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Abstract—The prevalent assumption in the current utility
maximisation-based rate control and scheduling solutions for
multihop wireless networks has been that bounded packet end-
to-end delay can be attained by guaranteeing a pre-specified
bandwidth. However, in addition to the inherent complexities
in determining the exact bandwidth, this approach requires an
admission control strategy. In this paper we present a distributed
algorithm that is integrated into the previously proposed rate
control and scheduling algorithms and, unlike the previous QoS
schemes, regulates packet latency without the need for admission
control. The proposed algorithm achieves fairness based on the
delay constraints, and enables maximum utilisation of network
capacity. We analyse the convergence properties of the proposed
algorithm, and demonstrate its performance through numerical
examples.

I. INTRODUCTION

Future communication networks rely increasingly on multi-
hop wireless networks to maximise network coverage and ca-
pacity specially in areas with limited access to communication
infrastructure. Communication in multihop wireless networks
are performed over multiple hops and paths through distributed
coordination at various network layers. There is an emerging
demand for supporting real-time and interactive voice and
video applications over such networks. However, delivering the
stringent delay and data rate requirement of these applications
pose challenging design problems considering the autonomous
and distributed nature of adhoc networks.

In this paper, we consider the problem of joint rate con-
trol and scheduling for delay-sensitive applications over a
multihop wireless network. Delay-sensitive applications are
characterised by their bounded end-to-end delay requirements.
Although these applications can adjust the signal quality
according to the available bandwidth, they require bounded
packet end-to-end delay in order to maintain interactivity
in real-time communication. We seek an optimisation-based
approach which enables a systematic decomposition of the
problem into protocol layers and distributed implementation
while ensuring full utilisation of network capacity.

The use of optimisation-based approaches in solving
network design problems including joint rate control and
scheduling has developed extensively (see [1] for a survey).

Favourable solutions for the joint rate control and schedul-
ing problem are based on dual decomposition as it allows
decomposition of the problem into rate control and scheduling
subproblem coupled via link prices (see e.g. [2] and [3]). Fur-
thermore, the structure of the resulting scheduling problem has
enabled the development of suboptimal but efficient scheduling
algorithms suitable for online implementation [4].

Despite the vast body of research in this area, the issue
of controlling packets latency has not yet been thoroughly
addressed. Specifically, the prevalent assumption has been that
end-to-end delay bounds can be achieved by imposing hard
bandwidth constraints in the model (see e.g. [6] and [7]). How-
ever, the bandwidth necessary to deliver the required packet
end-to-end delay is also dependent on the number packets in
the system at the equilibrium, which depends on the transient
behaviour of the control algorithm, and is generally difficult
to determine in advance. Moreover, this approach requires an
admission control policy to avoid network overloading.

In [5], we propose two rate control schemes based on primal
decomposition that result in bounded packet delay. The first
scheme derives lower bounds on bandwidths and includes an
admission control policy, while the second scheme is based
on dynamic adjustment of applications utility in order to
eliminate the admission control phase. The structure of the
resulting scheduling problem in both algorithms is, however,
different from those already studied in the literature. Hence,
the focus of this paper is rather on the schemes that can
regulate packet end-to-end delay and are easily integrated into
the previously proposed dual-based algorithms. Furthermore,
we seek a best-effort scheme capable of delivering the delay
bounds without the need for admission control. As we will
show later, within an optimisation framework this is indeed
possible through dynamic adjustment of applications utility.
The proposed algorithm builds upon the ideas from algorithm
2 in [5], but besides its compatibility with the dual-based
solutions, it achieves a fairer bandwidth allocation based on
the delay constraints.

The rest of this paper is organised as follows. After for-
mulating the optimisation problem in section II, in section III
the proposed algorithm for regulating packets end-to-end delay



is presented and its convergence properties are analysed. The
numerical results are presented in section IV followed by the
conclusion and future work in section V.

II. SYSTEM MODEL

We consider a multihop wireless network with L links and
S sources of delay-sensitive traffic. Each source s can transmit
data over Is alternative paths, at the rate of xs

i over path i ∈ Is,
and the overall rate of xs =

∑
i xs

i . However, each source s
is constrained by the maximum packet end-to-end delay ds.
Let I =

∑
s Is. The set of links used by paths are given by

the L × I matrix R with elements

Ri
l =

{
1 if path i uses link l

0 otherwise

With a slight abuse of notation, sets are denoted the same
as their cardinality. Links data rates c are assumed to be
a function of global power assignment p, i.e. c = u(p).
Let Π denote the set of feasible power assignments, and let
C = {u(p), p ∈ Π} denote the set of feasible data rates.
Define the capacity region Λ as the largest set of path rates
x such that for any x ∈ Λ there exists some scheduling
policy that can stabilise the system under the offered load
x. Each source s gains a utility wsfs(xs) when it transmits
at the total rate of xs. The functions fs are assumed to be
continuously differentiable, increasing and strictly concave.
Furthermore, their curvatures are bounded away from zero,
i.e. −f ′′

s (xs) ≥ 1
ᾱ > 0. In this paper, the parameters w are

used as a means to provide service differentiation based on the
required packet end-to-end delay, and assumed to be primarily
unknown.

