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PT -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

Hermiticity ensures the reality of the energies
Schrödinger equation H|ψ〉 = E |ψ〉 , 〈ψ|H† = E∗〈ψ|

〈ψ|H |ψ〉 = E 〈ψ| ψ〉
〈ψ|H† |ψ〉 = E∗ 〈ψ| ψ〉

}
⇒ 0 = (E − E∗) 〈ψ| ψ〉

Hermiticity ensures conservation of probability densities

|ψ(t)〉 = e−iHt |ψ(0)〉

〈ψ(t)| ψ(t)〉 = 〈ψ(0)|eiH†te−iHt |ψ(0)〉 = 〈ψ(0)| ψ(0)〉

- Thus when H 6= H† one usually thinks of dissipation.
- However, these systems are in general open and do not possess

a self-consistent description. (As much as QM is self-consistent.)
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PT -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory
Wigner: Operators O which are left invariant under an antilinear

involution I and whose eigenfunctions Φ also respect this
symmetry,

[O, I] = 0 ∧ IΦ = Φ

have a real eigenvalue spectrum.a

By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.b

In particular this also holds for O being non-Hermitian.

a E. Wigner, J. Math. Phys. 1 (1960) 409
b

F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

The seminal classical example

H =
1
2

p2 + x2(ix)ε for ε ∈ R

real eigenvalues for ε ≥ 0
exceptional points for ε < 0

C.M. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H =
∑

~ı

[
∆a†~ıa~ı + iga†~ı (a~ı + a†~ı )a~ı + g̃

∑
~
(a†~ı+~ − a†~ı )(a~ı+~ − a~ı)

]
- a†~ı ,a~ı are creation and annihilation operators, ∆,g, g̃ ∈ R a

- for one site this is almost ix3

H = ∆a†a + iga†
(

a + a†
)

a

=
1
2

(
p̂2 + x̂2 − 1

)
+ i

g√
2

(x̂3 + p̂2x̂ − 2x̂ + i p̂)

with a = (ωx̂ + i p̂)/
√

2ω, a† = (ωx̂ − i p̂)/
√

2ω b

a J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
b

P. Assis, A. Fring, J. Phys. A41 (2008) 244001
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

H =
1
2

∑N

i=1
σx

i + λσz
i σ

z
i+1 + ihσz

i λ,h ∈ R

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

L =
1
2
∂µφ∂

µφ+
m2

β2

∑`

k=a
nk exp(βαk · φ)

a = 1 ≡ conformal Toda field theory (Lie algebras)
a = 0 ≡ massive Toda field theory (Kac-Moody algebras)
β ∈ R ≡ no backscattering
β ∈ iR ≡ backscattering (Yang-Baxter, quantum groups)

Strings on AdS5 × S5-background

A. Das, A. Melikyan, V. Rivelles, JHEP 09 (2007) 104
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa† − q2a†a = qg(N), with N = a†a

X = αa† + βa, P = iγa† − iδa, α, β, γ, δ ∈ R

[X ,P] = i~qg(N)(αδ + βγ)

+
i~(q2 − 1)

αδ + βγ

(
δγX 2 + αβ P2 + iαδXP − iβγPX

)
- limit: β → α, δ → γ, g(N)→ 0, q → e2τγ2

, γ → 0

[X ,P] = i~
(

1 + τP2
)

- representation: X = (1 + τp2
0)x0, P = p0, [x0,p0] = i~
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian

X † = X + 2τ i~P and P† = P

-⇒ H(X ,P) is in general not Hermitian
- example harmonic oscillator:

Hho =
P2

2m
+

mω2

2
X 2,

=
p2

0
2m

+
mω2

2
(1 + τp2

0)x0(1 + τp2
0)x0

=
p2

0
2m

+
mω2

2

[
(1 + τp2

0)2x2
0 + 2i~τp0(1 + τp2

0)x0

]
- but also Hermitian representations exist:

X = x0 and P =
1√
τ

tan(
√
τp0)

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Dynamical noncommutative space-time

[x0, y0] = iθ, [x0,px0 ] = i~, [y0,py0 ] = i~,
[px0 ,py0 ] = 0, [x0,py0 ] = 0, [y0,px0 ] = 0,

replaced by (θ ∈ R)

[X ,Y ] = iθ(1 + τY 2) [X ,Px ] = i~(1 + τY 2)
[Y ,Py ] = i~(1 + τY 2) [X ,Py ] = 2iτY (θPy + ~X )
[Px ,Py ] = 0 [Y ,Px ] = 0

