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Outline
Nonlocality via zero curvature condition or AB systems

Nonlocality in solution procedures (Hirota method)

Nonlocality in solution procedures (Darboux method)

Nonlocal gauge equivalence, extendent continuous limit of
Heisenberg spin chain, extendent Landau-Lifschitz equation

Conclusions and Outlook
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Higher order nonlinear Schrodinger equation

o
/qt+§qxx+|q|2q =0
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Higher order nonlinear Schrodinger equation

1 -
iq: + 5 0o + [a* g + i |0Ge + 810 ac +7ala| =0

PT-symmetry: PT :x — —x, t — —t, i — —i,q— ¢
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Higher order nonlinear Schrodinger equation

1 -
Iqt+§qxx+|q|2q+18 |:aqxxx+ﬂ|q|2qx—|—/yq|q|)2< =0

PT-symmetry: PT :x — —x, t = —t, i — —i,q—q

Integrable cases:

e = 0 =nonlinear Schrodinger equation (NLSE)

a:f:v7=0:1:1= derivative NLSE of type |
a:f:v7=0:1:0 = derivative NLSE of type Il
a:f:v=1:6:3 = Sasa-Satsuma equation
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Higher order nonlinear Schrodinger equation

1 -
Iqt+§qxx+|q|2q+l€ |:aqxxx+ﬂ|q|2qx—|—/yq|q|)2< =0

PT-symmetry: PT :x — —x, t = —t, i — —i,q—q

Integrable cases:

e = 0 =nonlinear Schrodinger equation (NLSE)
a:f:v7=0:1:1= derivative NLSE of type |
a:f:v7=0:1:0 = derivative NLSE of type Il
a:f:v=1:6:3 = Sasa-Satsuma equation
a:fB:v=1:6:0= Hirota equation

. 1 .
19; + qux + ‘CI‘2 q+ie [qxxx +6 ‘q‘z qxi| =0
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Zero curvature condition

8:U— 0,V +[U,V]=0
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Zero curvature condition

0:U — 0,V +[U,V] =0

0= (n 57) (@ S
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Zero curvature condition
8,U— 0.V +[U,V]=0
B —ix  qg(x,t) [ A(x,t) B(x,t)
U= ( M t) A ) V= ( Clx.t) —A(x, 1) )
Alx,t) = q(x,t)C(x,t) — r(x, t)B(x,t)

B.(x,t) = gqi(x,t) —2q(x,t)A(x,t) — 2i\B(x, t)
Ce(x,t) = rn(x, t)+2r(x, t)A(x, t) + 2iAC(x, t)

Alx,t) = —iagr —2ia)\* + f3 (qu — qr, — 4i\3 — 2i/\qr)
B(x,t) = iagc+2aAq+ B8 (29°r — Gu + 2iAqe + 4)\2q)
C(x,t) = —iar+2aAr+ (2qr2 — o — 2iAr + 4)\2r)
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Zero curvature condition
8,U— 0.V +[U,V]=0
B —ix  qg(x,t) [ A(x,t) B(x,t)
U= ( M t) A ) V= ( Clx.t) —A(x, 1) )
Alx,t) = q(x,t)C(x,t) — r(x, t)B(x,t)

B.(x,t) = gqi(x,t) —2q(x,t)A(x,t) — 2i\B(x, t)
Ce(x,t) = rn(x, t)+2r(x, t)A(x, t) + 2iAC(x, t)

Alx,t) = —iagr —2ia)\* + f3 (qu — qr, — 4i\3 — 2i/\qr)

B(x,t) = iagc+2aAq+ B8 (29°r — Gu + 2iAqe + 4)\2q)

C(x,t) = —iar+2aAr+p (2qr2 — o — 2iAr + 4)\2r)
q: — I.Oéqxx + 2iaq2r + 5 [qxxx - 6quIx] 0

re 4 iane — 2iagr® 4 B (re« — 6qrr) = 0
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Nonlocality (Zero curvature condition)

Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

A. Fring

19;

*

—iq;

—a <qxx —2k1q/? q) — B (qxxx — 6k q|? qx>

—a (g —2nlalq") + (b — 6110 a5 )

