillation phase 0,(t) = t/T" when they leave the growth zone (or reactor inlet) at
x = 0. As a cell moves downstream, its oscillation phase advances linearly. After a time-period a, it
is located at x = a¢ and the phase has advanced by a/T. Hence, the phase value at distance x and
time ¢ = a + 7 is given by the phase function:

a t—a a x{1 1 t
(o ) =0t =)+ 3 =" +7 ¢Q‘T>+T @

Differentiation of eqn. (4) with respect to ¢ reveals that each fixed spatial point oscillates with
the same period as the boundary T'. The boundary forcing thus imposes itself onto the whole
system. The wavelength, A, and the velocity, ¢, of the resulting phase waves are readily obtained
from eqn. (4)%! as:

c= —¢ A= oT
R—-1 IR —1]|

©)

where R = T'/T. Phase dynamics, eqn. (5), thus predicts stationary waves, ¢ =0, for R = oo
(constant boundary forcing), upstream travelling waves, ¢ <0, for R > 1, homogeneous oscil-
lations, ¢ = oo, for R = 1 and downstream travelling waves, ¢ > 0, for R < 1. The waves that are
relevant here, i.e. those with ¢ = ¢, are obtained when R = 0. This corresponds to the arrest,
T — oo, of the intrinsic oscillation, for instance by the arrest of the local oscillators, Ty, — co. The
resulting phase-wave FDS has a wavelength that is given by 1 = ¢ T".

Note that the diffusion term in eqn. (1) cannot be ignored when the local kinetics comes to a
halt: f(u) > 0 for T, - oo. As a result, the FDS is a transient when formed for T, = co. Axial
dispersion (diffusion) eventually homogenises the system and a non-uniform structure cannot be
maintained. The phase-wave scenario is however still relevant for morphogenesis since the tran-
sient structure may be sufficiently long lived to induce cell differentiation. This will be discussed in
Section 3.2. In addition, there are mechanisms other than setting T, = oo that gives rise to an
arrest of the intrinsic oscillation, i.e. T = oo, as shown below.

2.2 Linear analysis

To investigate alternatives to the above phase-wave scheme, we now briefly discuss some useful
insight provided by linear stability analysis. It predicts when a space-periodic sinusoidal pertur-
bation, a mode, applied to a homogeneous state is amplified. To show that a linearly amplified
mode gives rise to a persistent space-periodic structure requires a non-linear analysis and may
involve secondary bifurcations from an already established pattern.>* Such an analysis is beyond
the scope of the present paper and will be pursued elsewhere. Despite these shortcomings, a linear
analysis indicates when the relevant FDS may arise from an initially homogeneous state. Their
amplification and stability are investigated by numerical simulations.?5

We focus on systems with two interacting species, an activator u and an inhibitor v. The RDA
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equations are:

Ou Ou 0%u

E=Vf(u, U)—¢a+DuW,

ov v 0%

a=79(u,v)—¢a+1)uw, (6)

where y determines the time-scale of the kinetic terms f(u,v) and g(u,v). The linear stability of a
steady state (u,,v,) is determined by the temporal evolution of a small displacement U = u — u,
and V = v — v, away from it. We look for solutions of the form:

U(X, t) — UO expmt+ikx, V(x, t) — VO expwt+ikx’ (7)

where w determines the temporal evolution of the displacement, Im(w) determines the local fre-
quency and k is the wavenumber. U, and V, are arbitrary constants.

A simplified description is obtained by expanding eqn. (6) in a Taylor series using eqn. (7) and
keeping only the linear terms. Valid solutions to the resulting linear equations must satisfy a
dispersion relation. It is given by:

20 = Tr — k*(D, + D,) — 2ike + /4
A =Tr? — 4 det + 2k*(D, — D, )a,; — a,,) + k*(D, — D)%, 8)

where Tr = a;; + a,,, det = a,,a,, — a,,a,, and a;; are the elements of the Jacobian matrix at
the steady state of the local kinetics.

The real part of w, Re(w), is independent of ¢ since the wave number k is real and ¢ only enters
into eqn. (8) through the term ik¢. Furthermore, the imaginary part of w is given by Im(w) = k¢
when the square root term in eqn. (8) is real (i.e. when 4 > 0). Since the phase velocity of a mode is
given by ¢ = Im(w)/k, the modes amplified have the desired velocity ¢ = ¢ when 4 > 0.

To provide a specific example, we use a model of the FitzHugh-Nagumo (FHN) type.2®27 It
involves the kinetic terms:

f(u, v) = e(u—u®—v), gu,v)= —v+ou+ p. )

The parameters ¢, « and S are associated with the time-scale separation between u and v, the
coupling-strength of the inhibitor v, and the asymmetry of the phase plane structure, respectively.
As shown in Fig. 2(a) the phase plane structure is symmetric for § = 0 and the local kinetics has a
steady state at the origin, (#4,v,) = (0,0). It is a focus for & > 1 and changes stability through a
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Fig. 2 (a) Phase plane portrait of the FHN kinetics for f = 0. (A): The steady state at (0,0) is a focus for
o > 1 and gives rise to relaxation oscillations for ¢ > 1 and sinusoidal oscillations for ¢ > 1. The steady state is
stable for ¢ < 1. (B): The steady state at (0,0) is a saddle point for a < 1. Bistability is ensured when o < 2/3. (b)
The largest real part of the eigenvalues as a function of the wave number. (A): Local steady state is a stable
focus (¢ = 0.95, « =2, D, = 0.01, D, = 0.1). (B): Local steady state is an unstable focus (¢ = 1.5, « =2, D, =

0.01, D, =0.1). (C): Local steady state is a saddle point (¢ =1, « = 0.3, D, = D, = 0.01). Other parameter
values are: y =1, f = 0.
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super-critical Hopf bifurcation when ¢ passes through a value of unity. It is stable for ¢ < 1 and
unstable for ¢ > 1. The steady state is a saddle point for « < 1 and bistability is ensured when
a < 2/3 (for B = 0). Excitability requires that ¢ and f be sufficiently large.