⇒ Non-Hermitian representation

X = (1 + τy2
0 )x0 Y = y0 Px = px0 Py = (1 + τy2

0 )py0

X † = X + 2iτθY Y † = Y P†y = Py − 2iτ~Y P†x = Px

A. Fring, L. Gouba, F. Scholtz, J. Phys. A: Math and Theor. 43 (2010) 345401
A. Fring, L. Gouba, B. Bagchi, J. Phys. A: Math and Theor. 43 (2010) 425202
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PT -symmetric quantum mechanics - time-independent H Spectral analysis

How to explain the reality of the spectrum?
1 Pseudo/Quasi-Hermiticity
2 PT -symmetry
3 Supersymmetry (Darboux transformations)
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†ρ = ρH ρ = η†η (*)

hφ = Eφ⇒ ηHη−1φ = Eφ⇒ Hη−1φ = Eη−1φ⇒ Hψ = Eψ ψ := η−1φ

H† = ρHρ−1 H†ρ = ρH H† = ρHρ−1

positivity of ρ X X ×
ρ Hermitian X X X
ρ invertible X × X
terminology (*) quasi-Herm. a pseudo-Herm.b

spectrum of H real could be real real
definite metric guaranteed guaranteed not conclusive

a J. Dieudonné, Proc. Int. Symp. (1961) 115
F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74

b M. Froissart, Nuovo Cim. 14 (1959) 197
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

Unbroken PT -symmetry guarantees real eigenvalues

PT -symmetry: PT : x → −x p → p i → −i
(P : x → −x ,p → −p; T : x → x ,p → −p, i → −i)

PT is an anti-linear operator:

PT (λΦ + µΨ) = λ∗PT Φ + µ∗PT Ψ λ, µ ∈ C

Real eigenvalues from unbroken PT -symmetry:

[H,PT ] = 0 ∧ PT Φ = Φ ⇒ ε = ε∗ for HΦ = εΦ

Proof :

εΦ = HΦ = HPT Φ = PT HΦ = PT εΦ = ε∗PT Φ = ε∗Φ
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

Spontaneously broken PT -symmetry gives conjugate eigenvalues

Spontaneously broken PT -symmetry:

[H,PT ] = 0 ∧ PT Φ 6= Φ

Instead
[H,PT ] = 0 ∧ PT Φ1 = Φ2

HΦ1 = ε1Φ1 HΦ2 = ε2Φ2

⇒ PT HΦ1 = PT ε1Φ1 ⇒ HPT Φ1 = ε∗1PT Φ1 ⇒ HΦ2 = ε∗1Φ2
The eigenvalues of Φ1 and Φ2 form a complex conjugate pair.
The point in parameter space where the PT -symmetry

spontaneously breaks is referred to as exceptional point.

PT -symmetry is only an example of an antilinear operator.
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

PT -symmetry versus spontaneously broken PT -symmetry

PT Φ2 = Φ2, ϵ2 ∈ 

PT Φ1 = Φ1, ϵ1 ∈ 

PT Φ1 = Φ2, ϵ1 = ϵ2
*

[ PT, H ]= 0

1 2 3 4
λ

-3

-2

-1

1

2

3

4
E(λ )

Φ1

Φ2

real parts are solid lines, imaginary parts are dotted lines
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H = H+ ⊕ H− = QQ̃ ⊕ Q̃Q

• intertwining operators: QH− = H+Q and Q̃H+ = H−Q̃

⇒ [H,Q] = [H, Q̃] = 0

• realization: Q = d
dx + W and Q̃ = − d

dx + W

⇒ H± = −∆ + W 2 ±W ′ = −∆ + V±

• ground state: H−Φ−n = εnΦ−n and H−Φ−m = 0
⇒isospectral Hamiltonians

Hm
± = −∆ + V m

± + Em Hm
±Φ±n = EnΦ±n for n > m

Hm
− non-Hermitian and Hm

+ Hermitian when ReW = 1
2∂x ln(ImW ).
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework

How to formulate a quantum mechanical framework?
1 orthogonality
2 observables
3 uniqueness
4 technicalities (new metric etc)
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
• Take h to be a Hermitian and diagonalisable Hamiltonian:

〈φn |hφm〉 = 〈hφn|φm〉

〈φn

|hφm〉 = εm

〈φn

|φm〉
〈hφn |

φm〉

= ε∗n 〈φn|

φm〉

}
⇒ 0 = (εm − ε∗n) 〈φn |φm〉

⇒ n = m : εn = ε∗n n 6= m : 〈φn |φm〉 = 0
• Take H to be a non-Hermitian Hamiltonian:

H |Φn〉 = εn|Φn〉

- reality and orthogonality no longer guaranteed. Define

〈Φn |Φm〉η := 〈Φn |η2Φm〉

- where 〈Φn |HΦm〉η = 〈HΦn |Φm〉η ⇒ 〈Φn |Φm〉η = δn,m
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
• Assume pseudo-Hermiticity:

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†η†η = η†ηH

Φ = η−1φ η† = η

⇒ H is Hermitian with respect to the new metric

Proof :

〈Ψ |HΦ〉η = 〈Ψ |η2HΦ〉

= 〈η−1ψ|η2Hη−1φ〉 = 〈ψ |ηHη−1φ〉 =

〈ψ |hφ〉 = 〈hψ|φ〉 = 〈ηHη−1ψ|φ〉 = 〈HΨ|ηφ〉 = 〈HΨ|η2Φ
〉

= 〈HΨ|Φ〉η

Using the same reasoning as in the Hermitian case:
⇒ Eigenvalues of H are real, eigenstates are orthogonal
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
Observables are associated to self-adjoint (Hermitian) operators

〈ψ |oφ〉 = 〈oψ |φ〉

Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

〈Ψ |OΦ〉η = 〈Ψ |η†ηOΦ〉 = 〈OΨ |η†ηΦ〉 = 〈OΨ |Φ〉η

⇒ observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

O = η−1oη ⇔ O† = ρOρ−1

Examples: In H = 1
2p2 + ix3 x ,p are not observables,

but X = η−1xη, P = η−1pη are.
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of ρ and η

General technique, construction of metric and Dyson maps

Given H
{

either solve ηHη−1 = h for η ⇒ ρ = η†η

or solve H† = ρHρ−1 for ρ ⇒ η =
√
ρ

involves complicated commutation relations
often this can only be solved perturbatively
Ambiguities:

Given H the metric is not uniquely defined for unknown h.
⇒ Given only H the observables are not uniquely defined.

This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. a

a Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74

Note:
Thus, this is not re-inventing or disputing the validity of quantum

mechanics. We only give up the restrictive requirement that
Hamiltonians have to be Hermitian.
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PT -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

H = −1
2

[ωI + λσz + iκσx ]

with eigensystem

E± = −1
2
ω ± 1

2

√
λ2 − κ2, ϕ± =

(
i(−λ±

√
λ2 − κ2)
κ

)

with PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, and PT ϕ± = −ϕ± for |λ| > |κ|

with broken PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, PT ϕ± 6= ϕ± |λ| < |κ|

Claim: This system has real energies for |λ(t)| < |κ(t)|!
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PT -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (∞- dim Hilbert space)

HK = aK1 + bK2 + iλK3, a,b, λ ∈ R

with Lie algebraic generators

K1 =
(

p2
x + x2

)
/2, K2 =

(
p2

y + y2
)
/2, K3 = (xy + pxpy ) /2

K4 = (xpy − ypx ) /2

[K1,K2] = 0, [K1,K3] = iK4, [K1,K4] = −iK3,
[K2,K3] = −iK4, [K2,K4] = iK3, [K3,K4] = i(K1 − K2)/2

• HK is PT -symmetric: [PT ±,HK ] = 0
PT ± : x → ±x , y → ∓y , px → ∓px , py → ±py , i → −i

• HK is quasi-Hermitian: hK = ηHKη
−1

hK = (a + b) (K1 + K2) /2 +

√
(a− b)2 − λ2 (K1 − K2) /2

Dyson map: η = e2θK4 , θ = arctanh[λ/(b − a)], PT -symm. |λ| < |a− b|
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PT -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)

Time-dependent Schrödinger eqn for h(t) = h†(t), H(t) 6= H†(t)

h(t)φ(t) = i~∂tφ(t), and H(t)Ψ(t) = i~∂t Ψ(t)

Time-dependent Dyson operator

φ(t) = η(t)Ψ(t)

⇒ Time-dependent Dyson relation

h(t) = η(t)H(t)η−1(t) + i~∂tη(t)η−1(t)

⇒ Time-dependent quasi-Hermiticity relation

H†ρ(t)− ρ(t)H = i~∂tρ(t)

[from conjugating Dyson relation and ρ(t) := η†(t)η(t))]
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⇒ Time-dependent quasi-Hermiticity relation

H†ρ(t)− ρ(t)H = i~∂tρ(t)

[from conjugating Dyson relation and ρ(t) := η†(t)η(t))]
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PT -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = η(t)O(t)η−1(t)

Then we have

〈φ(t) |o(t)φ(t)〉 = 〈Ψ(t) |ρ(t)O(t)Ψ(t)〉 .

