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Abstract

This document discusses a simple technique to find all possible Euler angles from
a rotation matrix. Determination of Euler angles is sometimes a necessary step
in computer graphics, vision, robotics, and kinematics. However, the solution
may or may not be obvious.

Rotation matrices

We start off with the standard definition of the rotations about the three prin-
ciple axes.
A rotation of v radians about the z-axis is defined as

1 0 0
R.(¢)=1] 0 cos¢p —siny
| 0 sinY cosy

Similarly, a rotation of # radians about the y-axis is defined as
cosf 0 sinf

R,(6) = 0 1 0
_—sin0 0 cosf

Finally, a rotation of ¢ radians about the z-axis is defined as

[ cos¢ —sing 0
R.(¢)=| sing cos¢p O
0 0 1

The angles v, 0, and ¢ are the Euler angles.

Generalized rotation matrices

A general rotation matrix can will have the form,

Ryt Rio Ris
R=| Ry Ry Ry
R31 Rz Rss



This matrix can be thought of a sequence of three rotations, one about each
principle axis. Since matrix multiplication does not commute, the order of the
axes which one rotates about will affect the result. For this analysis, we will
rotate first about the z-axis, then the y-axis, and finally the z-axis. Such a
sequence of rotations can be represented as the matrix product,

R R-(9) Ry (0) R (¥)

cosfcos¢p sinysinfcosp —cosypsing cossin b cos ¢ + sin sin ¢
= cosfsing sinysinfsin g + cosipcos¢p cossinfsin ¢ — sin ) cos @
—sinf sin 1) cos cos ) cos 0

Given a rotation matrix R, we can compute the Euler angles, 1, 6, and ¢
by equating each element in R with the corresponding element in the matrix
product R.(¢)R,(0)R(1)). This results in nine equations that can be used to
find the Euler angles.

Finding two possible angles for ¢

Starting with R3;, we find
R31 = —sin6.

This equation can be inverted to yield
0= —Sinil(Rg,l). (1)

However, one must be careful in interpreting this equation. Since sin(mw — 6) =
sin(f), there are actually two distinct values (for Rs; # £1) of 6 that satisfy
Equation 1. Therefore, both the values

91 = - Sin_l(Rgl)
02 = T — 91 =7+ Sin_l(Rgl)

are valid solutions. We will handle the special case of R3; = =£1 later in this
report. So using the R3; element of the rotation matrix, we are able to determine
two possible values for 6.

Finding the corresponding angles of

To find the values for 1, we observe that

Rsp

Ron tan(v).

We use this equation to solve for 1, as

’lﬂ = atan2(R32,R33), (2)



where atan2(y, z) is arc tangent of the two variables x and y. It is similar to
calculating the arc tangent of y/z, except that the signs of both arguments are
used to determine the quadrant of the result, which lies in the range [—m,7].
The function atan2 is available in many programming languages.

One must be careful in interpreting Equation 2. If cos(f#) > 0, then ¢ =
atan2(Rse, R33). However, when cos(f) < 0, ¢ = atan2(—Rs2, —R33). A simple
way to handle this is to use the equation

R3z  Rss >

cos@’ cosd

1 = atan2 ( (3)
to compute .

Equation 3 is valid for all cases except when cos @ = 0. We will deal with this
special case later in this report. For each value of 6, we compute a corresponding
value of ¥ using Equation 3, yielding

R3s  Rss
— atan? 4
& atan (cos 6, cos 91> (4)
R3>  Rss
= tan2
v2 atan <Cos 05" cos 02) (5)

Finding the corresponding angles of ¢
A similar analysis holds for finding ¢. We observe that

Roy
—— = tan¢.
R1y ¢
We solve for ¢ using the equation
Roy  Rn
= atan2 6
¢ = atan (cos@’cos@) (6)

Again, this equation is valid for all cases except when cosf = 0. We will
deal with this special case later in this report. For each value of 8, we compute
a corresponding value of ¢ using Equation 6,

Ry Ry
= 2
¢1 atan <cos 6, cos by ) @
Ry Riy
= atan2
92 atan (cos 05’ cos By > (8)

Two solutions if cosf # 0

For the case of cosf # 0, we now have two triplets of Euler angles that reproduce
the rotation matrix, namely

(1,01, 1)
(2,02, ¢2)

Both of these solutions will be valid.



