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General motivation: shortcomings in the Standard Model
• theoretical:

incomplete in many ways, at least 19 parameters,
neutrino oscillations, dark matter/energy,...
• recent experiments:

lepton universality (CERN), muon g-factor (Fermilab)

⇒ explore sectors in the Standard Model
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Outline
• Short introduction to PT -quantum mechanics

• Spontaneous symmetry breaking in non-Hermitian field theory
◦ Nambu-Goldstone bosons
◦ Higgs mechanism

• Complex BPS solitons and magnetic monopoles
◦ t’Hooft-Polyakov magnetic monopoles
◦ Dual BPS theories in 1+1 dimensions
◦ Dual BPS theories in 3+1 dimensions, the BPS Skyrme model

• Conclusions
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PT -quantum mechanics (real eigenvalues)

• PT -symmetry: PT : x → −x p → p i → −i
(P : x → −x , p → −p; T : x → x , p → −p, i → −i)

• PT is an anti-linear operator:

PT (λΦ + µΨ) = λ∗PT Φ + µ∗PT Ψ λ, µ ∈ C

• Real eigenvalues from unbroken PT -symmetry:

[H,PT ] = 0 ∧ PT Φ = Φ ⇒ ε = ε∗ for HΦ = εΦ

• Proof :

εΦ = HΦ = HPT Φ = PT HΦ = PT εΦ = ε∗PT Φ = ε∗Φ

PT -symmetry is only an example of an antilinear involution
[E. Wigner, J. Math. Phys. 1 (1960) 409]
[C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243]
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H is Hermitian with respect to a new metric
• Assume pseudo-Hermiticity:

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†η†η = η†ηH

Φ = η−1φ η† = η

⇒ H is Hermitian with respect to the new metric
Proof :

〈Ψ |HΦ〉η = 〈Ψ |η2HΦ〉 = 〈η−1ψ|η2Hη−1φ〉 = 〈ψ |ηHη−1φ〉 =

〈ψ |hφ〉 = 〈hψ|φ〉 = 〈ηHη−1ψ|φ〉 = 〈HΨ|ηφ〉 = 〈HΨ|η2Φ
〉

= 〈HΨ|Φ〉η

⇒ Eigenvalues of H are real, eigenstates are orthogonal
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Problem with non-Hermitain field theory
Consider action of the general form

I =

∫
d4x [∂µφ∂

µφ∗ − V (φ)] ,

complex scalar fields φ = (φ1, . . . , φn), potential V (φ) 6= V †(φ)

Then the equations of motion are incompatible

δIn
δφi

=
∂Ln

∂φi

−∂µ
[

∂Ln

∂ (∂µφi)

]
= 0,

δIn
δφ∗i

=
∂Ln

∂φ∗i
−∂µ

[
∂Ln

∂ (∂µφ
∗
i )

]
= 0

Resolutions:
• Keep surface terms

[J. Alexandre, J. Ellis, P. Millington, D. Seynaeve]
• Seek similarity transformation

[C. Bender, H. Jones, R. Rivers, P. Mannheim, ...
A. Fring, T. Taira ]
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Goldstone theorem and Higgs mechanism

Key findings:

Goldstone theorem in non-Hermitian field theories
• The GT holds in the PT -symmetric regime

• The GT breaks down in the broken PT regime

• At exceptional points the Goldstone boson can be identified

• At the zero EP the Goldstone boson can NOT be identified

Higgs mechanism in non-Hermitian field theories
• Higgs mechanism works in the PT -symmetric regime

• Higgs mechanism does not work in the broken PT regime

• The gauge boson remains massless at the zero EP

Non-Hermitian systems posses intricate physical parameter spaces
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Standard Goldstone theorem:

Each generator of a global continuous symmetry group that is
broken by the vacuum gives rise to a massless particle.

I =

∫
d4x

[
1

2
∂µΦ∂µΦ∗ − V (Φ)

]
Vacua Φ0:

∂V (Φ)

∂Φ

∣∣∣∣
Φ=Φ0

= 0

Symmetry Φ→ Φ + δΦ: V (Φ) = V (Φ) +∇V (Φ)T δΦ,

∂V (Φ)

∂Φi
δΦi(Φ) = 0

Differentiating with respect to Φj at a vacuum Φ0
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H(Φ0)δΦi(Φ0) = M2δΦi(Φ0) = 0

H(Φ0) is the Hessian matrix of the potential V (Φ)

Therefore:

invariant vacuum: δΦi(Φ0) = 0 ⇒ no restriction on M2

broken vacuum: δΦi(Φ0) 6= 0 ⇒ M2 has zero eigenvalue

Non-Hermitian version:

Î =

∫
d4x

[
1

2
∂µΦÎ∂µΦ∗ − V̂ (Φ)

]
Î Ĥ(Φ0)δΦi(Φ0) = M̂2δΦi(Φ0) = 0

M̂2 is no longer Hermitian
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∂µΦÎ∂µΦ∗ − V̂ (Φ)

]
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Î =

∫
d4x

[
1

2
∂µΦÎ∂µΦ∗ − V̂ (Φ)

]
Î Ĥ(Φ0)δΦi(Φ0) = M̂2δΦi(Φ0) = 0

M̂2 is no longer Hermitian
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Î =

∫
d4x

[
1

2
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An Abelian model with three complex scalar fields

I3 =

∫
d4x

∑3

i=1
∂µφi∂

µφ∗i − V3

V3=−
3∑

i=1

cim
2
i φiφ

∗
i +cµµ

2 (φ∗1φ2 − φ∗2φ1)+cνν
2 (φ2φ

∗
3 − φ3φ

∗
2)+

g

4
(φ1φ

∗
1)2

with mi , µ, ν, g ∈ R and ci , cµ, cν = ±1

Properties:
• discrete modified CPT -transformations

CPT 1 : φi(xµ)→ (−1)i+1φ∗i (−xµ)

CPT 2 : φi(xµ)→ (−1)iφ∗i (−xµ), i = 1, 2, 3

• continuous global U(1)-symmetry

φi → e iαφi , φ∗i → e−iαφ∗i , i = 1, 2, 3, α ∈ R

• non-Hermitian potential V3 6= V †3

Andreas Fring Non-Hermitian gauge field theories and BPS limits 10/38

10/38



An Abelian model with three complex scalar fields

I3 =

∫
d4x

∑3

i=1
∂µφi∂

µφ∗i − V3

V3=−
3∑

i=1

cim
2
i φiφ

∗
i +cµµ

2 (φ∗1φ2 − φ∗2φ1)+cνν
2 (φ2φ

∗
3 − φ3φ

∗
2)+

g

4
(φ1φ

∗
1)2

with mi , µ, ν, g ∈ R and ci , cµ, cν = ±1
Properties:
• discrete modified CPT -transformations

CPT 1 : φi(xµ)→ (−1)i+1φ∗i (−xµ)

CPT 2 : φi(xµ)→ (−1)iφ∗i (−xµ), i = 1, 2, 3

• continuous global U(1)-symmetry

φi → e iαφi , φ∗i → e−iαφ∗i , i = 1, 2, 3, α ∈ R

• non-Hermitian potential V3 6= V †3
Andreas Fring Non-Hermitian gauge field theories and BPS limits 10/38

10/38



(incompatible) equations of motion:

�φ1 − c1m
2
1φ1−cµµ2φ2 +

g

2
φ2

1φ
∗
1 = 0

�φ2 − c2m
2
2φ2+cµµ

2φ1 + cνν
2φ3 = 0

�φ3 − c3m
2
3φ3−cνν2φ2 = 0

�φ∗1 − c1m
2
1φ
∗
1+cµµ

2φ∗2 +
g

2
φ1(φ∗1)2 = 0

�φ∗2 − c2m
2
2φ
∗
2−cµµ2φ∗1 − cνν

2φ∗3 = 0

�φ∗3 − c3m
2
3φ
∗
3+cνν

2φ∗2 = 0

This can be fixed with a similarity transformation:

η = exp

[
π

2

∫
d3xΠϕ

2 (x, t)ϕ2(x, t)

]
exp

[
π

2

∫
d3xΠχ

2 (x, t)χ2(x, t)

]
ηφiη

−1 = (−i)δ2iφi , ηφ∗i η
−1 = (−i)δ2iφ∗i
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Equivalent version (Î3 = ηI3η
−1) φi = 1/

√
2(ϕi + iχi)

Î3 =

∫
d4x

∑3

i=1

1

2
(−1)δ2i

[
∂µϕi∂

µϕi + ∂µχi∂
µχi + cim

2
i

(
ϕ2
i + χ2

i

)]
+cµµ

2 (ϕ1χ2 − ϕ2χ1) + cνν
2 (ϕ3χ2 − ϕ2χ3)− g

16
(ϕ2

1 + χ2
1)2

(compatible) equations of motion:

−�ϕ1 = −c1m
2
1ϕ1 − cµµ

2χ2 +
g

4
ϕ1(ϕ2

1 + χ2
1)