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H̃(t) = η−1(t)h(t)η(t) = H(t) + i~η−1(t)∂tη(t).

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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Applications Applications - Optics

Nature Physics volume 11, page 799 (2015)

Helmholtz equation
in paraxial approximation:
i ∂ψ∂z + 1

2k
∂2ψ
∂x2 + kv(x)ψ = 0

ψ ≡ envelope function of E
v(x) = n/n0 − 1
n ≡ reflection index
n0 ≡ reflection index
k = nω/c
ω ≡ frequency

with z → t
this becomes formally
the Schrödinger equation
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

H(t) =
a(t)

2

(
p2

x + p2
y + x2 + y2

)
+ i

λ(t)
2

(xy + pxpy ) , a(t), λ(t) ∈ R

Ansatz:
η(t) =

∏4

i=1
eγ i (t)Ki , γ i ∈ R

Time-dependent Dyson equations is satisfied when
Constraint:

γ1 = γ2 = q1, γ̇3 = −λ cosh γ4, γ̇4 = λ tanh γ3 sinh γ4,

h(t) = a(t) (K1 + K2) +
λ(t)

2
sinh γ4
cosh γ3

(K1 − K2)

Solution: γ4 = arcsinh (κ sech γ3) , χ(t) := cosh γ3, κ = const
with dissipative Ermakov-Pinney equation

χ̈− λ̇

λ
χ̇− λ2χ =

κ2λ2

χ3
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Applications Applications - Mending the broken regime

Instanteneous energies are real even in the broken PT regime !
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Applications Applications - Entropy revival

Von Neumann entropy in PT -symmetric systems
statistical ensemble of states (density matrix):

%h =
∑

i
pi |φi〉 〈φi |

partial traces (for subsystems)

%h,A = TrB(%h) =
∑

i

〈
ni,B
∣∣ %h

∣∣ni,B
〉

%h,B = TrA(%h) =
∑

i

〈
ni,A
∣∣ %h

∣∣ni,A
〉

∣∣ni,A
〉
,
∣∣ni,B

〉
≡ eigenstates of the subsystems A,B

Time evolution:
i∂t%h = [h, %h]

It follows
i∂t%H = [h, %H ]

with
%h = η%Hη

−1, h = ηHη−1 + i∂tηη
−1
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Applications Applications - Entropy revival

Therefore
%H =

∑
i
pi |ψi〉 〈ψi | ρ

recalling that ρ = η†η, |φi〉 = η |ψi〉
Von Neumann entropy

Sh = − tr [ρh ln ρh] = −
∑

i
λi lnλi = SH

Entropy of a subsystem

Sh,A = − tr
[
%h,A ln %h,A

]
= −

∑
i
λi,A lnλi,A = SH,A

An example: bosonic system coupled to a bath

H = νa†a + ν

N∑
n=1

q†nqn + (g + κ)a†
N∑

n=1

qn + (g − κ)a
N∑

n=1

q†n

energy eigenvalues

E±m,N = m
(
ν ±
√

N
√

g2 − κ2
)
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Applications Applications - Entropy revival

Standard behaviour:
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Applications Applications - Entropy revival

Von-Neumann entropy in the PT symmetric regime

Andreas Fring PT -symmetry in nonlinear systems Lectures in Nonlinear Dynamics 32 / 50



Applications Applications - Entropy revival

Von-Neumann entropy at the exceptional point
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Applications Applications - Entropy revival

Von-Neumann entropy in the broken PT regime

For more detail on this part of the talk see
A.Fring,"An introduction to PT-symmetric quantum mechanics –
time-dependent systems." arXiv:2201.05140 (2022).
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Reality of complex soliton solutions Reality of one-soliton charges

Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

ut + 6uux + uxxx = 0 ⇔
{

pt + 6ppx + pxxx − 6qqx = 0
qt + 6 (pq)x + qxxx = 0

with u(x , t) = p(x , t) + iq(x , t), p(x , t), q(x , t) ∈ R

Unifies some know special cases:
- for (pq)x → pqx : complex KdV⇒ Hirota-Satsuma equations
- for qxxx → 0 complex KdV⇒ Ito equations
PT -symmetry:

x → −x , t → −t , i → −i , u → u, p → p, q → −q
Integrability:

Lax pair:

Lt = [M,L] L = ∂2
x +

1
6

u, M = 4∂3
x + u∂x +

1
2

ux
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Reality of complex soliton solutions Reality of one-soliton charges

