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General motivation: shortcomings in the Standard Model
e theoretical:
incomplete in many ways, at least 19 parameters,
neutrino oscillations, dark matter/energy,...
e recent experiments:
lepton universality (CERN), muon g-factor (Fermilab)

= explore sectors in the Standard Model
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Conclusions
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PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
(P:x——x,p—=>—p; T :x—=>x,p—>—p,i — —i)
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PT-quantum mechanics (real eigenvalues)
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PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
(P:x——x,p—=>—p; T :x—=>x,p—>—p,i — —i)

PT is an anti-linear operator:
PTA® + pV) = NPTO + p*PTV A pueC
Real eigenvalues from unbroken PT-symmetry:
for HO = o

Proof:
=HO=HPTDO=PTHO=PTecd=c*PTO

PT-symmetry is only an example of an antilinear involution
[E. Wigner, J. Math. Phys. 1 (1960) 409]
[C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243]
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‘H is Hermitian with respect to a new metric

e Assume pseudo-Hermiticity:

h=nHn ' =h = HYHy < Hiylnp=ninH

d=nlp ni=n

= H is Hermitian with respect to the new metric
Proof:

(VH®), = (V[PH®) = (n P Hn o) = (¥ InHn '¢) =
(¢ |hg) = (hY|d) = (WHn~ Y|¢) = (HV|ne) = (HV|n*®)
= (HV|®),

= Eigenvalues of H are real, eigenstates are orthogonal
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Problem with non-Hermitain field theory
Consider action of the general form

1= / d*x [0,.90"¢" — V()]

complex scalar fields ¢ = (¢,,...,®,), potential V(¢) # V(¢)
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Problem with non-Hermitain field theory
Consider action of the general form

1= / d*x [0,.90"¢" — V()]

complex scalar fields ¢ = (¢,,...,®,), potential V(¢) # V(¢)
Then the equations of motion are incompatible

0L, 9L, oL, | . 0L, 0L, 0L, | _,
°w = Y o a(@;ﬂf) -

60, — 96 " |9(9u0)] T 007 967
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Problem with non-Hermitain field theory
Consider action of the general form

1= / d*x [0,.90"¢" — V()]

complex scalar fields ¢ = (¢,,...,®,), potential V(¢) # V(¢)
Then the equations of motion are incompatible

0L, 9L, oL, | . 0L, 0L, 0L, | _,
°w = Y o a(@;ﬂf) -

a(a;t¢i) W - W_

60; 0%

Resolutions:
e Keep surface terms
[J. Alexandre, J. Ellis, P. Millington, D. Seynaeve]

e Seek similarity transformation
[C. Bender, H. Jones, R. Rivers, P. Mannheim, ...

A. Fring, T. Taira ]
Non-Hermitian gauge field theories and BPS limits
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Goldstone theorem and Higgs mechanism

Key findings:

Goldstone theorem in non-Hermitian field theories
The GT holds in the PT-symmetric regime
The GT breaks down in the broken PT regime

At exceptional points the Goldstone boson can be identified
At the zero EP the Goldstone boson can NOT be identified
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Goldstone theorem and Higgs mechanism

Key findings:

Goldstone theorem in non-Hermitian field theories
The GT holds in the PT-symmetric regime
The GT breaks down in the broken PT regime
At exceptional points the Goldstone boson can be identified
At the zero EP the Goldstone boson can NOT be identified

Higgs mechanism in non-Hermitian field theories
Higgs mechanism works in the P77 -symmetric regime
Higgs mechanism does not work in the broken P7T regime

The gauge boson remains massless at the zero EP

Non-Hermitian systems posses intricate physical parameter spaces
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Standard Goldstone theorem:

Each generator of a global continuous symmetry group that is
broken by the vacuum gives rise to a massless particle.
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Standard Goldstone theorem:

Each generator of a global continuous symmetry group that is
broken by the vacuum gives rise to a massless particle.

T= / d*x Ba,pa“d)* - V(d))]

Vacua ®y:
oV (o)

Bl =

d=0,

Symmetry & — & 4+ 6d: V(d) = V(P)+VV (¢)T(5¢,

oV (o)
5b;(®) =0
oP;
°/
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Standard Goldstone theorem:

Each generator of a global continuous symmetry group that is
broken by the vacuum gives rise to a massless particle.

I= / d*x Eaucbaﬂcb* - V(q>)]

Vacua ®y:
oV (o) _0
0P |4,
Symmetry & — & 4+ §®: V(®) = V() + VV (¢)7 50,
oV (o)
o;(P) =
0d; 0i(®) =0
Differentiating with respect to ®; at a vacuum @
) V(o 0P (P
PVO) o004 VO B0(O)
0P;09; | ¢_q, 0P |o—o, 9P oo,
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Standard Goldstone theorem:

Each generator of a global continuous symmetry group that is
broken by the vacuum gives rise to a massless particle.