−�χ2 = −c2m
2
2χ2 + cµµ

2ϕ1 + cνν
2ϕ3

−�ϕ3 = −c3m
2
3ϕ3 − cνν

2χ2

−�χ1 = −c1m
2
1χ1 + cµµ

2ϕ2 +
g

4
χ1(ϕ2

1 + χ2
1)

−�ϕ2 = −c2m
2
2ϕ2 − cµµ

2χ1 − cνν
2χ3

−�χ3 = −c3m
2
3χ3 + cνν

2ϕ2
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Hessian matrix H
(
Φ = (ϕ1, χ2, ϕ3, χ1, ϕ2, χ3)T

)
:

g(3ϕ2
1+χ2

1)
4 − c1m

2
1 −cµµ2 0 g

2ϕ1χ1 0 0
−cµµ2 c2m

2
2 −cνν2 0 0 0

0 −cνν2 −c3m
2
3 0 0 0

g
2ϕ1χ1 0 0

g(ϕ2
1+3χ2

1)
4 − c1m

2
1 cµµ

2 0
0 0 0 cµµ

2 c2m
2
2 cνν

2

0 0 0 0 cνν
2 −c3m

2
3



No Goldstone bosons for U(1)-invariant vacuum (no zero EV of M2)

Φ0
s = (0, 0, 0, 0, 0, 0)

One Goldstone bosons for U(1)-broken vacuum (one zero EV of M2)

Φ0
b =

(
ϕ0

1,
c3cµm

2
3µ

2ϕ0
1

κ
,−cνcµν

2µ2ϕ0
1

κ
,

−K (ϕ0
1),

c3cµm
2
3µ

2K (ϕ0
1)

κ
,
cνcµν

2µ2K (ϕ0
1)

κ

)
with K (x) := ±

√
4c3m2

3µ
4

gκ +
4c1m2

1
g − x2, κ := c2c3m

2
2m

2
3 + ν4
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Identification of C,P , T (H ≡ M2)
PT -symmetric Hamiltonian:

[H ,PT ] = HP − PH∗ = 0 , PTP = 1

Bi-orthonormal basis: {vn}, {un}

Hvn = εnvn, H†un = εun

〈un|vm〉 = δnm,
∑
n

|un〉 〈vn| =
∑
n

|vn〉 〈un| = 1, |un〉 = snP |vn〉

P operator:

P =
∑
n

sn |un〉 〈un| , PT =
∑
n

sn |vn〉 〈vn| , sn = ±1

C operator:

C =
∑
n

sn |vn〉 〈un| ,

[C,H] = 0 , [C,PT ] = 0 , C2 = 1

Metric operator: ρ := η†η with C = ρ−1P
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We find 8 different solutions:

P ′ =
∑

j=0,±

sj

N2
j


(

Λ2
j Λ3

j + ν4
)2

iµ2Λ3
j

(
Λ2
j Λ3

j + ν4
)

µ2ν2
(

Λ2
j Λ3

j + ν4
)

−iµ2Λ3
j

(
Λ2
j Λ3

j + ν4
)

µ4
(

Λ3
j

)2
−iν2µ4Λ3

j

µ2ν2
(

Λ2
j Λ3

j + ν4
)

iν2µ4Λ3
j µ4ν4



C′ =
∑

j=0,±

(−1)δ−,j sj

N2
j


(

Λ2
j Λ3

j + ν4
)2

iµ2Λ3
j

(
Λ2
j Λ3

j + ν4
)

µ2ν2
(

Λ2
j Λ3

j + ν4
)

iµ2Λ3
j

(
Λ2
j Λ3

j + ν4
)

−µ4
(

Λ3
j

)2
iν2µ4Λ3

j

µ2ν2
(

Λ2
j Λ3

j + ν4
)

iν2µ4Λ3
j µ4ν4


where Λj := λj + c2m

2
2 + c3m

2
3, Λk

j := λj + ckm
2
k

eigenvalues {λj} = {0, λ−, λ+}
normalisations: N2

0 = κλ−λ+, N2
± = (κ + λ±Λ±)λ±(λ+ − λ−)

The choices P(s0 = ±, s− = ∓, s+ = ±) correspond to CPT 1,2.