The dependence of Re(w) on k? is illustrated in Fig. 2(b) for the cases where the local kinetics at
(ug,00) = (0,0) is (A) a stable focus, (B) an unstable focus and (C) a saddle point. These three
different cases are discussed below. The modes where Re(w[k?]) is positive are linearly unstable,
meaning that a low amplitude spatial perturbation with wavelength 4 = 2r/k is amplified.

2.3 Turing-type FDS

The steady state solution of the local kinetics is a stable focus when Tr < 0 and Tr? — 4det < 0.
The homogeneous steady state undergoes a Turing bifurcation when the inhibitor diffusion coeffi-
cient is increased relative to that of the activator and 4 in eqn. (8) becomes positive. The onset of
the Turing instability is unaffected by the flow (since ¢ appears only in the imaginary part of )
and the linearly unstable modes are the same as in the absence of a flow. The critical wavenumber,
k., is given by:2®

_ay D, +a5,D,

k= 10
‘ 2D, D, (10)

and the limits of the range of unstable wave numbers, k € [k_; k. ], are:
K2 — k2 + \/(6111D.; +a,,D,)* — 4D, D, det a1

+ = e - .

2D, D,

A perturbation with a wavenumber within this range may give rise to FDS with velocity ¢ = ¢
(since ¢ = Im(w)/k).

2.3.1 Absolute and convective instability. Before turning to the case of periodic boundary
forcing, we briefly discuss some key general features of open flow systems using an open flow of
Turing-unstable medium as example.

An open flow of a linearly unstable reaction—diffusion medium is either absolutely or convecti-
vely (spatially) unstable. If the flow velocity is low, a locally applied perturbation to the homoge-
neous state causes an inhomogeneity to develop and the edges of this structure spread both
upstream and downstream. For equal flow coefficients, they have velocities given by eqn. (2) if they
spread at velocity ¢, in the absence of a flow. The system is said to be (linearly) absolutely unstable
if ¢~ < 0 and the slowest moving edge spreads upstream. In this case, the wavenumber and the
velocity are selected intrinsically and they can be obtained from the dispersion relation (see e.g. ref.
29). An example of a Turing-type FDS formed under absolutely unstable conditions is shown in
Fig. 3(a).

On the other hand, if the flow velocity is high and ¢~ > 0, both edges of the spreading structure
are pushed downstream and eventually out of the system. As illustrated for the Turing-type FDS
in Fig. 3(b), the initial perturbation is amplified only in the downstream direction. The system

(b) (c)

Y

30

space
space

space

OU time 60 0 time 150 0 time 60
Fig. 3 FDS of the Turing-type without periodic boundary forcing. (a) Absolutely unstable flow conditions for
¢ = 0.1. (b) Convectively unstable flow conditions for ¢ = 0.5. (c) Noise-sustained structures (see text). Param-
eter values used are: y=1, =095 a=2, =0, D,=0.01, D, =0.1. In (c), the time-step is 0.01 and the
average distance between grid points is 0.05.
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returns to the homogeneous state when the intrinsically selected spreading structure eventually is
washed out. The system is now said to be convectively unstable.

A key feature of convectively unstable open flows is that they support noise-sustained struc-
tures.'? They arise by the amplification of the small amplitude fluctuations that are present at all
times in a real system. The fluctuations at the boundary are of key importance since they have the
most time to grow. They can typically be decomposed into a spectrum of temporal frequencies, «’,
which in the presence of a flow gives rise to a spectrum of spatial modes, k' = ¢w'. It is typically
the one with the highest growth rate, max(Re[w(k)]), that ultimately is selected. Fig. 3(c) shows a
simulation of a noise-sustained Turing-type FDS. In the simulation, the boundary-value of activa-
tor is at each time-step set to a random value chosen from a normal distribution with standard
deviation of 0.1.

The Turing-type FDS that arises at a low flow velocity (absolutely unstable conditions) or as a
noise-sustained structure at high flow velocity (convectively unstable conditions) has the correct
velocity, ¢ = ¢. A traditional Turing mechanism with an intrinsically selected wavelength may
thus be operational in axially growing systems. As we show next, the wavelength of the FDS may
also be selected extrinsically. This is important in relation to fundamental biological problems
such as size adaptation and regulation of developmental dynamics.

2.3.2 Forced convective FDS. The amplification of boundary-modes with wavelength A = ¢T’
allows for the entrainment of the spatio-temporal dynamics by applying a periodic boundary
forcing with period T’ (see e.g. ref. 20). It is required that the forcing amplitude is sufficiently
higher than that of the background noise and that the imposed wavelength is within the appropri-
ate range.

The space—time plots presented in Fig. 4 illustrate the effect of periodic boundary forcing on the
spatio-temporal dynamics of a Turing unstable medium under convectively unstable flow condi-
tions. The forcing mimics the Turing structure formed in the absence of a flow (not shown). The
three simulations use the forcing periods: (a) 7" = 2.1, (b) T'=0.6 and (c) T' =3, all at ¢ = 1.
The wavelengths of the unstable modes lie between 0.70 and 2.6 for the chosen parameter values.
The imposed periodicity is outside the range amplified by the medium in Fig. 4(b) (A = 0.6) and in
Fig. 4(c) (A = 3).

In Fig. 4(a) the wavelength lies within the range supported by the medium and a new “segment”
is added to the FDS each time an oscillation is completed at the boundary. The wavelength of the
persistent Turing-type FDS is equal to 2.1, as expected. Other simulations have indicated that
persistent structures with ¢ = ¢ exist for wavelengths A = ¢ T’ within the spectrum of unstable
modes.