The joint rate control and scheduling problem is to find path
rates x and link data rates c such that

maxx≥0

∑
s

wsfs(
∑

i

xs
i )

s.t. x ∈ Λ (1)

where the capacity region Λ is defined as the set of path rate
vectors x for which there exists a link data rate vector c such
that

Rx ≤ c (2)

c ∈ Co(C) (3)

As mentioned previously, we assume the parameters w guar-
antee the required packet end-to-end delay, but are primarily
unknown. Note that the objective function in (1) is not strictly
concave with respect to (x, c) and as a result may have several
global optimal solutions.

III. PROPOSED ALGORITHM

We first consider the case where each source has only one
available path. The following algorithm is the continuous-time
counterpart of the dual-based algorithm presented in [2] for
solving (1)

λ̇l = β(Rlx − cl)+λl
∀l (4)

where λ denotes the vector of Lagrange variables associated
with constraint (2) or link prices, β > 0, and [g(x)]+x denotes
the following

[g(x)]+x =

{
g(x) x > 0
max(g(x), 0) x = 0

Source rates xs and link data rates c are determined by solving
the following problems

xs = arg max
x

(wsfs(xs) − xsqs) ∀s (5)

c = arg max
c∈C

λT c (6)

where q = RT λ is the vector of path prices, and qs is the price
of the path available to source s. Note that since the objective
function in (6) is linear, optimal points must lie on C.

Algorithm (4) has an interesting property in that the La-
grange variables λ evolve in proportion to the queueing length
at links. This feature is central to our proposed scheme, as we
will show later in theorems 2 and 3. First, we show the conver-
gence properties of (4)-(6). Let λ∗(w) be the optimal Lagrange
variables associated with constraint (2), x∗(w) be the optimal
path rates, and c∗(w) be the optimal link data rates for the
problem (1) with parameters w. Also, let q∗(w) = RT λ∗(w).

Theorem 1: Given w, algorithms (4)-(6) converge exponen-
tially to an optimal solution of (1).

Proof: Consider the dual problem

min
λ≥0

D(λ) (7)

where

D(λ) = max
x≥0,c≥0

∑
s

wsfs(xs) − λT (Rx − c) s.t. (3) (8)

Note that since (1) is not strictly concave in (x, c), (8) is non-
differentiable. It can be shown that c−Rx, where x and c are
given by (5) and (6) respectively, is a subgradient of D(λ) [8].
Let λ̂ denote an equilibrium point of (4). It is easy to see that λ̂
satisfies the Karush-Kuhn-Tucker (KKT) optimality condition
[9], and thus is an optimal solution for (7), i.e. λ̂ = λ∗.

Now consider the candidate Lyapunov function

V (λ) =
1
2
‖λ∗ − λ‖2

2

> 0 λ �= λ∗

We have

V̇ (λ) = β(c − Rx)T (λ∗ − λ)
≤ β(D(λ∗) − D(λ))
< 0 λ �= λ∗

where the first inequality follows from the definition of sub-
gradient [8] and the second inequality follows from the fact
that λ∗ is optimal. Consequently, there exists k(β) > 0 such
that

V̇ (λ) ≤ −k(β)‖λ∗ − λ‖2
2 (9)



Hence, the conditions for exponential stability of the equi-
librium point of (4)-(6) hold [11].

Packet latency at the equilibrium is a function of the queue-
ing length q∗(w) as well as path rates x∗(w). Interestingly, the
equilibrium values of both variables are linked to the choice
of parameters w, as the following sensitivity result shows.

