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Outline
• Why study complex PT-symmetric solitons?

real energies, degeneracy problem, new features

• Nonlocality via zero curvature condition or AB systems

• Nonlocality in solution procedures (Hirota method)

• Nonlocality in solution procedures (Darboux method)

• Nonlocal gauge equivalence, extendent continuous limit of
Heisenberg spin chain, extendent Landau-Lifschitz equation

• Conclusions and Outlook
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The complex Korteweg-de Vries equation
The complex KdV equation equals two coupled real equations

ut + 6uux + uxxx = 0 ⇔
{

pt + 6ppx + pxxx − 6qqx = 0
qt + 6 (pq)x + qxxx = 0

with u(x , t) = p(x , t) + iq(x , t), p(x , t), q(x , t) ∈ R

• Unifies some know special cases:
- for (pq)x → pqx : complex KdV ⇒ Hirota-Satsuma equations
- for qxxx → 0 complex KdV ⇒ Ito equations

• PT -symmetry:
x → −x , t → −t, i → −i , u → u, p → p, q → −q

• Integrability:
Lax pair:

Lt = [M , L]

L = ∂2
x +

1

6
u and M = 4∂3

x + u∂x +
1

2
ux
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Solutions from Hirota’s direct method

Convert KdV equation into Hirota’s bilinear form(
D4

x + DxDt

)
τ · τ = 0

with u = 2(ln τ)xx . (Dx ,Dt are Hirota derivatives)

Expanding τ =
∑∞

k=0 λ
kτ k gives multi-soliton solutions

τµ;α(x , t) = 1 + eηµ;α

τµ,ν;α,β(x , t) = 1 + eηµ;α + eην;β + κ(α, β)eηµ;α+ην;β

τµ,ν,ρ;α,β,γ(x , t) = 1 + eηµ;α + eην;β + eηρ;γ + κ(α, β)eηµ;α+ην;β

+κ(α, γ)eηµ;α+ηρ;γ + κ(β, γ)eην;β+ηρ;γ

+κ(α, β)κ(α, γ)κ(β, γ)eηµ;α+ην;β+ηρ;γ

with ηµ;α := αx − α3t + µ, κ(α, β) := (α− β)2/(α + β)2

µ, ν, ρ ∈ C, α, β, γ ∈ R
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One-soliton solution
We find

uiθ;α(x , t) =
α2 + α2 cos θ cosh(αx − α3t)

[cos θ + cosh(αx − α3t)]2
−i α2 sin θ sinh(αx − α3t)

[cos θ + cosh(αx − α3t)]2

The solution found by Khare and Saxena is the special case

u±i π
2

;α(x , t) = α2sech2
(
αx − α3t

)
∓iα2 tanh

(
αx − α3t

)
sech

(
αx − α3t

)
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P̂α(θ) =
α2

2
sec2

(
θ

2

)
P̌α(θ) =

α2

4
cot2 (θ)

∆r (θ) = arccosh(cos θ − 2 sec θ)
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Qα(θ) =
8α2
√

5 + cos(2θ) + cos θA

[6 cos θ + A]2 / sin θ

∆i (θ) = arccosh

[
1

2
cos θ +

1

4
A

]
A =

√
2
√

17 + cos(2θ)
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Real charges from one-soliton solution

Mass : mα =

∫ ∞
−∞

uiθ;α(x , t)dx = 2α

Momentum : pα =

∫ ∞
−∞

u2
iθ;αdx =

2

3
α3

Energy : Eα =

∫ ∞
−∞

[
2u3

iθ;α − (uiθ;α)2
x

]
dx =

2

5
α5

Generic: In =

∫ ∞
−∞

w2n−2(x , t)dx =
2

2n − 1
α2n−1

Reality follows immediately from PT -symmetry

PT -broken solutions (µ = κ + iθ) ⇒ PT -symmetric In:
uκ+iθ;α(x , t) = uiθ;α(x + κ/α, t) then absorb in integral limits
uκ+iθ;α(x , t) = uiθ;α(x , t − κ/α3) then use charges are conserved