Fig. 4(b) and (c) illustrate what may happen when the imposed wavelength lies outside the range
supported by the medium. In Fig. 4(b) the imposed periodicity is too short and it decays to the
homogeneous state. In Fig. 4(c) the imposed periodicity is too long. Now the amplitude of each

(a) (b} (c)
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Fig. 4 Forced Turing-type FDS. The boundary forcing is u(x = 0,t) = 0.2 x sin(2nt/T"), v(x = 0,¢) = 0.1
sin(2nt/T’) and ¢ = 1. (a) The imposed periodicity, A = ¢ T", is within the range of wavelengths supported by
the medium (7" = 2.1). (b) The imposed structure is too short (T’ = 0.6) and decays. (c) The imposed structure
is too long (T = 3) and the decaying structure splits to give an FDS with a decreased wavelength. Parameter
values are: ¢ =09,a=2,=0,y=1,D,=0.01,D,=0.2.
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imposed segment initially decays before the segment splits into smaller ones. The wavelength is
decreased and lies after the splitting within the range of wavelengths that are amplified.

Turing-type FDS with velocity ¢ = ¢ are also supported when the steady state of the local
kinetics is an unstable focus. As shown in Fig. 2(b), the homogeneous steady state is in this case
unstable to long-wavelength perturbations. The eigenvalues in eqn. (8) are complex conjugate at
low values of k (since 4 < 0) and the structures that arise in this range do not have the relevant
velocity (since Im(w) # ¢k). However, as the wavenumber increases, the homogeneous state first
becomes stable as Tr — k*(D, + D,) becomes negative. As indicated in Fig. 2(b), it then becomes
unstable (since 4(k?) becomes positive). Unstable modes with 4(k?) > 0 have the relevant velocity
(since Im(w) = ¢k). Simulations have confirmed that these modes give persistent Turing-type FDS.

In summary, we have demonstrated that Turing-unstable media, be it with steady or oscillatory
local kinetics, may give FDS with velocity ¢ = ¢ either under absolutely unstable conditions or
under convectively unstable conditions. In the latter case, periodic boundary forcing may give rise
to FDS that have the same properties as those predicted by phase dynamics for R = 0, namely
velocity ¢ = ¢ and wavelength A = ¢T".

2.4 Interface-type FDS

The local kinetics of a bistable system typically supports two stable steady states that are separat-
ed in phase space by a saddle point. As shown in Fig. 2(b), a homogeneous system located at the
saddle point has unstable modes with wavenumbers between k = 0 and some upper critical value
k. . Hence, any imposed structure that has a wavelength longer than a critical value, 4, is initially
amplified. From eqn. (8), the value of 4 is obtained as:

22 = 8m2D(Tr + /Tr2 — 4 det)™* (12)

when D, = D, = D. The unstable modes all have the relevant velocity ¢ = Im(w)/k = ¢, since
A(k?) > 0 for k < k.. Which mode is ultimately selected depends, of course, on the nonlinear
terms in the local kinetics.

Hagberg and Meron®° did a detailed study of the bistable FHN kinetics in the absence of a
flow. For f =0 and equal diffusion coefficients, there exists a stable stationary interface in a
certain range of e. This is exactly the case relevant here: a space—periodic interface-structure that
is stationary in the absence of a flow is carried downstream at velocity ¢ = ¢ in the presence of a
flow. When the diffusion coefficients are equal, a space-periodic interface-type FDS is supported
when ¢ > 1 and its wavelength is sufficiently long.3!

In the presence of a flow, a boundary forcing that periodically switches between the two basins
of attraction may give rise to a persistent FDS with wavelength A = ¢T’ and ¢ = ¢. For this to
occur, it is required that a critical nucleus®? of each state is established at the boundary. An
example of an appropriate forcing is one that is symmetric around the unstable steady state. In
addition, the system must be nonlinearly convectively unstable®? in order to avoid a competition
between the boundary-mode and the intrinsically selected k = 0 mode (i.e. one of the stable steady
states). An example of a persistent FDS formed with equal diffusion coefficients is shown in Fig.
5(a).

In the absence of a flow, the stationary interface-solution is destroyed for f # 0.3° The resulting
spatio-temporal dynamics is illustrated in the space-time plot shown in Fig. 5(b). The parameters
are the same as in Fig. 5(a) with the exception of an increased value of g (from zero to 0.1). It is
observed that the spatial periodicity imposed by the boundary is initially amplified. However, an
interface with ¢, = 0 (¢ = ¢) is not supported and the boundary-imposed FDS is only transient.

In the absence of a flow, increasing the diffusion coefficients makes stationary interfaces possible
in the case where f # 0. Localised stationary structures with ¢, = 0 maintained by rapid inhibitor
diffusion have been studied intensively in both bistable and excitable reaction-diffusion media (see
for instance ref. 27 and 31 and references therein). In the presence of a flow, a long-range inhibitor
is required for persistent FDS with velocity ¢ = ¢ when the two steady states have different rela-
tive stability. An example of persistent interface FDS formed for f = 0.05 is shown in Fig. 5(c).

Note, that excitable media support the same structures (i.e. ¢, = 0) as do bistable media when
the inhibitor diffusion coefficient is sufficiently large.3! Simulations have confirmed that appropri-
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Fig. 5 FDS of the interface-type. (a) The two stable steady states are equally stable (f = 0). A persistent FDS
with wavelength A = ¢ T’ and ¢ = ¢ can be imposed by periodic boundary forcing (u(0, ) = 0.01 sin(nt) and
v(0, t) = 0) with equal diffusion coefficients. (b) For = 0.1, the more stable (dark) phase absorbs the less stable
one (D, = 0.01, D, = 0.05). (c) The less stable phase (light) is stabilised when inhibitor diffusion is increased to
D, = 0.2. Forcing amplitude in u is 0.1 and f = 0.05. Other parameter values are: ¢ = 10, « = 0.3, ¢ = 0.5.

ate periodic boundary forcing and sufficiently rapid inhibitor diffusion can give rise to FDS with
velocity ¢ = ¢ in both excitable media and in oscillatory media of the relaxation-type.