Nonlocal gauge equivalent integrable systems
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Nonlocality (Zero curvature condition)
Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

iq: = —a (qxx — 2k q|? q) — i3 (qxxx — 65 |q|? qx>
—ig; = —a (s — 2019 ")+ (b — 6 laf a3
P conjugate pair: r(x,t) = kg*(—x, t) (Nonlocal Hirota equ”)
igr = — |G — 26G°G] 4 0[Gue — 65GG* ]
=g, = —a[d, —26q(§)°] = 0(Gow — 6KG"qGL)

B=1id, a0 €R, q:=q(x,t); §:= q(—x,t)
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Nonlocality (Zero curvature condition)
Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

iqt = —« (qu — 2K |CI|2 q) - IB (qxxx — 6K |q|2 qx>
—ig; = —a (s — 2019 ")+ (b — 6 laf a3

P conjugate pair: r(x,t) = kg*(—x, t) (Nonlocal Hirota equ”)
iqt = —« |:qxx - 2'%(7*(72] + 5[qxxx - 6qu*qx]
=i = [y —2r8q(G")°] - 0(Gex — 6£d"qdy)
g =1id, a,0 €R, q:=q(x,t); §:= q(—x,t)
T conjugate pair: r(x,t) = kg*(x, —t)

iqe = —id [qXX — 2/16]*q2} + 0[Gox — 6£9G" x|
iG; = 00§ —2rq(§")°]+ 0(85. — 6x47q4%)

a=ib, B=1i6 0,0 €R; §:=q(x,—t)
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PT-conjugate pair: r(x,t) = kqg*(—x, —t)

q: = (\; |: - 2'%5]*q2:| - B[qxxx - 6"1CI<YI*CIX]
_(\ftk = _(\; |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](\I/];)

a=1i0; 8,0 ER; §:=q(—x,—t)
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PT-conjugate pair: r(x,t) = kqg*(—x, —t)

q: = 5 |: - 2'%5]*q2:| - B[qxxx - 6"'€CI¢¥I*CIX]
_(\ftk = —0 |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](7;)

a=1i58,8cR;§ = q(—x, —t)
P transformed pair: r(x, t) = kq(—x, t):

igr = —a |G — 26GG%] + 0[Gue — 6KGG 5]
_Idt = —« [dxx - 2/“]5/2} - 6(&XXX - 655’an)
B=1i, a,0 € R
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PT-conjugate pair: r(x,t) = kg*(—x, —t)

q: = 5 |: - 2"/‘5&7*q2:| - B[qxxx - 6"“](7*%]
_(\ftk = _(\; |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](7;)

a=1i58,8cR;§ = q(—x, —t)
P transformed pair: r(x, t) = kq(—x, t):

igr = —a |G — 26GG%] + 0[Gue — 6KGG 5]
_Idt = —« [dxx - 2/“]5/2} - 6(&XXX - 655’an)
B=1i, a,0 € R

T transformed pair: r(x, t) = kq(x, —t)

gy = i [qXX — 2&6]*q2} + [Gxec — 6KGG7 gx]
ig; = i6 [, —2rkq(§%)*]+ 0(Ghe — 6KG7q85)
a=id: 8= /'(5;3,56]R
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Nonlocality (Alice and Bob systems)
Korteweg-de Vries equation:
us +6uu, + Uy, =0

Take
u(x, t) = % [a(x, t) + b(x, t)],PTa(x,t) = a(—x, —t) = b(x, t)
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Nonlocality (Alice and Bob systems)
Korteweg-de Vries equation:
us +6uu, + Uy, =0

Take
u(x, £) = L[a(x, 1) + b(x, £)], PTa(x, 1) = a(—x, —t) = b(x, 1)
PT pair: (Alice and Bob KdV equation)

ar+3/4(a+b)(3ax+ b)) +awx = O

b: +3/4(a+ b)(ax +3by) + b = 0
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Nonlocality (Alice and Bob systems)
Korteweg-de Vries equation:
us +6uu, + Uy, =0

Take
u(x, £) = L [a(x, £) + b(x, £)], PTa(x, 1) = a(—x, ) = b(x,
PT pair: (Alice and Bob KdV equation)

ar+3/4(a+b)(3ax+ b)) +awx = O
b: +3/4(a+ b)(ax +3by) + b = 0

One -soliton solution

1
e8] = vualot) 4 vtanh | 3(ax e 4]