This is not possible for N-soliton solutions with N > 2.
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Nondegenerate two-soliton solutions

uµ,ν;α,β = 2 [ln (τµ,ν;α,β(x , t))]xx
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Nondegenerate two-soliton solutions
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α = 6/5, β = 4/5, µ = iπ/3, ν = iπ/4
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Time-delays and lateral displacements

Comparing trajectories in the asymptotic past and future
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Time-delays and lateral displacements

Comparing trajectories in the asymptotic past and future

δy ,zx := 2
x

ln
(

y+z
y−z

)

Displacements: (∆x)α = δα,βα and (∆x)β = −δα,ββ
Time-delays: (∆t)α = − 1

α2 δ
α,β
α and (∆t)β = 1

β2 δ
α,β
β

Consistency relations:
∑

k
mk(∆x)k = 0 and

∑
k
pk(∆t)k = 0
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Nondegenerate three-soliton solutions

uµ,ν,ρ;α,β,γ = 2 [ln (τµ,ν,ρ;α,β,γ(x , t))]xx
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Nondegenerate three-soliton solutions

uµ,ν,ρ;α,β,γ = 2 [ln (τµ,ν,ρ;α,β,γ(x , t))]xx

α = 6/5, β = 9/10, γ = 1/2, µ = i7/5π, ν = i1/4π, ρ = i7/6π

A. Fring Nonlocal gauge equivalent integrable systems 9/34

9/34



Nondegenerate three-soliton solutions

uµ,ν,ρ;α,β,γ = 2 [ln (τµ,ν,ρ;α,β,γ(x , t))]xx

α = 6/5, β = 9/10, γ = 1/2, µ = i7/5π, ν = i1/4π, ρ = i7/6π

A. Fring Nonlocal gauge equivalent integrable systems 9/34

9/34



Nondegenerate three-soliton solutions

uµ,ν,ρ;α,β,γ = 2 [ln (τµ,ν,ρ;α,β,γ(x , t))]xx

pµ,ν,ρ;α,β,γ(x , t)
pµ;α(x , t)
pν;β(x , t)
pρ;γ(x , t)

α = 6/5, β = 9/10, γ = 1/2, µ = i7/5π, ν = i1/4π, ρ = i7/6π

A. Fring Nonlocal gauge equivalent integrable systems 9/34

9/34



Nondegenerate three-soliton solutions
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Factorized Scattering

Displacements:

(∆x)α = δα,βα + δα,γα
(∆x)β = δβ,γβ − δ

α,β
β

(∆x)γ = −δα,γγ − δβ,γγ

Time-delays:

(∆t)α = − 1

α2

(
δα,βα + δα,γα

)
(∆t)β =

1

β2

(
δα,ββ − δ

β,γ
β

)
(∆t)γ =

1

γ2

(
δα,γγ + δβ,γγ

)
Consistency relations:

∑
k
mk(∆x)k = 0 and

∑
k
pk(∆t)k = 0

N-soliton time-delays ≡ sum of two-soliton time-delays

Classical factorization
This corresponds to the factorization of the quantum S-matrix
described by the Yang-Baxter and bootstrap equation.
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Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons

Charges based on one-solitons solutions are real by PT -symmetry

Therefore

Reality condition
PT -symmetry and integrability ensure the reality of all charges.
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Regularized degenerate multi-solitons

• In general for real solutions:

The limit Eα → Eβ gives limα→β uα,β,γ,...(x , t)→∞

The best scenario still has cusps.

• In the complex case the limits become finite.

Technically we use Wronskians as τ -functions involving
solutions of the Schrödinger equation and Jordan states
obtained from Darboux-Crum transformations.