In summary, FDS with velocities ¢ = ¢ and wavelengths 1 = ¢ T’ can arise robustly in period-
ically boundary-forced open flows. When the inhibitor diffusion is sufficiently rapid, they arise
with mono-stable local kinetics (Turing unstable or excitable media), with bistable local kinetics or
when the local kinetics supports oscillations. In addition, a long-range inhibitor is not strictly
required: the transient phase waves that arise when T, - co may be long-lived and persistent FDS
arise when the local kinetics supports two steady states with the same relative stability.

3 Flow-distributed structures in biology

The most compelling experimental evidence for the operation of an FDS or FDS-like scheme is
found during the vertebrate developmental process of somitogenesis. As shown below, the waves
of gene expression observed during somitogenesis are not exactly of the type demonstrated in the
previous section. The difference is that they have widths and velocities that change gradually as
they propagate farther away from the growth zone. In this section, we show that the observed
wave behaviour can be accounted for by either of the three generic schemes in Section 2, by
allowing for a spatial variation of the kinetic parameters in eqn. (9).

3.1 Somitogenesis

Somitogenesis is the process that establishes the blueprint of the vertebral column by the periodic
formation of cell-clusters (the somites) along the body axis of the developing embryo. Fig. 6(a)
shows a schematic drawing of a developing chick embryo. The structure at the top is the
developing head and the spheres are the somites. The structure flanked by the somites is the
neural tube (the precursor to the central nervous system). Structures that are repeated along the
body axis, such as the vertebrae, ribs, skeletal muscles etc, derive from the differentiated cells of
the somites.

The somites on each side of the neural tube derive from rods of approximately cylindrical tissue
called the presomitic mesoderm (PSM). The somites form by reorganisation of cells at the anterior
(head-most) PSM boundary. As cells are removed from the anterior end of the PSM, new cells are
continuously added to its posterior (tail-most) end and the length of the PSM remains relatively
constant (10-12 somite-lengths in the chick). This axial growth (downward in Fig. 6) is required
for continuous somite formation in many vertebrates3* and seems to be facilitated, at least in part,
by a stem-cell population residing in the tissue prior to the posterior PSM boundary.3*:3¢ The
division of cells within the PSM seems mainly to increase its depth rather than its length or
width.>” For the present purpose, each PSM half is viewed as a rigid one-dimensional structure
where non-differentiated cells enter at the posterior end and leave it at the anterior end.

The formation of somites at the anterior PSM boundary is preceded by intricate gene expres-
sion patterns believed to serve an important regulatory purpose (see ref. 22 for a discussion and
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Fig. 6 Somitogenesis in the chick. (a) Schematic drawing of the chick embryo. The spheres are the somites.
(b) Spatio-temporal dynamics of gene expression waves during the formation of twelve somite pairs (adapted
from ref. 36). Each vertical column represents a snap-shot taken at intervals of 30 min. Gray represents regions
where c-hairy]l mRNA is expressed. Somites are represented by circles and prospective somites within the
PSM by squares. The anterior and posterior PSM boundaries are marked by slanted dashed lines. The solid
horizontal box marks the position of a group of cells within the PSM. While it remains stationary with respect
to the embryo, the movement of the PSM boundaries causes it to be transported across the entire length of the
PSM during the 18 h period.

references). The spatio-temporal dynamics of c-hairyl mRNA expression in the chick embryo3® is
illustrated schematically in the space-time plot shown in Fig. 6(b). Regions where c-hairyl mRNA
is expressed are marked in grey.

Fig. 6(b) illustrates the downward movement of the posterior and anterior PSM boundaries
(marked by slanted dashed lines). Since cells remain fairly stationary relative to the embryo as a
whole, the movement of the PSM boundaries is equivalent to a flow of cells through the PSM.
The horizontal box outlines a group of cells (a prospective somite) that enters the PSM at its
posterior end (at the left in Fig. 6(b)) and matures into a somite (circle) at the anterior end of the
PSM (at the right in Fig. 6(b)). The net result of cells being stationary and boundaries that move is
that this group of cells is transported across the entire length of the PSM over an 18 h time-
period. Meanwhile, each cell completes about 10 expression cycles before the expression becomes
constant near the anterior PSM boundary. At this point, the gene expression waves are stationary
relative to cells and the wavelength of the gene expression pattern is one somite length [.

The operation of a cellular segmental clock3® within the PSM indicates that the gene expression
waves are phase waves, at least in the posterior-most part of the PSM. This is further substan-
tiated by the observations®® that they (1) are unaffected by transverse cuts through the PSM and
(2) continue a predetermined program after small fragments of the PSM are separated from the
rest of the embryo. In addition, cells enter the PSM with a periodically recurring phase of the gene
expression cycle and are synchronised either before or while entering the PSM. It has been report-
ed that the oscillation is present before the cells are added to the PSM.*%#! The period of
“boundary forcing” in the posterior region of the PSM is about 90 min in the chick.

We have demonstrated experimentally that the gene expression waves can be mimicked in an
open flow of the oscillating ferroin-catalysed Belousov—Zhabotinsky reaction medium.?! Blue
bands were periodically initiated by a homogeneous oscillation near the reactor inlet and propa-
gated downstream with a decreasing width and velocity, just like the bands in Fig. 6(b). This
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spatio-temporal phase wave behaviour is the result of a gradually increasing intrinsic oscillation
period as volume elements are carried away from the reactor inlet by the flow. Based on this
scenario, we proposed in ref. 22 a simple phase model of somitogenesis where the period of the
segmental clock gradually increases as cells move away from the posterior boundary. As a result,
the value of R (see Section 2.1) decreases smoothly from a value of one at the posterior boundary
to a value of zero at the anterior boundary, giving rise to a decreasing width and velocity of the
phase waves.