Solutions from Hirota’s direct method

Convert KdV equation into Hirota’s bilinear form(
D4

x + DxDt

)
τ · τ = 0

with u = 2(ln τ)xx . (Dx ,Dt are Hirota derivatives)

Expanding τ =
∑∞

k=0 λ
kτ k gives multi-soliton solutions

τµ;α(x , t) = 1 + eηµ;α

τµ,ν;α,β(x , t) = 1 + eηµ;α + eην;β + κ(α, β)eηµ;α+ην;β

τµ,ν,ρ;α,β,γ(x , t) = 1 + eηµ;α + eην;β + eηρ;γ + κ(α, β)eηµ;α+ην;β

+κ(α, γ)eηµ;α+ηρ;γ + κ(β, γ)eην;β+ηρ;γ

+κ(α, β)κ(α, γ)κ(β, γ)eηµ;α+ην;β+ηρ;γ

with ηµ;α := αx − α3t + µ, κ(α, β) := (α− β)2/(α + β)2

µ, ν, ρ ∈ C, α, β, γ ∈ R
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Reality of complex soliton solutions Reality of one-soliton charges

One-soliton solution

We find

uiθ;α(x , t) =
α2 + α2 cos θ cosh(αx − α3t)

[cos θ + cosh(αx − α3t)]
2 − i

α2 sin θ sinh(αx − α3t)

[cos θ + cosh(αx − α3t)]
2

The solution found by Khare and Saxena is the special case

u±i π2 ;α(x , t) = α2sech2 (αx − α3t
)
∓ iα2 tanh

(
αx − α3t

)
sech

(
αx − α3t

)
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(
αx − α3t

)

P̂α(θ) =
α2

2
sec2

(
θ

2

)
P̌α(θ) =

α2

4
cot2 (θ)

∆r (θ) = arccosh(cos θ − 2 sec θ)
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∓ iα2 tanh
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αx − α3t

)
sech

(
αx − α3t

)

Qα(θ) =
8α2

√
5 + cos(2θ) + cos θA

[6 cos θ + A]2 / sin θ

∆i (θ) = arccosh
[

1
2

cos θ +
1
4

A
]

A =
√

2
√

17 + cos(2θ)
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Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass : mα =

∫ ∞
−∞

uiθ;α(x , t)dx = 2α

Momentum : pα =

∫ ∞
−∞

u2
iθ;αdx =

2
3
α3

Energy : Eα =

∫ ∞
−∞

[
2u3

iθ;α − (uiθ;α)2
x

]
dx =

2
5
α5

Generic: In =

∫ ∞
−∞

w2n−2(x , t)dx =
2

2n − 1
α2n−1

Reality follows immediately from PT -symmetry
E =

∫∞
−∞ dxH[φ[x ]] = −

∫ −∞
∞ dxH[φ[−x ]] =

∫∞
−∞ dxH†[φ[x ]] = E∗

PT -broken solutions (µ = κ+ iθ)⇒ PT -symmetric In:
uκ+iθ;α(x , t) = uiθ;α(x + κ/α, t) then absorb in integral limits
uκ+iθ;α(x , t) = uiθ;α(x , t − κ/α3) then use charges are conserved
This is not possible for N-soliton solutions with N > 2.
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uκ+iθ;α(x , t) = uiθ;α(x + κ/α, t) then absorb in integral limits
uκ+iθ;α(x , t) = uiθ;α(x , t − κ/α3) then use charges are conserved

This is not possible for N-soliton solutions with N > 2.
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Reality of complex soliton solutions Reality of N-soliton charges

Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons

Charges based on one-solitons solutions are real by PT -symmetry

Therefore

Reality condition
PT -symmetry and integrability ensure the reality of all charges.
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New type of models from PT -symmetry Nonlocal Hirota equation

Nonlocality

Consider higher order nonlinear Schrödinger equation

iqt +
1
2

qxx + |q|2 q

+ iε
[
αqxxx + β |q|2 qx + γq |q|2x

]

= 0

PT -symmetry: PT : x → −x , t → −t , i → −i , q → q

Integrable cases:
ε = 0 ≡nonlinear Schrödinger equation (NLSE)
α : β : γ = 0 : 1 : 1 ≡ derivative NLSE of type I
α : β : γ = 0 : 1 : 0 ≡ derivative NLSE of type II
α : β : γ = 1 : 6 : 3 ≡ Sasa-Satsuma equation
α : β : γ = 1 : 6 : 0 ≡ Hirota equation

iqt +
1
2

qxx + |q|2 q + iε
[
qxxx + 6 |q|2 qx

]
= 0
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New type of models from PT -symmetry Nonlocal Hirota equation