A link to Hirota’s direct method and solutions obtained from a
superpositon principle based on Bäcklund transformations is
also established.
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Degenerate two-soliton solutions

uiθ,iφ;α,α(x , t) =
2α2[(αx−3α3t+iφ) sinh(ηiθ;α)−2 cosh(ηiθ;α)−2]

[αx−3α3t+iφ+sinh(ηiθ;α)]
2
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α = 6/5, θ = π/3, φ = π/4
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uiθ,iφ;α,α(x , t) =
2α2[(αx−3α3t+iφ) sinh(ηiθ;α)−2 cosh(ηiθ;α)−2]

[αx−3α3t+iφ+sinh(ηiθ;α)]
2

piθ,iφ;α,α(x , t)
piθ;α(x , t)

Relative displacement:
∆(t) = 1

α ln
(
4α3|t|

)
Total displacement:
±2∆(t)

α = 6/5, θ = π/3, φ = π/4
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Degenerate N-soliton solutions (α1 = α2 = . . . αN)

Notation:
limα2,...,αN→α1=α uiθ1=iθ,...,iθN ;α1,...,αN

= piθ,...,iθN ;Nα + iqiθ,...,iθN ;Nα

Asymptotic limits:

lim
t→σ∞

piθ,...,iθ2n;2nα

[
tα2 + σ∆n,`,1(t), t

]
= P̂α

(
θ +

1− (−1)n+`+1

2
π

)
lim

t→σ∞
piθ,...,iθ2n;2nα

[
tα2 − σ∆n,`,1(t), t

]
= P̂α

(
θ +

1− (−1)n+`

2
π

)
for n = 1, 2, . . ., ` = 1, 2, . . . , n, σ = ±1

lim
t→σ∞

piθ,...,iθ2n+1;(2n+1)α

[
tα2 ±∆n,`,0(t), t

]
= P̂α

(
θ +

1− (−1)n+`

2
π

)
for n = 0, 1, 2, . . ., ` = 0, 1, 2, . . . , n

Time-dependent displacements:

∆n,`,κ(t) =
1

α
ln

[
(n − `)!

(n + `− κ)!
(4 |t|α3)2`−κ

]
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Higher order nonlinear Schrödinger equation

iqt +
1

2
qxx + |q|2 q

+ iε
[
αqxxx + β |q|2 qx + γq |q|2x

]

= 0

PT -symmetry: PT : x → −x , t → −t, i → −i , q → q

Integrable cases:
ε = 0 ≡nonlinear Schrödinger equation (NLSE)
α : β : γ = 0 : 1 : 1 ≡ derivative NLSE of type I
α : β : γ = 0 : 1 : 0 ≡ derivative NLSE of type II
α : β : γ = 1 : 6 : 3 ≡ Sasa-Satsuma equation
α : β : γ = 1 : 6 : 0 ≡ Hirota equation

iqt +
1

2
qxx + |q|2 q + iε

[
qxxx + 6 |q|2 qx

]
= 0
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Zero curvature condition

∂tU − ∂xV + [U ,V ] = 0

U =

(
−iλ q(x , t)
r(x , t) iλ

)
, V =

(
A(x , t) B(x , t)
C (x , t) −A(x , t)

)
Ax(x , t) = q(x , t)C (x , t)− r(x , t)B(x , t)

Bx(x , t) = qt(x , t)− 2q(x , t)A(x , t)− 2iλB(x , t)

Cx(x , t) = rt(x , t) + 2r(x , t)A(x , t) + 2iλC (x , t)

A(x , t) = −iαqr − 2iαλ2 + β
(
rqx − qrx − 4iλ3 − 2iλqr

)
B(x , t) = iαqx + 2αλq + β

(
2q2r − qxx + 2iλqx + 4λ2q

)
C (x , t) = −iαrx + 2αλr + β

(
2qr 2 − rxx − 2iλrx + 4λ2r

)
qt − iαqxx + 2iαq2r + β [qxxx − 6qrqx ] = 0

rt + iαrxx − 2iαqr 2 + β (rxxx − 6qrrx) = 0
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Nonlocality (Zero curvature condition)
Complex conjugate pair: r(x , t) = κq∗(x , t) (Hirota equation)

iqt = −α
(
qxx − 2κ |q|2 q

)
− iβ

(
qxxx − 6κ |q|2 qx

)
−iq∗t = −α

(
q∗xx − 2κ |q|2 q∗

)
+ iβ

(
q∗xxx − 6κ |q|2 q∗x

)

P conjugate pair: r(x , t) = κq∗(−x , t) (Nonlocal Hirota equn)

iqt = −α
[
qxx − 2κq̃∗q2

]
+ δ[qxxx − 6κqq̃∗qx ]