While phase dynamics accounts for a large number of experimental observations,?? the most
compelling evidence for the involvement of an FDS or FDS-like mechanism is the experimentally
observed wavelength within the array of mature somites. The length of the PSM is fairly constant
and it grows by approximately one somite length, I, for each somite formed. A somite emerges
every time a posterior oscillation cycle is completed and the velocity of the growth-induced flow is
thus ¢ = I/T’. With this flow velocity, the scenarios investigated in Section 2 all predict that the
wavelength should be 1 = ¢T’ = I, exactly as observed. In the subsequent sections, we demon-
strate that the three RDA schemes also account for the wave behaviour within the PSM when
there is a gradual change in kinetic parameters.

3.2 RDA models of somitogenesis

In the RDA models of somitogenesis, we describe the segmental clock using FHN kinetics in eqn.
(9) and the PSM by eqn. (6). No-flux boundary conditions are imposed at x = 0. This implies that
the stem cells feeding the PSM are synchronised with the daughter cells just after the latter are
formed. This is fully equivalent to having a periodic forcing with T = T at the posterior PSM
boundary.

The spatial variation of the oscillation period is obtained by introducing a third dynamic vari-
able, w(a), which, to preserve the kinematic nature of the regulation,?? depends only on the time, a,
a cell has spent in the PSM. The idea is that the properties of the segmental clock also change
with cell age. A simple way to model the evolution of w is through a Fisher-Kolmogorov type
logistic equation:*2

d_w =g, w(l — wP), (13)
da
where a is the age of a cell. This is equivalent to a scenario where a factor, such as a protein or
DNA transcription factor, is present in low levels within the stem-cell population and its starts to
accumulate when cells enter the PSM.
The solution of eqn. (10) is for p = 1 given by:

W, exp(e,, a)
1 — wo + wg exp(e, a)

wa) = (14)
where 0 < wy « 1 is the level of w when a cell enters the PSM. It is a relatively steep saturation
curve that connects the initial value w(0) = w, to the steady state at w = 1 for large a. Nonlinear
response functions with a shape similar to that of eqn. (11) are frequently found in covalent
modification cascades, genetic regulation and signalling pathways (see e.g. ref. 43). For the present
purposes, a more elaborate model of the regulatory network is not required.

Our investigation is intended to demonstrate that each of the three generic FDS scenarios, in
principle, may be operational in somitogenesis. Very little is known about the kinetics of the
segmental clock, its spatio-temporal regulation or the role of cell-cell communication. We have
not attempted to fit the model parameters to experimental observations and have only considered
the simplest couplings. An overview of the different scenarios investigated is given in Table 1.

In the reference frame where the posterior PSM boundary is stationary, eqn. (10) is modelled by
the RDA equation:

ow ow 0*w
— = 1—w)—¢—+D, —.
o Wl —w)—¢ 0x D 0x2
A non-uniform spatial profile, w(x), arises along the length of the PSM when w is kept at a
constant value w, at x = 0. While w is intended to be strictly cell intrinsic, a small diffusive term,

(15)
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Table 1 Summary of FDS scenarios investigated and the couplings used. Tj, is the oscillation
period of the local FHN kinetics for w = 0 and d is a constant

Section and scenario Coupling Effect on kinetics

3.2 Phase-wave FDS ya) = T,[1 — w(a)] Arrest of oscillation

3.3 Turing-type FDS ga) =(gg — O)[1 — w(a)] + o Oscillatory to mono-stable or
y(a) = To[1 — dw(a)] slowing down of oscillation

3.4 Interface-type FDS ofa) = ag[1 — ow(a)] Oscillatory to bistable

D,,, is needed to avoid numerical instabilities in the simulations. The deviation between the solu-
tion of eqn. (12) and eqn. (11) (with a = x/¢) is however inconsequential when D,, < 0.01. Note
that the case of periodic boundary forcing is recovered when w changes abruptly from zero at
x = 0 to one for x > 0.

The following scaling is used: unit time is taken to be the oscillation period, T, of the FHN
kinetics. The value of y is then set equal to T; such that eqn. (6) oscillates with a period T’ = 1 at
x = 0. For instance, the oscillation period of the FHN kinetics is T, = 1.79988 when w =0,
=10, « =2, y=1 and by setting y = T, the oscillation period becomes one. This scaling is
implicitly assumed in all simulations in the subsequent sections. Unit length, [, is chosen such that
the re-scaled flow velocity is ¢ T’/ = 1. This corresponds to an axial extension of one somite
length for each completed posterior oscillation. With this choice of space- and timescales, the
diffusion coefficients are re-scaled by a factor equal to T'/I>. In all the simulations, we take ¢,, = 1,
p=1and wy, =5 x 107 5. The FHN kinetics is symmetric, i.e. B = 0, unless otherwise stated.

3.3 Phase-wave scenario

The first scheme is a RDA version of our earlier phase-mode.?? It involves an oscillation period
that approaches infinity as the cell age increases. As w(a) increases from w, at x = 0 towards a
value of one far from it, the value of R (see Section 2.1) is made to change from one to zero by
setting y(a) = Ty[1 — w(a)]. The diffusion coefficients are equal.

The simulations in Fig. 7 shows the spatio-temporal phase dynamics at different values of the
diffusion coefficients. It is observed, that each boundary oscillation induces a wave that travels in
the anterior direction with decreasing width and velocity, in agreement with the experimentally
recorded wave behaviour. When the diffusion coefficients are low, the gradual arrest of the oscil-
lation gives rise to a long-lived space-periodic structure, as shown in Fig. 7(a) for D = 0.001. As
demonstrated in Fig. 7(b), the lifetime of the structure is decreased when the diffusion coefficient is
increased, as expected. If diffusion is too high the phase waves are dispersed before the FDS with
velocity ¢ = ¢ is established. This is illustrated in Fig. 7(c).