T= / d*x B(‘LCD(?“CD* - V(cb)]

Vacua ®y:
oV (o) 0
0P oo, N
Symmetry & — & 4+ 6d: V(d) = V(P)+VV (CD)TM),
oV (o)
O (D) =
a0, OPi(®) =0

Differentiating with respect to ®; at a vacuum @

92V(0) oV (%) 00,
®;(d =0
Ib;00; ¢:¢05 (Po) + @/L% T P
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H($o)d0®;(®g) = M?5d;(dg) =0
H(®y) is the Hessian matrix of the potential V(&)
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H($o)d0®;(®g) = M?5d;(dg) =0
H(®y) is the Hessian matrix of the potential V(&)

Therefore:
invariant vacuum: §®;(®g) =0 = no restriction on M?
°/
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H($o)d0®;(®g) = M?5d;(dg) =0
H(®y) is the Hessian matrix of the potential V(&)

Therefore:
invariant vacuum: §®;(®g) =0 = no restriction on M?
broken vacuum: 50;(Py) #0 = M? has zero eigenvalue
°/
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H($o)d0®;(®g) = M?5d;(dg) =0
H(®y) is the Hessian matrix of the potential V(&)

Therefore:
invariant vacuum: §®;(®g) =0 = no restriction on M?
broken vacuum: 50;(Py) #0 = M? has zero eigenvalue

Non-Hermitian version:

A 1 A
7= / d*x [iaﬂ/af‘qa* }
0

TH(D0)0;(Dg) = M25d;(dg) =
M2 is no longer Hermitian

°/
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An Abelian model with three complex scalar fields
I3 = /d4X le a,ud)iauQS;’k - Vs

3
* * * * * g *
V3:—Z cim; ;9] +CH/’L2 (@102 — P31)+ v (0203 — ¢3¢2)+Z(¢1¢1)2
i=1
with mi, v, g € R and ¢, ¢,, ¢, = £1

10
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An Abelian model with three complex scalar fields
I3 = /d4X le auébia“@ - Vs

3
V3:_Z C"m:‘2¢i¢?+cuﬂz (¢50y — P3p1)+cu? (9203 — ¢3¢;)+%(¢1¢;)2

i=1

with mi, v, g € R and ¢, ¢,, ¢, = £1
Properties:

e discrete modified CPT -transformations

CPT1: ¢i(x) = (1)} (—xu)
CPT2: ¢i(%) = (—1)'¢7(—xu), i=1,2,3

e continuous global U(1)-symmetry

b, — P, PF = et i=1,23, a€cR
o non-Hermitian potential V5 # V4

Andreas Fring
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(incompatible) equations of motion:

O, — clmfgbl—cﬂ,uz% + %(ﬁ(/f{
Oy — camby+cupi’dy + v ¢y
Ops — csmapg— 1" 0,

061 — cumidi+c.i°0s + 5 6,(61)°
O} — coms s —cuii® 0} — 61”63

O¢s — cam3ds+c, 7”05

This can be fixed with a similarity transformation:

O O O o o o

0 = exp B / PTIE (x, E)ipn(x t)} exp B / P (%, )y, t)]

nom = (=i)%¢;,  noin Tt =(—i)"¢

Andreas Frin Non-Hermitian gauge field theories and BPS limits
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Equivalent version (fg = nZsn~Y) ¢; = 1/vV2(; + ix;)

/ d4X ZI_ 52' M(pia“@i + auXiauXi + C,'m,-2 (90/2 + X?)}

g
i (91X2 — 2X1) + G (P3X2 — PaX3) — E(s@? +x3)?

(compatible) equations of motion:

g
D1 = —amie — ai'xe + 7611 +x1)
—Ox, = —amy,+ CuPJ2901 + 6,20
—Op; = —amip; —ar’x,

g
O = —amixg+ aues + 2xa(# +x3)
ey = —emyp, — Gi’xs — GiXs
—Oxz = —amixs + ar’e,

12
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Hessian matrix H (® = (91, X2, ¥3, X1, 92, X3) " ):

g3 +x7) 2 2 g
) —amy —Cui 0 5(101X1 0 0
-y uz 1)) m% —c 2 0 0 0
0 —c,? —c3 m% 0 0 0
g 0 0 g(¥3+3x3) 2 2 0
2¥1X1 7 —cami  Cupt
0 0 0 Cup? com?  cv?
0 0 0 0 o’ —c3 m%
13 /
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Hessian matrix H (® = (91, X2, ¥3, X1, 92, X3) " ):

g(Bei+x3) 2

4 —am;  —u 0 Seixa 0 0
—cuuz 1)) m% —c 2 0 0 0
0 —c, 12 —C3m§ 0 0 0
Se1x 0 0 w —am; 0
0 0 0 Cup? com?  cv?
0 0 0 0 cv? —C3m§

No Goldstone bosons for U(1)-invariant vacuum (no zero EV of M?)