What if cosd = 07

This technique described above does not work if the R3; element of the rotation
matrix is 1 or —1, which corresponds to § = —7/2 or 6§ = 7/2, respectively, and
to cosf® = 0. When we try to solve for the possible values of ¥ and ¢ using
the above technique, problems will occur, since the elements R11, Ro1, R32, and
R33 will all be zero, and therefore Equations 3 and 6 will become

00

= atan2 | -, =
P atan (O’O)
00
= atan2| -, - |.
10} atan (0’0)

In this case Ri1, R21, R32, and Rs3 do not constrain the values of 1 and ¢.

Therefore, we must use different elements of the rotation matrix to compute the
values of ¥ and ¢.

6 = /2 case: Consider the case when 6 = /2. Then,

R = sintcos¢ — cospsing = sin(y) — ¢)

Ri3 = cosvcos o+ sinising = cos(yp — @)

Ros = sintsing + cosp cosd = cos(y) — ¢) = Ris
Ros = cosysing —sinycosd = —sin(¢) — ¢) = —Ryo

Any ¢ and ¢ that satisfy these equations will be a valid solution. Using
the equations for Rq2 and Ry3, we find that

(1/1 — d)) = atan2(R12, ng)
Y = ¢+ atan2(Rio, Ri3)
0 = —7/2 case: Not surprisingly, a similar result holds for the case when 6 =
—m /2, for which
Ris = —sinycos¢ — cosysing = —sin(y + @)
Riz = —cosycosd+sinysing = —cos(¢) + @)
Roy = —sinysing + cosypcos¢p = cos(¢p + ¢) = —Ry3
Ros = —costysing —sinycos¢p = —sin(y + ¢) = Ry

Again, using the equations for R;5 and R;3, we find that

(¥ + ¢) atan2(— Ry, —Ri3)
v = —¢+ atan2(—Ri2, —Ry3)



if (R3p # +1)
01 = —asin(R31)
92 =TT — 91
- R- Ra-
wl = atan2 c053;17 Cosdgl
_ R: Ra:
1/}2 = atan2 0033;27 cossgg
¢1 = atan2 C?S.Qél ) ccl)%slél
— R R
¢2 = atan2 Cos2é2’ Cosléz
else
¢ = anything; can set to 0
if (R31 = —1)
0=m/2
Y =0¢+ atanQ(ng, R13)
else
0=—m/2
Y = —¢ + atan2(—Ryz, —R13)
end if
end if

Figure 1: Pseudo-code for computing Euler angles from a rotation matrix. See
text for details.

Either case: In both the § = 7/2 and § = —7/2 cases, we have found that
1 and ¢ are linked. This phenomenon is called Gimbal lock. Although
in this case, there are an infinite number of solutions to the problem, in
practice, one is often interested in finding one solution. For this task, it is
convenient to set ¢ = 0 and compute ¢ as described above.

Pseudo-code

We now summarize the method by providing a pseudo-code implementation in
Figure 1. The code is very simple.

Example

An example that demonstrates the computation of ¥, 8, and ¢ from a rotation
matrix is provided below.
Suppose we are asked to find the Euler angles that produce the matrix

b —.1464  .8536
R= 5 8536  —.1464
—.7071 .5 5

First, we find the possible values for 6 to be

6, = —sin(—.?O?l):%



92 = Wfaliz

Then, we find the corresponding values of ¢ to be

5 D ™
Y1 = atan2 (cos(ﬂ'/4)7 COS(7T/4)> K
%2 = atan <cos(37r/4)’ COS(37T/4)> ot
And we find ¢ to be
5 D i
é = atan?2 <COS(7T/4), 008(7/4)> 4

= ina [ 5\ 3r
¢2 = atan <cos(37r/4)’cos(37r/4))__4

Therefore, the solutions are
(7r 0 7r)
4’4’ 4

L
4747 4
More than one solution?

It is interesting to note that there is always more than one sequence of rotations
about the three principle axes that results in the same orientation of an object.
As we have shown in this report, in the non-degenerate case of cos 8 # 0, there
are two solutions. For the degenerate case of cosf = 0, an infinite number of
solutions exist.

As an example, consider a book laying on a table face up in front of you.
Define the z-axis as to the right, the y-axis as away from you, and the z-axis
up. A rotation of 7 radians about the y-axis will turn the book so that the back
cover is now facing up. Another way to achieve the same orientation would be
to rotate the book 7 radians about the x-axis, and then 7 radians about the
z-axis. Thus, there is more than one way to achieve a desired rotation.
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