While the relevant structure with velocity ¢ = ¢ is transient for D # 0, it may still be sufficiently
long-lived to induce cell differentiation. Expression of segmental-clock genes is in the chick
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Fig. 7 Spatio-temporal phase dynamics in the presence of diffusion. Note that the space—time plot is shown
in the reference frame where the boundary moves downward. (a) A long-lived structure for D = 0.001. (b) A
transient phase wave for D = 0.01. (c) The relevant structure fails to establish for D = 0.1. In all simulations:
ya) = T,[1 — w(@)], e = 10, o = 2.
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observed to last for at least 15 h within the mature somite,>® which may be sufficient time to
activate genes that are involved in cell differentiation.

The simulations in Fig. 7 shows that the diffusion coefficient must thus be lower than 0.1 for a
stationary transient pattern to arise. In the chick embryo, unit time is equal to about 90 min while
unit length is roughly 120 pm. Assuming that the FHN kinetics gives a reasonable approximation
to the real gene expression cycle, that is, with dimensional-dependent variables and dimensionless
dynamic variables, the diffusion coefficients within the chick embryo must be less than about 10~°
cm? s~ 1. This value is quite low (by a factor of 100) compared to diffusion coefficients of macro-
molecules in water. It is not unrealistically low, however, since the molecules may be embedded in
the cell membrane or confined to the interior of the cells. Then it is the Brownian motion of the
cells that leads to dispersion of the pattern, not the Fickian diffusion of molecules in water.

3.4 Turing scenario

Based on the investigation in Section 2.2, it is expected that the relevant Turing-type FDS arises in
a regulatory scheme where ¢ gradually decreases as cells age. This is verified by the simulation
presented in Fig. 8(a) where ¢ depends on cell age through &(a) = 9.05[1 — w(a)] + 0.95. Hence, ¢ is
equal to 10 (oscillatory local kinetics) near the boundary and decreases to a value of 0.95 as cells
move downstream. This corresponds to a slow passage through the supercritical Hopf bifurcation
at ¢ = 1. The homogeneous state is made Turing-unstable by increasing the diffusion coefficient of
the inhibitor.

The situation in Fig. §(a) is a bit more complicated than that investigated in Section 2.2 since a
Turing-type FDS is supported for the parameter values in the boundary region. However, it does
not spontaneously replace the homogenous oscillation. As &(a) decreases, the increasing oscillation
period establishes the beginning of a space-periodic pattern and the homogenous oscillation is
converted into a Turing-type FDS. This occurs before ¢ passes through the Hopf bifurcation of the
local kinetics. Hence, the local steady state needs not to become stable for a space-periodic pattern
to be formed. This is illustrated in Fig. §(b) where the decrease in ¢ stops short of the Hopf
bifurcation.

The slowed-down oscillation used in the phase-wave scenario may also be replaced by a Turing-
type FDS in the presence of a long-ranged inhibitor. Hence, it is not required that the local
kinetics is arrested, i.e. T, — 0, as assumed in Section 3.2. Suppose that the period of the intrinsic
oscillation is increased through a decrease in 7y, but that it does not decrease to zero. In the
absence of differential diffusion, the result would be travelling waves whose velocities are greater
than the flow velocity. However, the presence of a long-ranged inhibitor may cause arrest of
oscillation, T = oo, without the arrest of the local kinetics, T, = co. This scenario is illustrated in
the space-time plot in Fig. 8(c).

Both the phase-wave and the Turing schemes reproduce the spatio-temporal behaviour of the
gene expression waves quite well. Based on the space-time plots, it is not possible to determine
which one is more likely to be operating during somitogenesis. However, a Turing-type FDS will
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Fig. 8 Spatio-temporal behaviour in Turing-unstable media. (a) The activator kinetics is gradually slowed
down: ¢g(a) =9.05[1 —w(a)] + 0.95. (b) Passage through the Hopf-bifurcation does not occur:
g(a) = 8.5[1 — w(a)] + 1.5. (c) Arrest of oscillation caused by differential diffusion: y(a) = Ty[1 — 0.8w(a)]. In
all simulations: D, = 0.01, D, = 0.1. Other parameter values are given in Fig. 7.
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Fig. 9 Spatio-temporal behaviour in bistable media for ¢ = 10. (a) Persistent structures with equally stable
states: a(a) = 2[1 —w(a)], p =0, D, = D, = 0.01 (b) The low activator state absorbs the high activator state:
o(a) = 1.7[1 — w(a)] + 0.3, B = 0.05, D, = D, = 0.01 (c) Persistent structures when the inhibitor diffusion coef-
ficient is increased to D, = 0.2 with the other parameters as in (b).

spread spatially. Recent experiments on zebrafish by Jiang et al.** indicate that stable stripes may
coexist with tissue that contains no stripes. The authors interpret the experimental observations as
arising from the de-phasing of the posterior synchronous oscillation. This interpretation implies
that cells after a while enter the PSM with random phases. One would then expect a noise-
sustained Turing-type FDS under convectively unstable conditions, and a space-filling Turing-
type FDS under absolutely unstable conditions (see Section 2.2). Since this is not what is observed,
a Turing-like mechanism is probably not involved in the regulation of the gene expression in
zebrafish. The phase-wave scenario on the other hand produces a number of stripes while the
posterior oscillation is coherent and no stripes when it has desynchronized.

3.5 Interface scenario

The FHN kinetics in eqn. (9) is bistable when a < 2/3 and f = 0. When « is equal to zero, the
inhibitor is independent of the activator and converges rapidly to the stable steady state given by
v = . For g =0, the states with high and low activator levels have the same relative stability and
interfaces with velocity ¢ = ¢ are supported. An example of persistent FDS that arise for equal
diffusion coefficients when a(a) = 2[1 — w(a)] is shown in Fig. 9(a). There is no qualitative differ-
ence between the interface-type FDS and those observed in Fig. 7 (phase-wave FDS) and in Fig. 8
(Turing-type FDS).