Zero curvature condition
∂tU − ∂xV + [U,V ] = 0

U =

(
−iλ q(x , t)

r(x , t) iλ

)
, V =

(
A(x , t) B(x , t)
C(x , t) −A(x , t)

)
Ax (x , t) = q(x , t)C(x , t)− r(x , t)B(x , t)
Bx (x , t) = qt (x , t)− 2q(x , t)A(x , t)− 2iλB(x , t)
Cx (x , t) = rt (x , t) + 2r(x , t)A(x , t) + 2iλC(x , t)

A(x , t) = −iαqr − 2iαλ2 + β
(

rqx − qrx − 4iλ3 − 2iλqr
)

B(x , t) = iαqx + 2αλq + β
(

2q2r − qxx + 2iλqx + 4λ2q
)

C(x , t) = −iαrx + 2αλr + β
(

2qr2 − rxx − 2iλrx + 4λ2r
)

qt − iαqxx + 2iαq2r + β [qxxx − 6qrqx ] = 0
rt + iαrxx − 2iαqr2 + β (rxxx − 6qrrx ) = 0
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New type of models from PT -symmetry Nonlocal Hirota equation

Nonlocality from zero curvature condition

Complex conjugate pair: r(x , t) = κq∗(x , t) (Hirota equation)

iqt = −α
(

qxx − 2κ |q|2 q
)
− iβ

(
qxxx − 6κ |q|2 qx

)
−iq∗t = −α

(
q∗xx − 2κ |q|2 q∗

)
+ iβ

(
q∗xxx − 6κ |q|2 q∗x

)

P conjugate pair: r(x , t) = κq∗(−x , t) (Nonlocal Hirota equn)

iqt = −α
[
qxx − 2κq̃∗q2

]
+ δ[qxxx − 6κqq̃∗qx ]

−i q̃∗t = −α
[
q̃∗xx − 2κq(q̃∗)2

]
− δ(q̃∗xxx − 6κq̃∗qq̃∗x )

β = iδ, α, δ ∈ R, q := q(x , t); q̃ := q(−x , t)
T conjugate pair: r(x , t) = κq∗(x ,−t)

iqt = −i δ̂
[
qxx − 2κq̂∗q2

]
+ δ[qxxx − 6κqq̂∗qx ]

i q̂∗t = i δ̂
[
q̂∗xx − 2κq(q̂∗)2

]
+ δ(q̂∗xxx − 6κq̂∗qq̂∗x )

α = i δ̂, β = iδ, δ̂, δ ∈ R; q̂ := q(x ,−t)
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New type of models from PT -symmetry Nonlocal Hirota equation

PT -conjugate pair: r(x , t) = κq∗(−x ,−t)

qt = −δ̌
[
qxx − 2κq̌∗q2

]
− β[qxxx − 6κqq̌∗qx ]

−q̌∗t = −̌δ
[
q̌∗xx − 2κq(q̌∗)2

]
+ β(q̌∗xxx − 6κq̌∗qq̌∗x )

α = i δ̌; δ̌, β ∈ R ; q̌ := q(−x ,−t)

P transformed pair: r(x , t) = κq(−x , t):

iqt = −α
[
qxx − 2κq̃q2

]
+ δ[qxxx − 6κqq̃qx ]

−i q̃t = −α
[
q̃xx − 2κqq̃2

]
− δ(q̃xxx − 6κq̃qq̃x )

β = iδ; α, δ ∈ R
T transformed pair: r(x , t) = κq(x ,−t)

iqt = −i δ̂
[
qxx − 2κq̂∗q2

]
+ δ[qxxx − 6κqq̂∗qx ]

i q̂∗t = i δ̂
[
q̂∗xx − 2κq(q̂∗)2

]
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New type of models from PT -symmetry Nonlocal Hirota equation

Nonlocality in Hirota’s direct method

Bilinearisation of the local Hirota equation (q = g/f )

f 3
[
iqt + αqxx − 2κα |q|2 q + iβ

(
qxxx − 6κ |q|2 qx

)]
=

f
[
iDtg · f + αD2

x g · f + iβD3
x g · f

]
+
[
3iβ

(g
f

fx − gx

)
− αg

]
×
[
D2

x f · f + 2κ |g|2
]