−i q̃∗t = −α
[
q̃∗xx − 2κq(q̃∗)2

]
− δ(q̃∗xxx − 6κq̃∗qq̃∗x)

β = iδ, α, δ ∈ R, q := q(x , t); q̃ := q(−x , t)
T conjugate pair: r(x , t) = κq∗(x ,−t)

iqt = −i δ̂
[
qxx − 2κq̂∗q2

]
+ δ[qxxx − 6κqq̂∗qx ]

i q̂∗t = i δ̂
[
q̂∗xx − 2κq(q̂∗)2

]
+ δ(q̂∗xxx − 6κq̂∗qq̂∗x)

α = i δ̂, β = iδ, δ̂, δ ∈ R; q̂ := q(x ,−t)
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PT -conjugate pair: r(x , t) = κq∗(−x ,−t)

qt = −δ̌
[
qxx − 2κq̌∗q2

]
− β[qxxx − 6κqq̌∗qx ]

−q̌∗t = −̌δ
[
q̌∗xx − 2κq(q̌∗)2

]
+ β(q̌∗xxx − 6κq̌∗qq̌∗x)

α = i δ̌; δ̌, β ∈ R ; q̌ := q(−x ,−t)

P transformed pair: r(x , t) = κq(−x , t):

iqt = −α
[
qxx − 2κq̃q2

]
+ δ[qxxx − 6κqq̃qx ]

−i q̃t = −α
[
q̃xx − 2κqq̃2

]
− δ(q̃xxx − 6κq̃qq̃x)

β = iδ; α, δ ∈ R
T transformed pair: r(x , t) = κq(x ,−t)

iqt = −i δ̂
[
qxx − 2κq̂∗q2

]
+ δ[qxxx − 6κqq̂∗qx ]

i q̂∗t = i δ̂
[
q̂∗xx − 2κq(q̂∗)2

]
+ δ(q̂∗xxx − 6κq̂∗qq̂∗x)

α = i δ̂; β = iδ; δ̂, δ ∈ R
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Nonlocality (Alice and Bob systems)
Korteweg-de Vries equation:

ut + 6uux + uxxx = 0

Take
u(x , t) = 1

2
[a(x , t) + b(x , t)] ,PT a(x , t) = a(−x ,−t) = b(x , t)

PT pair: (Alice and Bob KdV equation)

at + 3/4(a + b)(3ax + bx) + axxx = 0

bt + 3/4(a + b)(ax + 3bx) + bxxx = 0

One -soliton solution

aµ,ν;α(x , t) = uµ,α(x , t) + ν tanh

[
1

2
(αx − α3t + µ)

]
bµ,ν;α(x , t) = uµ,α(x , t)− ν tanh

[
1

2
(αx − α3t + µ)

]
uµ,α(x , t) =

α2

2
sech2

[
1

2
(αx − α3t + µ)

]
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Nonlocality in Hirota’s direct method
Bilinearisation of the local Hirota equation

f 3
[
iqt + αqxx − 2κα |q|2 q + iβ

(
qxxx − 6κ |q|2 qx

)]
=

f
[
iDtg · f + αD2

xg · f + iβD3
xg · f

]
+
[

3iβ
(g
f
fx − gx

)
− αg

]
×
[
D2

x f · f + 2κ |g |2
]

Dn
x f · g =

∑n

k=0

(
n
k

)
(−1)k

∂n−k

∂xn−k
f (x)

∂k

∂xk
g(x)

iDtg · f + αD2
xg · f + iβD3

xg · f = 0, D2
x f · f = −2κ |g |2

Solve by formal power series that becomes exact

f (x , t) =
∞∑
k=0

ε2k f2k(x , t), and g(x , t) =
∞∑
k=1

ε2k−1g2k−1(x , t)
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Bilinearisation of the nonlocal Hirota equation

f 3f̃ ∗
[
iqt + αqxx + 2αq̃∗q2 − δ(qxxx + 6qq̃∗qx)