If B is greater than zero, the state with low activator state is more stable than the high activator
state. The space-time plot obtained when f is 0.05 and the value of « changes according to
o(a) = 1.7[1 — w(a)] + 0.3 is shown in Fig. 9(b). The diffusion coefficients are equal and the state
with high activator levels is gradually absorbed by the state with low activator levels. However,
increasing the diffusion coefficient, i.e. adding long-range inhibition, allows for the formation of
persistent interface-type FDS, as in Section 2.3. The space-time plot shown in Fig. 9(c) is obtained
from a simulation where the parameters are the same as in Fig. 9(b), with the exception that the
ratio of inhibitor and activator diffusion coefficients is 10 : 1.

FDS of the interface-type typically consist of localised and self-sustained elements that do not
spread spatially. The homogeneous state is stable and stripes may form only in one part of the
PSM. If the coherence of the boundary oscillation is gradually lost (as in the interpretation by
Jiang et al. mentioned above), a number of stripes would be formed early in somitogenesis. None
would however form at a later stage when the boundary synchronisation has deteriorated.

4 Discussion

The spatio-temporal dynamics of open flow systems is often dictated by the temporal dynamics at
the origin of the flow, i.e. at the inflow boundary. Given appropriate conditions, the boundary
dynamics imposes itself onto the system as a whole and forces it into a variety of space-periodic
wave-patterns. This is the result of the flow, ¢, converting a temporal boundary-periodicity, T,
into a spatial periodicity, ¢T'. The boundary-imposed spatial mode can be modified or main-
tained by the intrinsic kinetics of the flowing medium. For instance, boundary forcing of flows of
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oscillatory media can result in upstream and downstream travelling waves whose wavelengths are
different from the imposed periodicity. The spatio-temporal dynamics is nevertheless dictated by
the period of the boundary forcing (see e.g. ref. 18).

In this paper, we have focussed on the special but biologically relevant case where the entrain-
ment of the dynamics leads to space-periodic wave patterns that are stationary relative to the
flowing medium. They have velocities ¢ = ¢ relative to the upstream boundary and arise in
periodically boundary-forced RDA systems when the local kinetics is monostable, bistable or
oscillatory. The three schemes investigated involve: (1) phase waves with oscillatory local kinetics
and a very long period, (2) Turing structures with monostable or oscillatory local kinetics and (3)
interfacial structures with bistable or excitable local kinetics. In all three cases, the boundary-
imposed spatial periodicity may be maintained, resulting in space-periodic flow-distributed struc-
tures (FDS) with velocities ¢ = ¢ and wavelengths 1 = ¢ T".

The entrainment of dynamics in open flows has important implications for axial segmentation
in biology. We have shown how axial growth in developing organisms is equivalent to an open
flow. It is not important whether a “real” flow is actually present since the open flow concept
applies to all system where there is a relative motion between elements and an upstream bound-
ary. The flow may for instance arise from proliferation of stem cells within a TGZ, as is observed
in many annelids, arthropods and plants and in some cases of limb development. The progeny
cells remain fairly stationary relative to the embryo as a whole and the open flow arises as the
distance between a cell and the TGZ increases in time. Alternatively, cells from the surrounding
tissue may be recruited to a growth zone at the tip of an elongating structure. The early develop-
ment of birds and mammals, for example, is known to involve such an organising centre located
prior to the axially growing PSM.

We have demonstrated how the operation of an oscillator (a segmental clock) that is synchro-
nised at the growth boundary gives rise to space-periodic variation in a morphogen level along the
growth-axis of the developing embryo. The involvement of axial growth and a segmental clock in
the formation of space-periodic stripes of gene expression has been demonstrated experimentally
during somitogenesis in fish, birds and mammals. The stripes become stationary relative to cells at
the anterior end of the PSM, just before a somite is formed.?” The wavelength of the gene expres-
sion wave is observed to be equal to A = ¢ T’, which provides evidence that it is imposed by the
combination of a growth-induced flow and an oscillation that is synchronised at the growth
boundary.

While the above described scenarios relate to somitogenesis in vertebrates, the axial segmen-
tation observed in many invertebrates is also consistent with the formation of FDS. It is well
established that during the development of the intermediate germ-band insect Tribolium, stripes of
gene expression appear one after the other at a short distance from a TGZ of proliferating stem
cells. However, gene expression waves have not been experimentally recorded for sequential seg-
mentation in annelids and arthropods, but this may be attributed to a lack of research so far
directed towards recording spatio-temporal sequences of gene expression.*> The key issue, namely
whether a synchronised oscillation is present within the TGZ has yet to be investigated.

Another important prediction is that an organism can achieve a global control of its develop-
mental dynamics by regulating the rate of axial growth, ¢, and the period of the segmental clock,
T'. For instance, if the shedding of progeny cells from a stem cell population facilitates axial
growth, the rate of growth would be proportional to the number of stem cells. By microsurgery,
Cooke*® reduced the number of cells residing at the terminal end of the developing frog embryo.
He observed that the number of somites remained the same, but that they were reduced in size.
This is consistent with our prediction that the wavelength, A = ¢T", is decreased when the growth
rate is reduced by lowering the number of feeding stem cells. In addition, it seems logical that the
number of feeding stem cells scales linearly with the overall size of the embryo. In this case, our
prediction accounts for size adaptation: a small embryo would naturally produce that same
number of segments as a large embryo, but the size of the segments would scale proportionally to
the overall size of embryo.