Theorem 2: (Bounds on the sensitivity of q∗s (w) and x∗
s(w)

to the variation of parameters ws). Suppose f is continuously
differentiable, increasing and strictly concave. Furthermore,
−f ′′

s (xs) ≥ 1
ᾱ > 0, for all s ∈ S. Then

0 <
∂q∗s
∂ws

<
q∗s
ws

(10)

0 <
∂x∗

s

∂ws
<

q∗s
w2

s

ᾱ (11)

for all s ∈ S.
Proof: The optimality condition for the optimisation

problem (1) with parameters w yield∑
s

wsf
′
s(x

∗
s(w))(xs − x∗

s(w)) ≤ 0, ∀x ∈ Λ

Thus ∑
s

wsf
′
s(x

∗
s(w))(x∗

s(w̃) − x∗
s(w)) ≤ 0

Similarly, for problem (1) with parameters w̃ we obtain∑
s

w̃sf
′
s(x

∗
s(w̃))(x∗

s(w) − x∗
s(w̃)) ≤ 0

Define w̃ as

w̃s =

{
ws s �= r

ws + dwr s = r

where dwr > 0. Using (5) and adding both inequalities results
in ∑

s

(q∗s (w̃) − q∗s (w))
dwr

(x∗
s(w̃) − x∗

s(w))
dwr

≥ 0

Taking the limit dwr → 0 yields∑
s

∂x∗
s

∂wr

∂q∗s
∂wr

≥ 0 (12)

Given the strict concavity of f , {x∗
s(w)} and {x∗

s(w̃)}, are
the unique maximisers for the problem (1) with parameters w
and w̃, respectively. So∑

s

wsfs(x∗
s(w)) >

∑
s

wsfs(x∗
s(w̃))

and ∑
s

w̃sfs(x∗
s(w̃)) >

∑
s

w̃sfs(x∗
s(w))

Adding both inequalities results in∑
s

(w̃s − ws)(fs(x∗
s(w̃)) − fs(x∗

s(w))) > 0

Except for s = r, all the elements in the above summation
are zero. Since w̃r −wr = dwr > 0, fr(x∗

r(w̃)) > fr(x∗
r(w)),

and consequently, since f is an increasing function, x∗
r(w̃) >

x∗
r(w). Thus

x∗
r(w̃) − x∗

r(w)
dwr

> 0

Taking the limit dwr → 0 yields the lower bound of (11).
Let Sd = {s ∈ S, s �= r|x∗

s(w̃) < x∗
s(w)}. Clearly Sd is

non-empty (otherwise {x∗
s(w)} would not be optimal). Since

we assumed f ′′
s (xs) < 0, for all s ∈ Sd we have f ′

s(x
∗
s(w̃)) >

f ′
s(x

∗
s(w)) and thus from (5), q∗s (w̃) > q∗s (w). Taking the limit

dwr → 0 we obtain ∂x∗
s

∂wr
< 0 and ∂q∗

s

∂wr
> 0, so

∑
s∈Sd

∂x∗
s

∂wr

∂q∗s
∂wr

< 0

Let Si = {s ∈ S, s �= r|x∗
s(w̃) ≥ x∗

s(w)}. Using a similar
argument, q∗s (w̃) ≤ q∗s (w), for all s ∈ Si and thus we have

∑
s∈Si

∂x∗
s

∂wr

∂q∗s
∂wr

≤ 0

Hence, since ∂x∗
s

∂ws
> 0, in order for (12) to hold we must have

∂q∗
s

∂ws
> 0, for all s ∈ S.

To derive an upper bound for ∂q∗
s

∂ws
, note that from (5) we

have

q∗s = wsf
′(x∗

s) (13)

Hence
∂q∗s
∂ws

= wsf
′′
s (x∗

s)
∂x∗

s

∂ws
+

q∗s
ws

Since f ′′
s (x∗

s) < 0, the first and second terms on the right side
of the equation are negative and positive, respectively. The
term on the left side of the equation has already been shown
to be positive. Therefore

0 < −wsf
′′
s (x∗

s)
∂x∗

s

∂ws
<

q∗s
ws

from which the upper bounds in (10) and (11) follow imme-
diately.

Motivated by the theorem 2, we propose the following
algorithm which determines the utility weight parameters that
attain the required packet end-to-end delay at the equilibrium
point

ẇs = α[dsβxs(w) − qs(w)]+ws
∀s (14)

where α > 0. The following theorem, presents the conditions
for the stability of algorithms (4)-(6) and (18).

Theorem 3: Algorithms (4)-(6) and (18) are exponentially
stable, given α is sufficiently small compared to β. Further-
more, at equilibrium, utility weights guarantee the required
end-to-end delays, and path and data rates maximise the ag-
gregate utility of the optimisation problem (1) with equilibrium
utility weights w∗.