1
buva(x,t) = uua(x,t)—vtanh {E(ax —a’t+ ,u)}

2

1
Upa(x, t) = % sech? E(ax —a®t+p)

Nonlocal gauge equivalent integrable systems



Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation

f3 |:’qt + QQxx — 2/€a |q|2 q + ’;B(qxxx - 6’£ |q|2 qx)] -
f(iDig - f+aDZg - f+isDlg - f] + [3i8 (3£ — &) — ag]

x [fo f + 2 |g|2}

., n n . an—k ak
Dxf ‘8= Zk:o k (_1) Oxn—k f(x)axkg(x)
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Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation

f3 |:’qt + QQxx — 2/€a |q|2 q + ’;B(qxxx - 6’£ |q|2 qx)] -
f(iDig - f+aDZg - f+isDlg - f] + [3i8 (3£ — &) — ag]

x [fo f + 2 |g|2}

., n n . an—k 8k
Dxf ‘8= Zk:o k (_1) Oxn—k f(X)ang(X)

iDig - f+aD?g-f+ifD3g - f=0, D3f - f = —2x|g|?
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Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation

f3 |:’qt + QQxx — 2/€a |q|2 q + ’;B(qxxx - 6’€ |q|2 qx)] -
f(iDig - f+aDZg - f+isDlg - f] + [3i8 (3£ — &) — ag]

x [fo f + 2 |g|2}

. n n . an—k ak
Dxf ‘8= Zk:o k (_1) Oxn—k f(x)axkg(x)

iDig-f+aD?g-f+iBD3g-f=0, D -f=—2kl|gl

Solve by formal power series that becomes exact

= 262k6k(X, t), and g(x,t) Zs Yoo 1(x, t)
k=0

8
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Bilinearisation of the nonlocal Hirota equation
£ [ige+ aqu + 2067 q% — 6(Guo + 6957 qx)] =
ff* [iDig - f+aD?g-f—3dD3g - f] + (?ng_ f—ag)
x (FD2f - £ —2fg")

not bilinear yet

iDig - f+aDig-f—dDjg-f=0, FDif-f=2fgg
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Bilinearisation of the nonlocal Hirota equation
FF* iget agu + 206" q* — 0(qox + 695" qx)] =
ff*[iD.g-f+aDXg-f—3dD3g-f]+ (?ng f — ag)
x (FD2f - £ —2fg")
not bilinear yet
iDig-f+aDlg - f—0D3g-f=0, FDXf -f=2fgg"
introduce auxiliary function
D*f - f =hg, and  2fg* = hf*
Solve again formal power series that becomes exact
h(x, t) = Zkgkhk(x, t).
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1+¢%6, g=cg, h=¢ech

0=cli(g1), +a(g), — 0(g1)ox
+&°[2 (), (81)x — 81 [(B) o + 1 (R) ] + it [(81), + i (81) ]
0 = 2[2(H)w — g1m] + €2 [26(H)w — 2(5)?]

0 = el2g] — h] +° 268 — i)

Standard solution, solve six equations independently, then ¢ — 1

19stl
— =312 =
——— =0
R A SN 2
ol I T O O S O et 9 ™
SO R . S S I st = 3 S
Bo@ o8 H'¥ B & H 8 (b= P+ A TunTh,
ERRARRARRR
T Mu w1 i1t i\ AT 2 M
WL i3 AN £) = ehxtuP(ia—Bu)tty
FAVAVAVAY  (FAVAVAY A ML Ak
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1+¢%6, g=cg, h=¢ech

0 =eli(g); + o (81) 0 — 0(81)x0x]

+e*2(R), (81), — &1(R) + i (R)] + i [(g1), + i (81).u]]
0 = &[2(h)u — &1m] +&* [26(H) 0 — 2(H)2]

0 = 28 — hi] +| 268 — Fhi|

Nonstandard solution, solve five equations, last one for ¢ = 1

1Gnonst]

— =15 PR

= t=—1.0 ;) :
ik

....... t=-0.9 1008

_____ ol i o _ (u+v)Tuim
,';5‘:'! nonst — . oox :
S L+ 7Ty e

I

10
xR (ia—Bu)t+y
T (1) =g ( )

o

(%]
o T an
/%"“‘”‘
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Two-soliton solution
Truncated expansions:
f=1+e%hL+e*f, g=cg+c3g, h=ch +3hs