% =(0,0,0,0,0,0)

13
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Hessian matrix H (® = (91, X2, ¥3, X1, 92, X3) " ):

g(Bei+x3) 2

4 —am;  —u 0 Seixa 0 0
—cuuz 1)) m% —c 2 0 0 0
0 —c 12 —C3m§ 0 0 0
Se1x 0 0 w —am?  cuu? 0
0 0 0 Cup? com?  cv?
0 0 0 0 cv? —C3m§

No Goldstone bosons for U(1)-invariant vacuum (no zero EV of M?)
g =(0,0,0,0,0,0)

One Goldstone bosons for U(1)-broken vacuum (one zero EV of M?)

o0 = (L0 BamIA oot
b 1 P ) K ’
CK(D) cscum3p®K(99) ceu’i®K(#9)
1/ K ’ P
2 2
with K(x) := i\/4c3;13“4 + % - x2, K= cpczmim3 + v*
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Identification of C,P, T (H = M?)
PT-symmetric Hamiltonian:

[H,PT]=HP —-PH* =0, P'P=1
Bi-orthonormal basis: {v,}, {u,}
Hv, = €,v,, Hiu, = eu,
(UnlVim) = Gomy Y tn) (val = D [a) {tnl = 1, utn) = 5P | Vi)
P operator: ' ’

P=> solun) (unl, PT =Y sylva) (val, s»==1

C operator:
C= g Sn | Vo) (Unl,
n
[C,H]=0, [C,PT]=0, C*=1
14 /
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Identification of C,P, T (H = M?)
PT-symmetric Hamiltonian:

[H,PT]=HP —-PH* =0, P'P=1
Bi-orthonormal basis: {v,}, {u,}
Hv, = €,v,, Hiu, = eu,
(UnlVim) = Gomy Y tn) (val = D [a) {tnl = 1, utn) = 5P | Vi)
P operator: ' ’

P=> solun) (unl, PT =Y sylva) (val, s»==1

C operator:

C= anlvn> (un]

[C,H]=0, [C,PT]=0, C*=1
Metric operator: p :=n'n with C = p~1P
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We find 8 different solutions:

(nen3 + 1/4)2 i (A +04) v (NA3 + )
=3 % —ip2A3 (A}/\} + u“) it (/\})2 — iRt
j=0,4 "J 202 (/\J?Af. + V4> iu2u4/\j3 phh
| 1 (/\f/\j' + 1/4>2 A3 (/\12/\/3 +2y4) 1202 (A}/\j + 1/4)
C = N i,uzl\? (/\JQ-/\? + 1/4) —ut (/\J3> 1'1/2#4/\7
Jj=0,+ J 202 (AJ?AJ? + V4) i1/2,u4/\J3- whot

where Aj == \j + com5 + csm3, Af i= X + aem
eigenvalues {\;} = {0, A\_, A\, }
normalisations: N3 = kA A, N2 = (5 + AAL) A (A — AD)

15
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We find 8 different solutions:

+1 0 0
P'(so==41,5s- =Fl,ss = +1) = 0 F1 O
0 0 +1

2
273 4 . 23 213 2 5 o 2a3 .
(-1)°-is (RAz+02)" i} (A o ) w9+t
| e () —u* (A) 23
' % (/\}/\} + u4) 2t v

c' =
j=0,+

where Aj := \j + c;m3 + csm3, A := X + cem

eigenvalues {\;} = {0, A\_, A\, }

normalisations: N3 = kA A, N2 = (5 + AeAL) A (A — A)
The choices P(sy = +,s- = F,s; = %) correspond to CPT 1.

15
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We find 8 different solutions:

+1 0 0
Pl(so==+1,s- = Fl, sy = +1) = 0 F1 0
0 0 =+1
2
273 4 . 23 213 2 5 o 2a3 .
(-1)°-is (RAz+02)" i} (A o ) w9+t
=2 | e (N —u* (A) 23
j=0,% J '
| ) e

where Aj := \j + c;m3 + csm3, A := X + cem

eigenvalues {\;} = {0, A\_, A\, }

normalisations: N3 = kA A, N2 = (5 + AeAL) A (A — A)
The choices P(sy = +,s- = F,s; = %) correspond to CPT 1.

Note here 7 is a matrix multiplication whereas above it involves
equal time commutators of canonical fields.