Which one of the scenarios is actually operating may be difficult to determine experimentally
since they give rise to the same qualitative wave behaviour. In an evolutionary context, this allows
for the transformation from one scenario into another. Consider a biological system that forms
stripes due to an age-dependent arrest of the segmental clock. Strong cell-cell signalling (modelled
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here as a diffusive process) causes the stationary stripes to become transient and may prevent their
formation altogether. However, strong coupling spatial couplings (i.e. high D, and D,) near the
growth zone is allowed and could, for instance, ensure that boundary oscillation be properly
synchronised among cells. A mutation that substantially reduces the activator signalling (i.e. D,)
could then result in stripe formation by a different mechanism, namely the Turing-type FDS. The
organism may survive since the wavelength of stationary pattern, 4 = ¢T’, may be the same before
and after the mutation. Alternatively, an ancient species could have survived a series of mutations
that gradually increases the mobility of the inhibitor (e.g. a cell-signalling molecule) while the
mobility of the activator (e.g. a cell-internal factor) is kept low. In the same vein, mutations from a
periodically forced oscillating medium to a bistable medium may result in viable embryos with the
same resulting stationary pattern.

The scenarios that involve FDS of the phase wave and the Turing type are closely related to
other models of biological morphogenesis. For instance, a number of current models of somitoge-
nesis (see discussion in ref. 22) implicitly or explicitly involve phase dynamics. However, only the
recent clock-and-trail model by Kerszberg and Wolpert*” explicitly considers that axial growth
combined with an oscillation at the posterior boundary may entrain the developmental dynamics.
The authors suggest that the stem cells feeding the growing structure oscillate in synchrony and
that daughter cells preserve a “snapshot” of the oscillation phase. This model corresponds to
periodic boundary forcing of a medium whose local kinetics has an infinite period of oscillation
(i.e. R = 0). Our earlier phase model?? involved the same principle, but with a value of R that
decreases gradually from one to zero as cells age. Indeed, the phase-wave scenario without cell-
cell communication (diffusion) accounts well for the experimentally observed spatio-temporal
behaviour of gene expression waves and can be made consistent with a large number of other
experimental observations (see ref. 22 for details).

To preserve the cell-intrinsic regulation of the segmental clock in the chick, we assumed in
Section 3 that its kinetics, through w(a), depends only on the time, a, that a cell has spent in the
PSM. However, the regulation of the segmental clock could involve cell-external factors and w
could, for instance, represent the level of a cell-signalling molecule. The regulation of w in eqn. (11)
may readily be adapted to model this situation because it allows a propagation front-solution.
Suppose that the system initially is in the w = 0 steady state and that the flow is absent. A front
connecting the steady states at w =0 and w = 1 may develop if a perturbation in w is applied
locally. For p = 1 it propagates at a velocity ¢, = 2./¢,, D,.*? If the local kinetics depends on the
level of w, this would lead to sequential segmentation along the body-axis if the front propagates
from the anterior towards the posterior end of the embryo. The wavelength would be given by
A =c¢oT', where T is the oscillation period ahead of the front. This scenario corresponds to the
classic clock and wave front model by Cooke and Zeeman,*® which may very well account for
sequential segmentation in the absence of growth, as observed, for instance, during the early stages
of amphibian somitogenesis.

The involvement of an independent wave front seems however unlikely in species where the
growth zone and the segments are separated by an unsegmented tissue of constant length, such as
the PSM in many vertebrates. This would require that the front velocity, c¢,, be linked to the
growth rate, ¢, since a constant length of the unsegmented tissue can arise only if ¢, = ¢. This is
also required to give the wavelength A = ¢ T’ observed during somitogenesis in the chick.

For the same reason, a mechanism where a space-periodic structure is formed by the spreading
of an intrinsically selected (i.e. Turing-like) structure would require that the velocity of the spread-
ing structure, also denoted by c,, be coupled to the rate of growth. As pointed out by Meinhardt,?
such a mechanism may be operational in axially growing systems where segments arise close to
the growth boundary and in non-growing systems where segments arise sequentially. In the
former case, the relevant Turing-type FDS arises when ¢, > ¢ or as noise-sustained structure
when ¢, < ¢. A segmental clock at the boundary is therefore not necessary. However, its presence
would seem advantageous as it allows a more flexible control of the developmental dynamics.

In contrast to phase waves and Turing structures, bistable local kinetics is not commonly found
in models of biological morphogenesis. This is probably because a medium with bistable local
kinetics does not develop space-periodic structures spontaneously. In reaction—diffusion systems,
one of the stable homogeneous steady states is typically selected. The operation of a segmental
clock at the TGZ may however induce a space-periodic pattern if it periodically switches between
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the basins of attraction of the stable steady states. The result is actually one of the most robust
ways to produce persistent FDS. Any wavelength above a critical wavelength can be imposed and
a long-ranged inhibitor is not required if the two steady states have the same relative stability. In
this context, it is worth noting that the view of cell differentiation as a dynamic process involving
multiple steady-state attractors is gaining momentum (see e.g. ref. 49). It is possible that the
purpose of the waves produced by the segmental clock is to determine the fate of cells by switch-
ing between the basins of attraction of steady states in a cell regulatory network. A particular cell
state would then be induced once the waves have become stationary relative to cells. A switch that
determines cell fate and is influenced by segmental clock genes was recently demonstrated in
mouse somitogenesis.> %51

In summary, we have demonstrated how the combination of axial growth and periodic bound-
ary forcing robustly gives rise to space-periodic structures in developing embryos. All that is
required to produce these waves is:

(1) An open flow established by axial growth.

(2) A segmental clock that is synchronised at the growth boundary, and

(3) Means for maintaining the boundary-imposed periodicity.

We have described three generic scenarios for the formation of waves in boundary-forced open
flows of active media and discussed their relevance to axial segmentation. They involve local
kinetics and spatial interactions that are feasible in chemical systems and represents therefore
some of the simplest mechanisms to achieve self-organisation in biology.
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