(2)( ;) = gi(x,t) + gs(x, t)

fn 1+ h(x, t) + falx. 1)
81 = TuytTus
2
(n—v)? . (n—v)
8 = 02 2 T T Ty T 7';m7'u57'1,5
(b —p*)" (v — p*) MY (=) (v = vr)?
= iy | TvdTay | TunTug TvoTys
2= 2 2 2
(w—p)?  (v=p)? (v (v—v¥)
2 (% _ *)
— UV
fs = (H ) ( ) 7-,”7'“ ~Tu, 5TV5

(n— ) (v = ) (n —V*) (v —v*)?
hy = 27 42755
ha = 2(M*_V*)2 FL 2(M*_V*)2 ~x
< SV

(= p)" (v =

5 ,u'y V5 IM’Y+ « ¥ 2 . B T %::67— Q
) (w*=v) (v—v
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Two-soliton solution
Truncated expansions:
f=1+e%L+e*h, g=cg+c3g3, h=ch +3hs

(2) gl(X7 t) + g3(X7 t)
t) =
00 = TR0 + Atk O

Nonlocal regular two-soliton solution

gnil

1
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Two-soliton solution

Truncated expansions:

h= 8h1 -+ 63/73

€81 + 53g3a

g:

f=1+¢ch+e,

—~
)t’
X
X=
€| +
=
—~ -~
=X
[l
x|
& |+
—
I
—~~
-
"
N—
N =
~ C

q,

Nonlocal regular two one-soliton solution vs two-soliton solution

19nl

resrzmrImITIIT
e

wara s
O )
i
. e elertuniritl
% T =g,
- =

40

20

-20

-40
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

Lan—l = HnLn
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn

iteration LoHo = HoLo, Lo = Lol 1... L1, Wa(A) = L,W(N)
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration £L,Ho = H,Lp,, L := LoLyq1... L1, V(X)) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :

\I!:< (g > v, = UV & _igpxji;?f::_—)\;@ & HU(\) = —AW(\)

12 /
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration L,Ho = H,L,, L, := LyL,q1... L1, Vo(A) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :
Ve P ) wm v o Pt IA0= TAY ) = o)
¢ X Qo — irp ==\
with _ _
H= ( S > = —ig30+ V,

—ir 0y
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration £L,Ho = H,L,, L, := LyL, ... L1, Vo(N) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :

_( ¥ _ —ip, +iqp = —Ap _
w_<¢> v, = UV & 6. irp = g & HU(\) = —\V()\)
with

[ —i0x g, .
Hn - ( —Ir,, Iax ) - 10-38X+ Vn’

2
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Solve the "seed” equations for g = r = 0:

5 . AXH2iN2 (@ =25\ t+
\U]_(X, t, )\) — ( gpl(X’ t, )\) ) _ ( e 1 )

d1(x, t; A) o= Ax—2002(a—26))t+7,

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = +q*(—x, t)

1: QOZZZE&L ¢2:¢I 2 9/)1:@? ¢2:i‘:~0;

The second choice is not available in the local case.

13
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A. Fring Nonlocal gauge equivalent integrable systems

Solve the "seed” equations for g = r = 0:

. . © (X, t: )\) e/\x+2i)\2(oz—25)\)t+’yl
\U]_(X, t; >‘) - ( qu(X, t: )\) = ef)\xf2i)\2(a726)\)t+72

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = £¢*(—x, t)
L, = £, ¢ = &1 20 ¢y =P1, O =55

The second choice is not available in the local case.
Choice 1:

1 ol N [ T a2t
wz(X’ ¥ )\) - ( ¢2(X7 t; )\) T e M x=2i(V )P (a—200 )ty

with \,vq,7v, € C

(N — )N xH2N P (a=20A)t=7i 473

(1)
X, t) = .
Gs: (% 1) 2\ = A)x+4i[a(A*)2—aX2+26X° =26 (A 3] t—y, +72 -7 +73

13
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Solve the "seed” equations for g = r = 0:
1T - Ax+2iN2(a—20N) t+,
wl(xv t; )‘) = (pl(X7 L /\) = eﬁ e
d1(x, t; \) o= Ax—202(a—260)t4,

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = +q*(—x, t)

1: @221&1: ¢2:¢I 2 9/)1:‘27? ¢2:i‘:~0§

The second choice is not available in the local case.
Choice 2:

. vx+2iv? (a—26v)t+y
1 . _ 302(X7 t; V) _ e +? (2 :
W2(X7 t; V) - ( ¢2(X, t: I/) ) - ( _e—ux—2i1/2(oz—25u)t+'y§

) 2(v — u)evl—vf+2u><+4iu2(a—25u)t
qnonst(X> t) - p—v)x+4i(ap?—ow? =263 42603 t+y; =y —v3+75

1+ e
13/22
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. : q det D!
Nonlocal n-soliton solutions: g, = q + 23::327, My =r—2on

det W,
e G L B &"‘1) o B
n—1 n—2 n—

W, — ( ) wg ) cee o P2 g ) ¢é ¥
(pg”’:l) ngr::a -oo Pop gzil) ¢2/n ¢2n
¢>§"72) ¢>§"7z) T OO Y

- ST G b2 &5 . 0h @
271_2) 271_3) ¢2n Sog;) 302/n P2on
SO SR (R

n n—1 n—

P R R SRLIPTR G

grr? gr;_l) cee Qo 90571_2) <P2’n P2on

Nonlocal gauge equivalent integrable systems



det D7 —r_9 det Dy

Nonlocal n-soliton solutions: g, = q + 2357F, a = et
@Eln_B W%n_z e 1 En 1; ¢{ (o
n— n— n— /
o | AT
n n.f . - n—1 . - .
sogn Y @gn 2 -eo Pop gn ) ¢2,n ¢2n
¢‘1”‘2 ¢§”‘: S soili ©l o
Dg - 35" qbz”. qﬁg A w_é #2
g’:z) gr’;:3) cee Qo Sogr? e 802,,1 P2n

In the nonlocal case use
552 = {\Tfl(X, t; )\1), \TJQ(X, t; )\1), \T/l(X, t; )\2), JJQ(X, t; )\2), }
or

Sponst _ {\Tll(x, t; 1), Ua(x, t;v1), Wi(x, t; 1), Wa(x, t; v2), }

4
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Time-crystals: [r(x, t) = £§*(x, —t)]
(1) :i:2()\ _ /\*)671+7§+2(A+)\*)x
9o (X0 1) = A e 9o L gt TG E

2(v — p)en ity

(1) (x,t) =
annSt ) e4ﬂ2(2ﬁﬂ+3)t+2yx + e41/2(2ﬁl/+5)t+2ux-

19l
3.0

3
>
>
N
S}

I
o

o

1
1
1
1
1
1
1
1
1}
)
)

s
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Time-crystals: [r(x,t) = £§*(x, —t)]

£2(\ — \F)en 20N
V1tV TAN)2(2BAT +8)t+2ux J @Yo 3 +ANMR(2BA+0)1+2)"x

aP(x, 1) =

(1) 2(1/ — M)e’Yl_’YT+2(,u+V)x

Gnonst (X 1) = M2 (2Bt 8)t+20x | A2 (2Bt 8) et 2px

19l
8-

s
/22‘
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0Ui—0Vi+[U, Vi] =0 & VY, =VV, ¥, =UV, (=12
U = GU,G ' + GG Vi=GV,G 1+ GG!
when the auxiliary fields are related by a gauge field V; = GV,
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0Ui—0Vi+[U, Vi] =0 & VY, =VV, ¥, =UV, (=12
U = GU,G 1+ GG Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0 Ui—=0Vi+[U, Vi| =0 & VWV, =VV, V¥, =UV; i=12
U = GU,G 1+ GG Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G

Extended continuous limit of the Heisenberg spin chain

For S:=G lo03G =S, =ia (55 + SSXX) —-f B (SSf)X + SXXX}
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0 Ui—=0Vi+[U, Vi| =0 & VWV, =VV, V¥, =UV; i=12
U = GU,G 1+ G,G! Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G
Extended continuous limit of the Heisenberg spin chain

3
For §:= G_10'3G = St =i« (53 + Ssxx) - ﬂ |:2 (SSS)X + SXXX:|
Extended version of the Landau-Lifschitz equation

3
For S=s-0=5s=—as XS, — =0(Sx-5x)Sx + O5X (S X Sxx)

2
6
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Parameterise

S:(_w u) WCHuw=1

vV o w
components of the matrix equation give
uy = io(uwy — wiy)x — B [t + 3/2u(uevs + w3)]
vi = —ia(vwy —wvy)x — [VXX + 3/2v(vyeux + wi)}x