Dn
x f · g =

∑n

k=0

(
n
k

)
(−1)k ∂n−k

∂xn−k f (x)
∂k

∂xk g(x)

iDtg · f + αD2
x g · f + iβD3

x g · f = 0, D2
x f · f = −2κ |g|2

Solve by formal power series that becomes exact

f (x , t) =
∞∑

k=0

ε2k f2k (x , t), and g(x , t) =
∞∑

k=1

ε2k−1g2k−1(x , t)
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New type of models from PT -symmetry Nonlocal Hirota equation

Bilinearisation of the nonlocal Hirota equation

f 3 f̃ ∗
[
iqt + αqxx + 2αq̃∗q2 − δ(qxxx + 6qq̃∗qx )

]
=

f f̃ ∗
[
iDtg · f + αD2

x g · f − δD3
x g · f

]
+

(
3δ
f

Dxg · f − αg
)

×
(

f̃ ∗D2
x f · f − 2fgg̃∗

)
not bilinear yet

iDtg · f + αD2
x g · f − δD3

x g · f = 0, f̃ ∗D2
x f · f = 2fgg̃∗

introduce additional auxiliary function

D2
x f · f = hg, and 2f g̃∗ = hf̃ ∗

Solve again formal power series that becomes exact

h(x , t) =
∑

k
εkhk (x , t).
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x g · f = 0, f̃ ∗D2
x f · f = 2fgg̃∗

introduce additional auxiliary function

D2
x f · f = hg, and 2f g̃∗ = hf̃ ∗

Solve again formal power series that becomes exact

h(x , t) =
∑

k
εkhk (x , t).
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New type of models from PT -symmetry Nonlocal Hirota equation

Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1 + ε2f2, g = εg1, h = εh1

0 = ε[i (g1)t + α (g1)xx − δ(g1)xxx ]

+ε3[2 (f2)x (g1)x − g1 [(f2)xx + i (f2)t ] + if2 [(g1)t + i (g1)xx ]]

0 = ε2[2(f2)xx − g1h1] + ε4
[
2f2(f2)xx − 2(f2)2

x

]
0 = ε[2g̃∗1 − h1] + ε3

[
2f2g̃∗1 − f̃ ∗2 h1

]
Standard solution, solve six equations independently, then ε→ 1

q(1)
st =

λ(µ− µ∗)2τµ,γ

(µ− µ∗)2 + |λ|2 τµ,γ τ̃∗µ,γ

τµ,γ(x , t) := eµx+µ2(iα−βµ)t+γ
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0 = ε2[2(f2)xx − g1h1] + ε4
[
2f2(f2)xx − 2(f2)2

x

]
0 = [2g̃∗1 − h1] +

[
2f2g̃∗1 − f̃ ∗2 h1

]
Nonstandard solution, solve five equations, last one for ε = 1

q(1)
nonst =

(µ+ ν)τµ,iγ
1 + τµ,iγ τ̃

∗
−ν,−iθ

.

τµ,γ(x , t) := eµx+µ2(iα−βµ)t+γ
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New type of models from PT -symmetry Nonlocal Hirota equation

Two-soliton solution
Truncated expansions:
f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3, h = εh1 + ε3h3

q(2)
nl (x , t) =

g1(x , t) + g3(x , t)
1 + f2(x , t) + f4(x , t)

g1 = τµ,γ + τν,δ

g3 =
(µ− ν)2

(µ− µ∗)2 (ν − µ∗)2 τµ,γτν,δ τ̃
∗
µ,γ +

(µ− ν)2

(µ− ν∗)2 (ν − ν∗)2 τµ,γτν,δ τ̃
∗
ν,δ

f2 =
τµ,γ τ̃

∗
µ,γ

(µ− µ∗)2 +
τν,δ τ̃

∗
µ,γ

(ν − µ∗)2 +
τµ,γ τ̃

∗
ν,δ

(µ− ν∗)2 +
τν,δ τ̃

∗
ν,δ

(ν − ν∗)2

f4 =
(µ− ν)2 (µ∗ − ν∗)2

(µ− µ∗)2 (ν − µ∗)2 (µ− ν∗)2 (ν − ν∗)2 τµ,γ τ̃
∗
µ,γτν,δ τ̃

∗
ν,δ

h1 = 2τ̃∗µ,γ + 2τ̃∗ν,δ

h3 =
2 (µ∗ − ν∗)2

(µ− µ∗)2 (ν∗ − µ)2 τ̃
∗
µ,γ τ̃

∗
ν,δτµ,γ +

2 (µ∗ − ν∗)2

(µ∗ − ν)2 (ν − ν∗)2 τ̃
∗
µ,γ τ̃

∗
ν,δτν,δ
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New type of models from PT -symmetry Nonlocal Hirota equation