]
=

f f̃ ∗
[
iDtg · f + αD2

xg · f − δD3
xg · f

]
+

(
3δ

f
Dxg · f − αg

)
×
(
f̃ ∗D2

x f · f − 2fg g̃ ∗
)

not bilinear yet

iDtg · f + αD2
xg · f − δD3

xg · f = 0, f̃ ∗D2
x f · f = 2fg g̃ ∗

introduce auxiliary function

D2
x f · f = hg , and 2f g̃ ∗ = hf̃ ∗

Solve again formal power series that becomes exact

h(x , t) =
∑

k
εkhk(x , t).
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1 + ε2f2, g = εg1, h = εh1

0 = ε[i (g1)t + α (g1)xx − δ(g1)xxx ]

+ε3[2 (f2)x (g1)x − g1 [(f2)xx + i (f2)t ] + if2 [(g1)t + i (g1)xx ]]

0 = ε2[2(f2)xx − g1h1] + ε4
[
2f2(f2)xx − 2(f2)2

x

]
0 = ε[2g̃ ∗1 − h1] + ε3

[
2f2g̃

∗
1 − f̃ ∗2 h1

]
Standard solution, solve six equations independently, then ε→ 1

q
(1)
st =

λ(µ− µ∗)2τµ,γ

(µ− µ∗)2 + |λ|2 τµ,γ τ̃∗µ,γ

τµ,γ(x , t) := eµx+µ2(iα−βµ)t+γ
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1 + ε2f2, g = εg1, h = εh1

0 = ε[i (g1)t + α (g1)xx − δ(g1)xxx ]

+ε3[2 (f2)x (g1)x − g1 [(f2)xx + i (f2)t ] + if2 [(g1)t + i (g1)xx ]]

0 = ε2[2(f2)xx − g1h1] + ε4
[
2f2(f2)xx − 2(f2)2

x

]
0 = [2g̃ ∗1 − h1] +

[
2f2g̃

∗
1 − f̃ ∗2 h1

]
Nonstandard solution, solve five equations, last one for ε = 1

q
(1)
nonst =

(µ+ ν)τµ,iγ
1 + τµ,iγ τ̃

∗
−ν,−iθ

.

τµ,γ(x , t) := eµx+µ2(iα−βµ)t+γ
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Two-soliton solution
Truncated expansions:
f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3, h = εh1 + ε3h3

q
(2)
nl (x , t) =

g1(x , t) + g3(x , t)

1 + f2(x , t) + f4(x , t)

g1 = τµ,γ + τν,δ

g3 =
(µ− ν)2

(µ− µ∗)2 (ν − µ∗)2
τµ,γτν,δ τ̃

∗
µ,γ +

(µ− ν)2

(µ− ν∗)2 (ν − ν∗)2
τµ,γτν,δ τ̃

∗
ν,δ

f2 =
τµ,γ τ̃

∗
µ,γ

(µ− µ∗)2
+

τν,δ τ̃
∗
µ,γ

(ν − µ∗)2
+

τµ,γ τ̃
∗
ν,δ

(µ− ν∗)2
+

τν,δ τ̃
∗
ν,δ

(ν − ν∗)2

f4 =
(µ− ν)2 (µ∗ − ν∗)2

(µ− µ∗)2 (ν − µ∗)2 (µ− ν∗)2 (ν − ν∗)2
τµ,γ τ̃

∗
µ,γτν,δ τ̃

∗
ν,δ

h1 = 2τ̃∗µ,γ + 2τ̃∗ν,δ

h3 =
2 (µ∗ − ν∗)2

(µ− µ∗)2 (ν∗ − µ)2
τ̃∗µ,γ τ̃

∗
ν,δτµ,γ +

2 (µ∗ − ν∗)2

(µ∗ − ν)2 (ν − ν∗)2
τ̃∗µ,γ τ̃

∗
ν,δτν,δ
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Two-soliton solution
Truncated expansions:
f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3, h = εh1 + ε3h3

q
(2)
nl (x , t) =

g1(x , t) + g3(x , t)

1 + f2(x , t) + f4(x , t)