Proof: Since λ in (4) evolves in proportion to the queue-
ing length at links, q∗(w∗)/β is equal to paths queueing length



at equilibrium and (18) ensures that at equilibrium path end-
to-end delays {q∗s (w∗)/βx∗

s(w
∗)} are equal to the required

end-to-end delays d. Now consider the following function

V (λ) =
1
2
‖λ∗(w) − λ(w)‖2

2 (15)

Thus

V̇ (λ) = (λ∗(w) − λ(w))T (λ̇∗(w) − λ̇(w))

= (λ∗(w) − λ(w))T (
∂λ∗

∂w
ẇ + β(c − Rx))

Notice that algorithm (18) can also be written as

ẇ = αRT [λ̃(w) − λ(w)]+w

where RT λ̃(w) = {dsβxs(w)}. Let d(w) = { q∗
s (w)

βx∗
s(w)} be

the equilibrium end-to-end delay given w. Suppose ‖λ∗(w)−
λ(w)‖2 ≤ ε. When w is near w∗, d(w) is near d, and there
exists γ(ε) ≤ 1 such that γ(ε)‖λ̃(w) − λ(w)‖2 ≤ ‖λ∗(w) −
λ(w)‖2 (if V̇ (λ) < 0, λ approaches λ∗ and therefore this
inequality still holds, as t → ∞). Hence

V̇ (λ) = α(λ∗(w) − λ(w))T ∂λ∗

∂w
RT (λ̃(w) − λ(w))

+(λ∗(w) − λ(w))T β(c − Rx)

≤ (
α

γ(ε)
ρmax(

∂λ∗

∂w
RT ) − k(β))‖λ∗(w) − λ(w)‖2

2

where ρmax denotes the maximum eigenvalue, and the inequal-
ities follow from (9) and the definition of matrix Euclidean
norm. Suppose ρmax(∂λ∗

∂w RT ) is upperbounded by P . If α
satisfy

α ≤ k(β)
γ(ε)
P

(16)

then the equilibrium of (4)-(6) and (18) is exponentially stable
[11].
When each source can transmit over multiple alternative paths,
KKT optimality conditions imply that at optimality, paths with
positive flow have the minimum price [12]. Let q

s
= mini qs

i .
The source rate algorithm (5) is then modified to

xs = arg max
x

(wsfs(xs) − xsqs
) and xs

i = 0 if qs
i > q

s
∀s

(17)
Note that (17) only computes the aggregate source rate. In

order to determine path rates, any load balancing strategy that
satisfies (17) and results in a subgradient of (8), such as those
proposed for algorithm 2 in [12], can be used. Subsequently,
the multipath version of (18) is given by

ẇs = α[dsβxs(w) − q
s
(w)]+ws

∀s (18)

where xs = mini xs
i , xs

i �= 0. The results from theorems (1),
(2) and (3) are readily extended to the multipath case and
therefore omitted.
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Fig. 1. Example network topology (left) and its contention graph (right)

IV. NUMERICAL RESULTS

To demonstrate how the proposed algorithm regulates packet
end-to-end delay, we consider the network in Figure 1 with
two flows A → D and E → G. We assume that links within
the interference range of each other (shown in dashed lines)
contend for channel access and the successful link transmits
at its fixed capacity c0

l = 5 packets/msec. The contention
relations between the links are given by the contention graph in
Figure 1. So in this example link power assignment p represent
link activation/inactivation, and in the scheduling subproblem
(6), the constraint (3) is equivalent to

Fc ≤ 1, cl = 0 or c0
l , l ∈ L (19)

where F is the contention matrix (see [3] for further details of
this model). We assume the utility functions for both flows are
logarithmic with initial weights w1 = w2 = 1. Figures 2 and
3 show the evolution of packet end-to-end delay and source
transmission rates when the joint rate control and scheduling
algorithms (4)-(6) are simulated. Both end-to-end delay and
source transmission rates tend to the equilibrium quickly with
appropriate selection of parameter β. The small oscillations
are caused by the scheduling process as explained in [3].
The equilibrium end-to-end delay are approximately 154 and
160 milliseconds for source 1 and 2, respectively. We set the
target end-to-end delay to d1 = d2 = 140 msec. Figures
4 and 5 show the evolution of packet end-to-end delay and
source transmission rates when algorithms (4)-(6) are simu-
lated jointly with the proposed algorithm (18). As predicted
by the theoretical results, the end-to-end delays converge to
their target value, although with a slower convergence speed.
It will be the subject of our future research to determine the
conditions under which the convergence speed of proposed
algorithms can be improved.

V. CONCLUSION

We show that in multihop wireless networks, bounded
packet end-to-end delay can be theoretically achieved with-
out the need for admission control, using a network utility
maximisation framework. The proposed algorithm is integrated
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Fig. 2. Evolution of end-to-end delay when algorithms (4)-(6) are simulated
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Fig. 3. Evolution of source rates when algorithms (4)-(6) are simulated

into the previously proposed joint rate control and scheduling
algorithms, and simply works by dynamically adjusting the
applications utility according to the deviation from the delay
bounds. The main focus of this paper is on showing the
stability of proposed algorithm. Our future work will study the
means to improve other performance characteristics essential
for practical implementation.
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