Nonlocality via u(x, t) = kv*(—x, t),w(x, t) = w*(—x, t)

7
/22‘

A. Fring Nonlocal gauge equivalent integrable systems



Parameterise

S:(_w u) w4 =1
vV ow

components of the matrix equation give

u = io(uwy, —wuy)x — 0 [uxx + 3/2u(uyvy + wi)}x
vi = —ia(vwy —wvy)x — [VXX + 3/2v(vyeux + wi)]

X
Nonlocality via u(x, t) = kv*(—x, t),w(x, t) = w*(—x, t)
Solutions from auto-gauge transformation = DC transformation

2001 05( X217 — Mpa01) (A1 — A2)

" MA2(pa01 — 102)?
v 20102 (Mp107 — Aaa01) (M1 — A2)
MA2 (P21 — P102)?
PR 2010201 0p( M1 — )\2)2
1 =

)\1)\2(902¢1 - 9019252)2

17 /
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Back to Hirota equation:
solve S = G 103G for G and use G, = AyG, G; = ByG

_ 0 q(x1t)
Ao = ( r(x,t) 0 )
Bo = iav [03(Ao), — 03AY] + B [2A5 + (Ao), Ao — Ao (Ao), — (A0) ]

) = 40 (2 i) [l Dl ) el ()

2 v v v(s,t)
rx,t) = 1 Vx| WV — WV exp /st(s, t)v(s, t) —w(s, t)vs(s, t) de
2u(t) \ v v v(s,t)
18
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Back to Hirota equation:
solve S = G 103G for G and use G, = AyG, G; = ByG

_ 0 q(x1t)
Ao = ( r(x,t) 0 )
Bo = iav [03(Ao), — 03AY] + B [2A5 + (Ao), Ao — Ao (Ao), — (A0) ]

o, 1) = p(t) (vx LW wXV) exp /X w(s, t)vs(s, t) — ws(s, )v(s,t)

2 \v v v(s,t)
I’(X, t‘):L k_w exp/ w5(57 t)V(S, t)—w(s, t)Vs(S, t)ds
2u(t) \ v v v(s. )
fn (detV,), (detW,), detV,
Wt = detT, T
[Tl A \ detTy, det W, det T,

2n
r(x,t) = k=1 Ak <(detTn)X (deth)XdetT,,>

[, detV,  detW,detV,
2

. n *
Nonlocality: rp(x,t) =& Hi:l Moic1|* /il qi(—x, t)
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Trajectories of local extended version of the LL equation
Gauge equivalent version of nonlinear Schrodinger equation 5 =0

Is|> = 1, s is real, real shift parameter
19
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Trajectories of local extended version of the LL equation
Gauge equivalent version of nonlinear Schrodinger equation 5 =0

Is|> = 1, s is real, complex shift parameter
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Trajectories of local extended version of the LL equation
Gauge equivalent version of Hirota equation g # 0

Is|> = 1, s is real, real shift parameter
19
A. Fring Nonlocal gauge equivalent integrable systems /22‘



Trajectories of local extended version of the LL equation
Gauge equivalent version of Hirota equation g # 0

s|> = 1, s is real, complex shift parameter
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Trajectories of nonlocal extended version of the LL equation
Gauge equivalent version of nonlocal Hirota equation 3 # 0

Is|> =1, s = m + il is complex
20
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Trajectories of nonlocal extended version of the LL equation
Gauge equivalent version of of nonlocal Hirota equation 5 # 0

— X0=241

s|> =1, s = m+ il is complex
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Conclusions and Outlook

Using P7T conjugations we find new integrable versions of the
Hirota equation, with different types of qualitative behaviour.
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Using P7T conjugations we find new integrable versions of the
Hirota equation, with different types of qualitative behaviour.

The nonlocality can be systematically implemented into
solution procedures, such as Hirota's method and Darboux
transformations.

Nonlocality is inherited in gauge equivalent systems.

Investigate more nonlinear systems.
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Conclusions and Outlook

A. Fring

Using P7T conjugations we find new integrable versions of the
Hirota equation, with different types of qualitative behaviour.

The nonlocality can be systematically implemented into
solution procedures, such as Hirota's method and Darboux

transformations.
Nonlocality is inherited in gauge equivalent systems.
Investigate more nonlinear systems.

Study more physical applications.
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Thank you for your attention
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