Two-soliton solution
Truncated expansions:
f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3, h = εh1 + ε3h3

q(2)
nl (x , t) =

g1(x , t) + g3(x , t)
1 + f2(x , t) + f4(x , t)

Nonlocal regular two-soliton solution
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Stability analysis of complex solutions Generalities

Stability analysis – generalities

Consider systems of the general form

L =∂µϕ∂
µϕ/2− V (ϕ)

Euler-Lagrange equation

ϕ̈− ϕ′′ + ∂V (ϕ)/∂ϕ = 0

Linearise the Euler-Lagrange equation with ϕ→ ϕs + εχ, ε� 1

ϕ̈s − ϕ′′s +
∂V (ϕ)

∂ϕ

∣∣∣∣
ϕs

+ ε

(
χ̈− χ′′ + χ

∂2V (ϕ)

∂ϕ2

∣∣∣∣
ϕs

)
+O(ε2) = 0

With χ(x , t) = eiλt Φ(x)⇒ Sturm-Liouville eigenvalue problem

−Φxx +
∂2V (ϕ)

∂ϕ2

∣∣∣∣
ϕs

Φ = λ2Φ,

⇒
{
λ ∈ R ≡ stable solutions
λ ∈ C ≡ grows or decay
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Stability analysis of complex solutions Generalities

Energies

E [ϕ] =

∫ ∞
−∞

dxε(ϕ), ε(ϕ) =

(
1
2
ϕ̇2 +

1
2

(ϕ′)2 + V (ϕ)

)
,

Perturbed energy:

E [ϕs + χ] = E [ϕs] +

∞∫
−∞

dx

[(
∂V (ϕ)

∂ϕ

∣∣∣∣
ϕs

− ϕ′′s

)
χ

→ 0 (E.L. equation)

+
χ

2

(
χ̇2

χ
− χ′′ + χ

∂2V (ϕ)

∂ϕ2

∣∣∣∣
ϕs

)]

→ 0 (S.L. equation)

+ χ(χ′ + ϕ′s)
∣∣∞
−∞ +O(ε3)

→ 0 for lim
x→±∞

Φ(x) = 0

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions The Bullough-Dodd model

The Bullough-Dodd model

LBD =
1
2
∂µϕ∂

µϕ− eϕ − 1
2

e−2ϕ +
3
2

with ϕ ∈ C

Euler-Lagrange equation: ϕ̈− ϕ′′ + eϕ − e−2ϕ = 0

Type I sol.: ϕ±I (x , t) = ln

cosh
(
β +
√

k2 − 3t + kx
)
± 2

cosh
(
β +
√

k2 − 3t + kx
)
∓ 1

 , β ∈ C
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Stability analysis of complex solutions The Bullough-Dodd model

Sturm-Liouville auxiliary problem
with potential

V+
1 (x , β) = 1− 3

1− cosh
(
β +
√

3x
) +

8 sinh4
[

1
2

(
β +
√

3x
)]

[
2 + cosh

(
β +
√

3x
)]2

V−1 (x , β) = V+
1 (x , β − iπ)

Darboux transformation⇒ exactly solvable partner potential

V2 = 3− 3
2

sech2

(
β

2
+

√
3x
2

)
.

We find one bound state with λ = 3/2⇒ the solution is stable.
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Darboux transformation⇒ exactly solvable partner potential

V2 = 3− 3
2

sech2

(
β

2
+

√
3x
2

)
.

We find one bound state with λ = 3/2⇒ the solution is stable.

Similarly for type II solutions
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Sturm-Liouville auxiliary problem
with potential

V+
1 (x , β) = 1− 3

1− cosh
(
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[

1
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(
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)]
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)]2

V−1 (x , β) = V+
1 (x , β − iπ)

Darboux transformation⇒ exactly solvable partner potential

V2 = 3− 3
2

sech2

(
β

2
+

√
3x
2

)
.

We find one bound state with λ = 3/2⇒ the solution is stable.

Also the nonlocal solutions are found to be stable,
see J. Cen, F. Correa, F., A. Fring, T. Taira, Stability in integrable
nonlocal nonlinear equations arXiv:2112.12206 (2021)
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PT -seminar: register here vphhqp.com

virtual seminar Pseudo-Hermitian Hamiltonians in Quantum Physics

https://vphhqp.com
Proceedings: Journal of Physics: Conference Series Volume 2038

https://iopscience.iop.org/issue/1742-6596/2038/1

Thank you for your attention
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