15
Andreas Fring Non-Hermitian gauge field theories and BPS limits /38‘



Non-Abelian models
SU(N)-symmetric model with n complex scalars:

n n—1
L300 — N 0,010%0;+ cimPolo, + > kit (6191 — 011101)
i=1 i=1

& (510,)’

Properties:
SU(N) : ¢; = €e“T'¢,
i
CPT1p : ¢i(x.) = Foj(—x,) for 5 € Z
(41
6,(x,) = £63(—x,) for " ez
Andreas Fring Non-Hermitian gauge field theories and BPS limits 16/38‘



Non-Abelian models
SU(N)-symmetric model with n complex scalars:

n n—1
L300 — N 0,010%0;+ cimPolo, + > kit (6191 — 011101)
i=1 i=1

& (510,)’

Properties:

SU(N) : ¢; = €e“T'¢,

J
i
CPT1p : ¢i(x.) = Foj(—x,) for > cZ

+1

6;(x.) = £¢7(—x,) for = ez

We discard models with ill-defined classical mass spectrum.
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Physical regions in the parameter space for ,c§

U@).

The choices ¢; = ¢; = %1 are non-physical.

3.5f"

c1=1,c,=-1

Andreas Fring
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1.0

1.5 2.0
m? | my?

25

<,
oeP £
Radius=0 %
EP

1.0F

0.8~

0.6

0.4-

0.2

c1=-1,c,=1

Non-Hermitian gauge field theories and BPS limits
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Physical regions in the parameter space for ,c§
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Physical regions in the parameter space for ,c§

U@).

The choices ¢; = ¢; = %1 are non-physical.

c1=1,c,=-1
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3.0 y
L
-
250 I/
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Physical regions in the parameter space for ,c§

U@).

The choices ¢; = ¢; = %1 are non-physical.
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Physical regions in the parameter space for ,c§

U@).

The choices ¢; = ¢; = %1 are non-physical.

c1=1,c,=-1
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Trivial vacuum:
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Physical regions in the parameter space for ,c§

U@).

The choices ¢; = ¢; = %1 are non-physical.

c1=1,c,=-1
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Physical region:

Trivial vacuum:
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Physical regions in the parameter space for £§

U@).

The choices ¢; = ¢; = %1 are non-physical.
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Physical regions in the parameter space for £§

U@).

The choices ¢; = ¢; = %1 are non-physical.
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Trivial vacuum:

Standard EP:
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Physical regions in the parameter space for £;" " :

The choices ¢; = ¢; = %1 are non-physical.

c1=-1,cp=1
c1=1,c=-1 1.0
3.5[ ) P
3.0f /'/ 0.8
2.5F /' :
3 L 06
-------- o0EP £
----- Radius=0 %
EP 0.4
0.2
00l z - i : . ) 0.0t : ' . . !
0.0 0.5 1.0 1.5 2.0 25 3.0 35 0.0 0.2 0.4 0.6 0.8 1.0
my? | my? ma? | my?
Physical region: expected # of Goldstone bosons GTv
Trivial vacuum: no Goldstone bosons GTV

Standard EP: expected # of Goldstone bosons GTv

Zero EP: GB fields not possible to construct
17
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Physical regions in the parameter space for £§

U@).

The choices ¢; = ¢; = %1 are non-physical.

c1=1,c,=-1
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expected # of Goldstone bosons

EP

K
=Y

1.0

0.8

0.6

0.4

0.2

no Goldstone bosons

expected # of Goldstone bosons

GB fields not possible to construct

Non-Hermitian gauge field theories and BPS limits

c1=-1,cp=1

GTv
GTv
GTv
GTX




Higgs mechanism
Global to local symmetry: ¢; — 7" ¢; to ¢; — T Mg,

1

2
£i= 32100, 16,242 (616, — 616y ) & (1)~ 4 FuF™
i=1

4

minimal coupling: D, = 0, — ieA,
Lie algebra valued field strength: F,, = 0,A, —0,A, —ie[A,, A/]

18
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Higgs mechanism
Global to local symmetry: ¢; — 7" ¢; to ¢; — T Mg,

2
L= S 10,01+ 10,12 (8102 — 6101) £ (1647) 7 PP
i=1

minimal coupling: D, = 0, — ieA,
Lie algebra valued field strength: F,, = 0,A, —0,A, —ie[A,, A/]
Mass of the gauge vector boson:

. eRf 4

_ 4
mg - 2 m2 22
m;

with Ry = \/4(u* + ciomim3) /gm3

Thus the Higgs mechanism fails for a) Rf = 0 or b) mj = p*
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Higgs mechanism
Global to local symmetry: ¢; — 7" ¢; to ¢; — T Mg,

2
L= S 10,01+ 10,12 (8102 — 6101) £ (1647) 7 PP
i=1

minimal coupling: D, = 0, — ieA,
Lie algebra valued field strength: F,, = 0,A, —0,A, —ie[A,, A/]
Mass of the gauge vector boson:

. eRf 4

_ 4
mg - 2 m2 22
m;

with Re = /4(u* + cocomim3) /gm3
Thus the Higgs mechanism fails for a) R = 0 or b) mj = p
a) trivial vacuum with no GB

4
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Higgs mechanism
Global to local symmetry: ¢; — 7" ¢; to ¢; — T Mg,

2
L= S 10,01+ 10,12 (8102 — 6101) £ (1647) 7 PP
i=1

minimal coupling: D, = 0, — ieA,
Lie algebra valued field strength: F,, = 0,A, —0,A, —ie[A,, A/]
Mass of the gauge vector boson:

. eRf 4

_ 4
mg - 2 m2 22
m;

with Re = /4(u* + cocomim3) /gm3

Thus the Higgs mechanism fails for a) R = 0 or b) m3 = p
a) trivial vacuum with no GB

b) zero exception point with no identifiable GB

4
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Kinetic term in the physical region:
: 1
L= Zaugaa#(;a — mgALOM G+ mg A0 G + mg A2 G + QméAZAa“ L
2 (L AN 2 AN 3 5\?
g<A“_mg8“G) —|—§ (A +3G> —i—5 (Aﬂ-i-aG)
3
ZB;B“’“JF....

with Goldstone fields {G?}
new gauge field B} = A7 + mlg(‘?uGa

1
2
1.2
2"

19
Andreas Fring Non-Hermitian gauge field theories and BPS limits /38‘



Kinetic term in the physical region:
1
EZZaﬂcaauGa—mgAtalLGl+mgAi8“Gl+mgAza“G3+Emz,AZAa‘W-.,.
a=1
2 (L AN 2 AN 3 5\?
A —8G) +am (A +ac> +Zm (A +ac>
(A 0.6t) 43 L (2
3
ZB;B“’“+....

with Goldstone fields {G?}
new gauge field B} = A7 + mlg(‘?MG"

L.
2"
1.2
2"

The Higgs mechanism breaks down at the zero exceptional point

with the Goldstone boson being unidentifiable and the gauge
particle unable to acquire a mass.

19
Andreas Fring Non-Hermitian gauge field theories and BPS limits /38‘



t'Hooft-Polyakov magnetic monopoles
Non-Hermitian t'Hooft-Polyakov model

1 1
Lan = 5Tr(Déy) + 5 Tr (Do) — amiTr (63) + cam3 Tr (63)

: 1 v
=il T (9100) = S T (87)° = 3 Tr (Fu ')
- ¢; in adjoint representation of SU(2): ¢;(x) = ¢?(x)1°

1

20
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t'Hooft-Polyakov magnetic monopoles
Non-Hermitian t'Hooft-Polyakov model

1 1
Lon = TH(D6 )+ 271 (D0, — camiTr (62) + i Tr ()
. 1
=il Tr (¢160) = S Tr (67)° = 5
- ¢; in adjoint representation of SU(2): ¢;(x) = ¢?(x)1°

1

- Dyson maps with ¢; — ¢4, ¢, = c3ig,, c3 = £1

Tr (Fpu F™)

20
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t'Hooft-Polyakov magnetic monopoles
Non-Hermitian t'Hooft-Polyakov model

1 1
Lon = 2106 + 2T0(D6)° - cun Tr () + camd Tr ()
. g 2 1 Y
iR Tr (6102) — BT (63)7 = S Tr (FuF™)
- ¢; in adjoint representation of SU(2): ¢;(x) = ¢?(x)1°
- Dyson maps with ¢; — ¢4, ¢, = c3ig,, c3 = £1
- parametrization:

1 sin(0) cos(nyp)
(62 = ()i (a7 = i (022 7 :<s'"( o ))
)

- boundary condition: (E < oo = sol™ tend to vacuum at oo

im hy(r) = £R,, lim hy(r) = $C2C—32MR

r—o00 r—o0 m2

with R, = \/(m2m3 — u*)/2gm3

Andreas Frin Non-Hermitian gauge field theories and BPS limits
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equations of motion:

vooull—u?]  u .,
u + T + 7 {h2 - hl} — O
1" 2h, 2h U2 m2 2
h1—|-—1— 12 —|—g{C1—1h1—|—C3'U/—h2+2h%} = O
r r g g
" 2hl 2h U2 2
h2+—2— 22 +c2m§{h2+c3'u—2h1} =0
r m
2
- difficult to solve
21
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equations of motion:

vooull—u?]  u .,
u +T+T{h2—hl} =0

v 2k 2hu? 2 2
h1—|——1— v +g{C1%h1+C3%h2+2h%} =0

r r2

. 2k 2hyu?
h2+_2_ 2“

2 Mz
h —h = 0
I’2 +C2m2{ 2+C3m% 1}

- difficult to solve
- simplify by fourfold limit

2 2 2
: . m 1 1
lim Leom) with X :=—1 <o00,Y:i="—<00,Z:="5 <00
g,m1,mo,u—0 g g my;
21 /
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equations of motion:

" 1-— 2 621.1
u +u[72u]+—{h§—hf} =0
r 2
v 2h] 2h u? m? 2
hy 4+ =L gl ™ 3Eh2+2h§} =0
» 2h’2 2hyu? ) 2
h2+7* ;2 —|—C2m2 3F§h1 =0

- difficult to solve
- simplify by fourfold limit

2 2 2

: . m

lim &eom) with X::—1<oo,Y::M—<oo,Z::'u—2<oo
g7m17m27l"’ 0 g g m2

= BPS equations

21
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Solutions:
erlR,
- 4 A
u(r) sinh(erlR,)

hy(r) = iSign(n)%{|/Ra\coth(e|lRa|r)—i}

C2C3Z 1
/ {|IRa|coth(e|/Ra|r)—;}

l=V1=22 R, = \/(X=Y2)]2

h¥ = FSign(n)

22
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Solutions:
erlR,
= 4+ 3
u(r) sinh(erlR,)

hy(r) = iSign(n)%{\/Ra\coth(e|lRa|r)—&}

I
l'=V1—22 R, = /(X - YZ))2

Energies:

5 1
hi = FSign(n) 2> {|/R3|C°th(e|/Ra|r)_§}

E= /d3xTr (B?) + Tr{(Di¢y)*} — Tr {(Di¢py)*} + V

for BPS solutions

£ 8|n|tR, [ 1—2° 8|n|7rRa/
e V31— 272 e
22 /
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Gauge mass versus monopole mass

(@), X>Y,e=2 (b). X>Y, e=10

— Gauge
—— Monopole

o)

Region 1

Region 3
1 Region 2 L/_
N . : o T z L 2
02 04 06 08  OEP R=0 14 14

Andreas Fring
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Gauge mass versus monopole mass

(a), X>Y, e=2 (b), X > Y, e=10
15
10
— Gauge
—— Monopole
5
: Fegonz / "33
" . : I T 2 . 5
0.2 04 06 08 O0EP Rs=0 14 14
(a),X=Y,e=2 (b), X =Y, e=10
12
10
8 — Gauge
\ —— Monopole
4
2
. . : ; : A 2z z
0.2 0.4 0.6 08 1.0 12 14
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Reality of the energy for soliton solutions

The energy of solutions ¢;, ¢, to the equation of motion is real if

(i) Hamiltonian transforms with modified CPT-symmetry:

CPT - H[b(x,)] = Hi[p(—x,)]
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Reality of the energy for soliton solutions

The energy of solutions ¢;, ¢, to the equation of motion is real if

(i) Hamiltonian transforms with modified CPT-symmetry:

CPT - H[b(x,)] = Hi[p(—x,)]

(i) Solutions to equation of motion relate as

CPT : 61(x%u) = 02(=%u)
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Reality of the energy for soliton solutions

The energy of solutions ¢;, ¢, to the equation of motion is real if

(i) Hamiltonian transforms with modified CPT-symmetry:

CPT - H[b(x,)] = Hi[p(—x,)]

(i) Solutions to equation of motion relate as
CPT : 1(xu) = da(—x,)
(iii) The energies E[¢] are degenerate
El¢,] = E[¢,]

Andreas Fring Non-Hermitian gauge field theories and BPS limits %




For monopole solutions:

Condition (i):

CPT : ¢i(x) = (=1)% [¢;(—x)]'

25 /
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For monopole solutions:

Condition (i):
CPT : ¢;(x) = (=1)°2 [¢:(—x)]'
Condition (ii):
err st ) { L) e

¢3(x) in region 1
¢35 (x) in region 3

o)
o)
F5(x) = — [¢2(=x)] = {

25
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For monopole solutions:

Condition (i):

CPT : ¢;(x) = (=1)" [p;(—x)]'
Condition (ii):

CPT : ¢E(x) = [o(-x)]) = { ;X) in region 1

¢
¢1(x) in region 3
+ : .
¢§[(X) - — [ 2*(—x)}T — { 22 (x) inregion 1

F(x) in region 3

Condition (iii):

El¢i] = El¢7]

Non-Hermitian gauge field theories and BPS limits



Bogomolny-Prasad-Sommerfield (BPS) solitons
Consider complex scalar field theory
1
L :§naba,u¢aa“¢b —V(¢)

Taking the energy functional and topological charge of the form

£~ / #x (a2 R) Q= / XA,

26
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Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory
1
L :§naba,u¢aa“¢b —V(¢)

Taking the energy functional and topological charge of the form

1 ~ ~

E:ui/d%<A§+A@ in/d%AAm

2

the Bogomolny bound for E is saturated (E = |Q|) by Q if

A, =+A,.