Nonlocal regular two-soliton solution
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Two-soliton solution
Truncated expansions:
f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3, h = εh1 + ε3h3

q
(2)
nl (x , t) =

g1(x , t) + g3(x , t)

1 + f2(x , t) + f4(x , t)

Nonlocal regular two one-soliton solution vs two-soliton solution
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

LnHn−1 = HnLn

iteration LnH0 = HnLn, Ln := LnLn−1 . . . L1, Ψn(λ) = LnΨ(λ)

In Hirota case, Hamiltonian of Dirac type :

Ψ=

(
ϕ
φ

)
Ψx = UΨ ⇔ −iϕx + iqφ = −λϕ

iφx − irϕ = −λφ ⇔ HΨ(λ) = −λΨ(λ)

with

A. Fring Nonlocal gauge equivalent integrable systems 24/34

24/34



Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

LnHn−1 = HnLn

iteration LnH0 = HnLn, Ln := LnLn−1 . . . L1, Ψn(λ) = LnΨ(λ)

In Hirota case, Hamiltonian of Dirac type :

Ψ=

(
ϕ
φ

)
Ψx = UΨ ⇔ −iϕx + iqφ = −λϕ

iφx − irϕ = −λφ ⇔ HΨ(λ) = −λΨ(λ)

with

A. Fring Nonlocal gauge equivalent integrable systems 24/34

24/34



Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

LnHn−1 = HnLn

iteration LnH0 = HnLn, Ln := LnLn−1 . . . L1, Ψn(λ) = LnΨ(λ)

In Hirota case, Hamiltonian of Dirac type :

Ψ=

(
ϕ
φ

)
Ψx = UΨ ⇔ −iϕx + iqφ = −λϕ

iφx − irϕ = −λφ ⇔ HΨ(λ) = −λΨ(λ)

with

A. Fring Nonlocal gauge equivalent integrable systems 24/34

24/34



Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

LnHn−1 = HnLn

iteration LnH0 = HnLn, Ln := LnLn−1 . . . L1, Ψn(λ) = LnΨ(λ)

In Hirota case, Hamiltonian of Dirac type :

Ψ=

(
ϕ
φ

)
Ψx = UΨ ⇔ −iϕx + iqφ = −λϕ

iφx − irϕ = −λφ ⇔ HΨ(λ) = −λΨ(λ)

with

H =

(
−i∂x iq
−ir i∂x

)
= −iσ3∂x + V ,
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ϕ
φ

)
Ψx = UΨ ⇔ −iϕx + iqφ = −λϕ

iφx − irϕ = −λφ ⇔ HΨ(λ) = −λΨ(λ)

with

Hn =

(
−i∂x iqn
−irn i∂x

)
= −iσ3∂x + Vn,

A. Fring Nonlocal gauge equivalent integrable systems 24/34

24/34



Solve the ”seed” equations for q = r = 0:

Ψ̃1(x , t;λ) =

(
ϕ1(x , t;λ)
φ1(x , t;λ)

)
=

(
eλx+2iλ2(α−2δλ)t+γ1

e−λx−2iλ2(α−2δλ)t+γ2

)
Implement nonlocality in the construction Ψ2:
Two choices to achieve r(x , t) = ±q∗(−x , t)

1: ϕ2 = ±φ̃∗1, φ2 = ϕ̃∗1 2: φ1 = ϕ̃∗1, φ2 = ±ϕ̃∗2
The second choice is not available in the local case.

Choice 1:

Ψ̃2(x , t;λ) =

(
ϕ2(x , t;λ)
φ2(x , t;λ)

)
=

(
∓eλ∗x+2i(λ∗)2(α−2δλ)t+γ∗2

e−λ
∗x−2i(λ∗)2(α−2δλ∗)t+γ∗1

)
with λ,γ1, γ2 ∈ C

q
(1)
st (x , t) =

2(λ∗ − λ)e2λ∗x+2i(λ∗)2(α−2δλ∗)t−γ∗1 +γ∗2

1 + e2(λ∗−λ)x+4i[α(λ∗)2−αλ2+2δλ3−2δ(λ∗)3]t−γ1+γ2−γ∗1 +γ∗2
.
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Solve the ”seed” equations for q = r = 0:

Ψ̃1(x , t;λ) =

(
ϕ1(x , t;λ)
φ1(x , t;λ)

)
=

(
eλx+2iλ2(α−2δλ)t+γ1

e−λx−2iλ2(α−2δλ)t+γ2

)
Implement nonlocality in the construction Ψ2:
Two choices to achieve r(x , t) = ±q∗(−x , t)

1: ϕ2 = ±φ̃∗1, φ2 = ϕ̃∗1 2: φ1 = ϕ̃∗1, φ2 = ±ϕ̃∗2

The second choice is not available in the local case.
Choice 2:

Ψ̃2(x , t; ν) =

(
ϕ2(x , t; ν)
φ2(x , t; ν)

)
=

(
eνx+2iν2(α−2δν)t+γ3

−e−νx−2iν2(α−2δν)t+γ∗3

)

q
(1)
nonst(x , t) =

2(ν − µ)eγ1−γ∗1 +2µx+4iµ2(α−2δµ)t

1 + e2(µ−ν)x+4i(αµ2−αν2−2δµ3+2δν3)t+γ1−γ∗1−γ3+γ∗3
.
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Nonlocal n-soliton solutions: qn = q + 2 detDq
n

detWn
, rn = r − 2 detDr

n

detWn

Wn =


ϕ

(n−1)
1 ϕ

(n−2)
1 . . . ϕ1 φ

(n−1)
1 . . . φ ′1 φ1

ϕ
(n−1)
2 ϕ

(n−2)
2 . . . ϕ2 φ

(n−1)
2 . . . φ ′2 φ2

...
...

. . .
...

...
. . .

...
...

ϕ
(n−1)
2n ϕ

(n−2)
2n . . . ϕ2n φ

(n−1)
2n . . . φ ′2n φ2n



Dq
n =


φ

(n−2)
1 φ

(n−3)
1 . . . φ1 ϕ

(n)
1 . . . ϕ ′1 ϕ1

φ
(n−2)
2 φ

(n−3)
2 . . . φ2 ϕ

(n)
2 . . . ϕ ′2 ϕ2

...
...

. . .
...

...
. . .

...
...

φ
(n−2)
2n φ

(n−3)
2n . . . φ2n ϕ

(n)
2n . . . ϕ ′2n ϕ2n



Dr
n =


φ

(n)
1 φ

(n−1)
1 . . . φ1 ϕ

(n−2)
1 . . . ϕ ′1 ϕ1

φ
(n)
2 φ

(n−1)
2 . . . φ2 ϕ

(n−2)
2 . . . ϕ ′2 ϕ2

...
...

. . .
...

...
. . .

...
...

φ
(n)
2n φ

(n−1)
2n . . . φ2n ϕ

(n−2)
2n . . . ϕ ′2n ϕ2n
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φ
(n−2)
2 φ

(n−3)
2 . . . φ2 ϕ

(n)
2 . . . ϕ ′2 ϕ2
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. . .
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...
. . .

...
...

φ
(n−2)
2n φ

(n−3)
2n . . . φ2n ϕ

(n)
2n . . . ϕ ′2n ϕ2n


In the nonlocal case use

S̃ st
2n =

{
Ψ̃1(x , t;λ1), Ψ̃2(x , t;λ1), Ψ̃1(x , t;λ2), Ψ̃2(x , t;λ2), ...

}
or

S̃nonst
2n =

{
Ψ̃1(x , t;µ1), Ψ̃2(x , t; ν1), Ψ̃1(x , t;µ2), Ψ̃2(x , t; ν2), ...