26
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Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory

1
L :§naba,u¢aa“¢b —V(¢)
Taking the energy functional and topological charge of the form
_1 2 2, j2 _ 2 i
E = 2/dx<Aa—|—Aa> Q_/danAa,
the Bogomolny bound for E is saturated (E = |Q|) by Q if
A, = +A,.

These two equations result as a compatibility equation between
the Euler-Lagrange equations and 6@ = 0.

26
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Non-Hermitian sine-Gordon model (D=1+1)

V= ﬁ [(Sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? ¢2]

27 /
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Non-Hermitian sine-Gordon model (D=1+1)

1 ) 2 . . . .
V:—[sm — + 2/ (sin ¢, — 1) sin ¢, + sin® ]
2(1 T )\2) ( ®1 N) ( ®1 N) (o3 o
static BPS equations
1
BPS; - Ovpy = £——— (singyy — pu+ iAsinp,) =: GIf
1+ A
1
BPSy Ovthy = £——— [iA(sin ¢y — p) + sin ¢,] =: GF
1+ A
Andreas Fring Non-Hermitian gauge field theories and BPS limits 27/38‘



Non-Hermitian sine-Gordon model (D=1+1)

Y = ﬁ [(sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? qb2]

static BPS equations

BPS; - Oxp = _:)\ (singy — pu+ idsing,) =: G
1

BPSy Oxpy = 1502 [iX(sin ¢, — ) + sinp,] =: G

with modified CPT-symmetry
P1(x) — [¢1(_X)]T:¢2(X) - = [¢2(_X)]Ta & BPS’ — (BPSijF)*

27
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Non-Hermitian sine-Gordon model (D=1+1)

Y = ﬁ [(sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? (bQ]
static BPS equations

1 : o
BPS; - Oy = im (singy — pu+ idsing,) =: G
BPSy Oxpy = £ [iX(sin ¢y — ) + sin ¢,] =: GF

14+ M2
with modified CPT-symmetry

$1(x) = [61(—x)]" da(x) = = [62(—x)]", & BPSE — (BPST)"

Thus we have

V [gb:t(x)} = VT [¢:F(_X)] )

which guarantees the reality of the energy.
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Solutions and energy
Hermitian limit A = 0:

n 1 1—p? 1
¢ "= 2 arctan o+ Mtanh 5 (1 —p2)(k1 = x)} +2mn
i
¢ =2arctan (e5F%2) +27tn
asymptotic limits:
lim ¢7(x) = lim ¢;7"(x) = 2n7 + sign(p)7 — arcsin(u)
X—00 X——00
lim 67 (x) = lim ¢;"(x) = 2n7 + sign(y) arcsin(y)
X——00 X—>00
ot i =y TET
XEQOO ¢ (x) = XEETF‘OO ¢y (x) = 2nm + >

real energy for |u| <1

-
14+ +/1— p?— parctan (%)]

Andreas Fring Non-Hermitian gauge field theories and BPS limits
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non-Hermitian case A # 0 (numerical solution)

Re(¢) Im(¢;)

29 /
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non-Hermitian case A # 0 (numerical solution)

Re(¢) Im(¢;)

asymptotic limits are the same = energies are the same

29 /
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vacua:

n,m . n,m .
vl( ) = (arcsin p427n, mm), v2( ) = (m—arcsin pi+2nm, mm)

30 /
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vacua:

vl(n’m) = (arcsin p+2mn, mm), Vz(n’m) = (7 —arcsin p+2nm, mn)

nature of the fixed points from eigenvalues of the Jacobian

S ( 96,67 06,Gi"
05, G5 05,65

)

30
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vacua:

vl(n’m) = (arcsin p+2mn, mm), Vz(n’m) = (7 —arcsin p+2nm, mn)

nature of the fixed points from eigenvalues of the Jacobian

S ( 96,67 06,Gi"
05, G5 05,65

)
solutions interpolate between different vacua as

(0,0) ,k+  k+  (0,1) (0,0) ja+ a+ (—1,1)
% V. , V V.
1 o1 Py vy 1 ¢1 05 vy

(070) a— - (0771) (070) k— 7 (7171)
v g1 Oy V. v O Y
1 1 2 2 ) 1 1 2 2
e s
30 /
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Gordon potential

3

112, A

u

NN
PRI

LV, L\\\L\ v,/

“tll

-~

gradient flow superimposed on the coupled sine-

(zp)oy

-Hermitian gauge field theories and BPS limits
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Non
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Complex BPS Skyrme model (D=3+1)

Original model proposed in 1962 by Skyrme to describe QCD
BPS version: Adam, Sanchez-Guillen, Wereszczyriski (2010)

exp. data (solid)
ASW (diamonds)

T ST Y S S S S I S §
0 50 100 150 200

from Adam et al. " The Skyrme model in the BPS limit”
The Multifaceted Skyrmion (2017): 193-232
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Lgpss 1= _XzNgBuB“ - /12\/

-V =1Tr(I-V)
- U = e/¢leM ¢ SU(2) , = (sin © cos P, sin O sin ®, cos O)
= U o,u
B“ = N ‘“’”TTr(L LyL;) = 5; sin 2 (sin@ B~

- Bl = (0,0,

33
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Lppss := _XzNgBuB# - /12\/

-V =1Tr(I-V)

- U = e/¢leM ¢ SU(2) , = (sin © cos P, sin O sin ®, cos O)
= U o,u

- B" = e“”"TTr(L LyL;) = 5; sin 2 (sin@ B~

- Bt = 6“””TC 0,0,
Dyson mapped version

2

L= _/\Z (sin ¢ — iecos ¢)* sin OB, B"—u? (\/1 — €2 —cos( — fesin C)

H =1 Hepssn, with 7 = exp [—arctanh e/d3x|'|4(t, r)}
same as boost with A — XA = \(1 — €2), u — i = p(1 — €)'/

33
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Real solutions

2arccos (

t=z|t’

1/3
r) for r € {O,rc:\/i

otherwise

N

¢(r) =

coordinates: (r,60,¢), r € [0,00), 8 € [0,7), ¢ € [0,27)
Skyrme fields: © =6, ® = n¢ with n € Z

Complex solutions:

(nhc T fir®)!/3

()= Co.m(r)+iarctanhe = 2arccos [wo‘ +iarctan

a,m

w = exp(i27/3), o € {0,1,2}, m € Z, integration constant ¢

A
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New type of solutions:

<ars(r)
2.0 BPS Skyrmion 19
1.6
1.3
1.5+ o
-0.5 07
1.0} _1.00 205 00 05 10 "
0 -05 00 05 1 o
0.57
0.5 .0 1.5 20"
Io

— z(;,o for 0<r<ry
Ceps - { 0 for FolsL K
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New type of solutions:

$sAr)
4.06
4 3.64
322
2.80
238
3 1.96
1.54
112
0.70
2 -1.5-1.0-0.50.0 05 1.0 1.5 0.28
X
1
* * = r

0.5 rn 1.0 o 1.5 2.0

Cro for 0<r<r;
Cst =9 Coo for rm<r<ry
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New type of solutions:

{ Cusp(r )
3.0¢

24
2.1
2.57 18
15
12
2.0¢ 0.9
- 0.6
-1.0-0.50.0 05 1.0 03

1.5¢

x

1.0;

0.5¢

0.5 1.0 rl.5 2.0

2+
Cop for 0LZr<rf=r;

CCusp = COO for r- <r< I’O_
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New type of solutions:

Lonen(r)
3.0
Shell Skyrmion
2.5 S 0
1.9
1.7
200 0
1.1
L5 e
0.5
0.3
1 0 0.1
0.5
rt
0.5 0 o L5 . 20
0 for 0<r<ry
~+
+ Iy 3 el
. Coo for @ <r<ri=r;
e " P _ s
Coo for r<r<n
0 for rp <r
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Energies:

8 .
Egps/st, cusp = 1—5nu)\7r (8\/5 T10c + 3c5/3>
128 e
ESheII = 1—5 2n,u)\7r
Eisps = —Egps

Reality condition:
Condition (i):

CPT": ¢(x,) = C*(—xu) + 2iarctanhe
Condition (ii):

Cim(r) — [Cim(r)r + 2iarctanhe = (& (r). (1)

a,m

Discussions of more potentials and different variants of L see:
F. Correa, A. Fring, T. Taira, arXiv:2102.05781
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Some general conclusions

Goldstone theorem in non-Hermitian field theories
The GT holds in the physical PT-symmetric regime

The GT holds at the standard exceptional point
At the zero EP the Goldstone boson can NOT be identified
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Some general conclusions

Goldstone theorem in non-Hermitian field theories
The GT holds in the physical PT-symmetric regime
The GT holds at the standard exceptional point
At the zero EP the Goldstone boson can NOT be identified

Higgs mechanism in non-Hermitian field theories
The HM holds in the physical PT-symmetric regime
The HM holds at the standard exceptional point

At the zero EP the gauge boson remains massless

Complex BPS solitions and magnetic monopoles
Complex t'"Hooft-Polyakov solutions with real energies 3
Complex BPS solitons in 141 dim with real energies 3

Complex Skyrmions in 34+1 dim with real energies

Andreas Fring Non-Hermitian gauge field theories and BPS limits



Check out the online seminar series on
Pseudo-Hermitian Hamiltonians in Quantum Physics
organizers: Francisco Correa and Andreas Fring
website: https://vphhgp.com
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