}
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Time-crystals: [r(x , t) = ±q̂∗(x ,−t)]

q
(1)
st (x , t) =

±2(λ− λ∗)eγ1+γ∗2 +2(λ+λ∗)x

eγ1+γ∗1 +4(λ∗)2(2βλ∗+δ̌)t+2µx ± eγ2+γ∗2 +4λµ2(2βλ+δ̌)t+2λ∗x

q
(1)
nonst(x , t) =

2(ν − µ)eγ1−γ∗1 +2(µ+ν)x

e4µ2(2βµ+δ̌)t+2νx + e4ν2(2βν+δ̌)t+2µx
.
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

∂tUi−∂xVi+[Ui ,Vi ] = 0 ⇔ Ψi ,t = ViΨi , Ψi ,x = UiΨi i = 1, 2

U1 = GU2G
−1 + GxG

−1 V1 = GV2G
−1 + GtG

−1

when the auxiliary fields are related by a gauge field Ψ1 = GΨ2

System 1 ≡ (nonlocal) Hirota equation ⇒ system 2:

U2 =−iλG−1σ3G , V2 =λG−1B1G + λ2G−1B2G + λ3G−1B3G

Extended continuous limit of the Heisenberg spin chain

For S := G−1σ3G ⇒ St = iα
(
S2
x + SSxx

)
− β

[
3

2

(
SS2

x

)
x

+ Sxxx

]
Extended version of the Landau-Lifschitz equation

For S = s · σ ⇒ st = −αs× sxx −
3

2
β (sx · sx) sx + βs× (s× sxxx)
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Parameterise

S =

(
−ω u
v ω

)
ω2 + uv = 1

components of the matrix equation give

ut = iα(uωx − ωux)x − β
[
uxx + 3/2u(uxvx + ω2

x)
]
x

vt = −iα(vωx − ωvx)x − β
[
vxx + 3/2v(vxux + ω2

x)
]
x

Nonlocality via u(x , t) = κv ∗(−x , t), ω(x , t) = ω∗(−x , t)
Solutions from auto-gauge transformation ≡ DC transformation

u1 =
2ϕ1ϕ2(λ2ϕ1φ2 − λ1ϕ2φ1)(λ1 − λ2)

λ1λ2(ϕ2φ1 − ϕ1φ2)2

v1 =
2φ1φ2(λ1ϕ1φ2 − λ2ϕ2φ1)(λ1 − λ2)

λ1λ2(ϕ2φ1 − ϕ1φ2)2

ω1 = 1− 2ϕ1ϕ2φ1φ2(λ1 − λ2)2

λ1λ2(ϕ2φ1 − ϕ1φ2)2
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Back to Hirota equation:
solve S = G−1σ3G for G and use Gx = A0G , Gt = B0G

A0 =

(
0 q(x , t)

r(x , t) 0

)
B0 = iα

[
σ3 (A0)x − σ3A

2
0

]
+ β

[
2A3

0 + (A0)x A0 − A0 (A0)x − (A0)xx
]

q(x , t) =
µ(t)

2

(
vx
v

+
ωvx − ωxv

v

)
exp

∫ x ω(s, t)vs(s, t)− ωs(s, t)v(s, t)

v(s, t)
ds

r(x , t) =
1

2µ(t)

(
vx
v
− ωvx − ωxv

v

)
exp

∫ xωs(s, t)v(s, t)− ω(s, t)vs(s, t)

v(s, t)
ds

qn(x , t) =
µn∏2n
k=1 λk

(
(detVn)x

det Υn
−

(detWn)x detVn
detWn det Υn

)
rn(x , t) =

∏2n
k=1 λk
µn

(
(det Υn)x

detVn
−

(detWn)x det Υn

detWn detVn

)
Nonlocality: rn(x , t) = κ

∏n

i=1
|λ2i−1|4 /µ2

nq
∗
n(−x , t)
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Trajectories of local extended version of the LL equation
Gauge equivalent version of nonlinear Schrödinger equation β = 0

|s|2 = 1, s is real, real shift parameter
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Trajectories of nonlocal extended version of the LL equation
Gauge equivalent version of nonlocal Hirota equation β 6= 0

|s|2 = 1, s = m + i l is complex
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Conclusions and Outlook
• PT -symmetric complex solitons have real energies and new

types of behaviour

• Using PT conjugations we find new integrable versions of the
Hirota equation, with different types of qualitative behaviour.

• The nonlocality can be systematically implemented into
solution procedures, such as Hirota’s method and Darboux
transformations.

• Nonlocality is inherited in gauge equivalent systems.

• Investigate more nonlinear systems.

• Study more physical applications.
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Thank you for your attention
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