Note here η is a matrix multiplication whereas above it involves
equal time commutators of canonical fields.
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Non-Abelian models
SU(N)-symmetric model with n complex scalars:

LSU(N)
n =

n∑
i=1

∂µφ
†
i ∂

µφi + cim
2
i φ
†
i φi +

n−1∑
i=1

κiµ
2
i

(
φ†i φi+1 − φ

†
i+1φi

)
−gi

4

(
φ†1φ1

)2

Properties:

SU(N) : φj → e iαT
a

φj

CPT 1/2 : φi(xµ)→ ∓φ∗i (−xµ) for
i

2
∈ Z

φj(xµ)→ ±φ∗j (−xµ) for
j + 1

2
∈ Z

We discard models with ill-defined classical mass spectrum.
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Physical regions in the parameter space for LSU(2)
2 :

The choices c1 = c2 = ±1 are non-physical.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

m2
2 / m1
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μ
4
/
m
1
4

c1=1,c2=-1

0EP

Radius = 0

EP

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

m2
2 / m1

2

μ
4
/
m
1
4

c1=-1,c2=1

Physical region: expected # of Goldstone bosons GTX

Trivial vacuum: no Goldstone bosons GTX

Standard EP: expected # of Goldstone bosons GTX

Zero EP: GB fields not possible to construct GTX
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Higgs mechanism
Global to local symmetry: φj → e iαT

a
φj to φj → e iαT

a(x)φj

Ll =
2∑

i=1

|Dµφi |
2+m2

i |φi |
2−µ2

(
φ†1φ2 − φ

†
2φ1

)
−g

4

(
|φ1|

2
)2

−1

4
FµνF

µν

minimal coupling: Dµ = ∂µ − ieAµ
Lie algebra valued field strength: Fµν = ∂µAν − ∂νAµ− ie[Aµ,Aν ]

Mass of the gauge vector boson:

mg =
eRf

m2
2

√
m4

2 − µ4,

with Rf =
√

4(µ4 + c1c2m2
1m

2
2)/gm2

2

Thus the Higgs mechanism fails for a) Rf = 0 or b) m4
2 = µ4

a) trivial vacuum with no GB
b) zero exception point with no identifiable GB

Andreas Fring Non-Hermitian gauge field theories and BPS limits 18/38

18/38



Higgs mechanism
Global to local symmetry: φj → e iαT

a
φj to φj → e iαT

a(x)φj

Ll =
2∑

i=1

|Dµφi |
2+m2

i |φi |
2−µ2

(
φ†1φ2 − φ

†
2φ1

)
−g

4

(
|φ1|

2
)2

−1

4
FµνF

µν

minimal coupling: Dµ = ∂µ − ieAµ
Lie algebra valued field strength: Fµν = ∂µAν − ∂νAµ− ie[Aµ,Aν ]
Mass of the gauge vector boson:

mg =
eRf

m2
2

√
m4

2 − µ4,

with Rf =
√

4(µ4 + c1c2m2
1m

2
2)/gm2

2

Thus the Higgs mechanism fails for a) Rf = 0 or b) m4
2 = µ4

a) trivial vacuum with no GB
b) zero exception point with no identifiable GB

Andreas Fring Non-Hermitian gauge field theories and BPS limits 18/38

18/38



Higgs mechanism
Global to local symmetry: φj → e iαT

a
φj to φj → e iαT

a(x)φj

Ll =
2∑

i=1

|Dµφi |
2+m2

i |φi |
2−µ2

(
φ†1φ2 − φ

†
2φ1

)
−g

4

(
|φ1|

2
)2

−1

4
FµνF

µν

minimal coupling: Dµ = ∂µ − ieAµ
Lie algebra valued field strength: Fµν = ∂µAν − ∂νAµ− ie[Aµ,Aν ]
Mass of the gauge vector boson:

mg =
eRf

m2
2

√
m4

2 − µ4,

with Rf =
√

4(µ4 + c1c2m2
1m

2
2)/gm2

2

Thus the Higgs mechanism fails for a) Rf = 0 or b) m4
2 = µ4

a) trivial vacuum with no GB

b) zero exception point with no identifiable GB

Andreas Fring Non-Hermitian gauge field theories and BPS limits 18/38

18/38



Higgs mechanism
Global to local symmetry: φj → e iαT

a
φj to φj → e iαT

a(x)φj

Ll =
2∑

i=1

|Dµφi |
2+m2

i |φi |
2−µ2

(
φ†1φ2 − φ

†
2φ1

)
−g

4

(
|φ1|

2
)2

−1

4
FµνF

µν

minimal coupling: Dµ = ∂µ − ieAµ
Lie algebra valued field strength: Fµν = ∂µAν − ∂νAµ− ie[Aµ,Aν ]
Mass of the gauge vector boson:

mg =
eRf

m2
2

√
m4

2 − µ4,

with Rf =
√

4(µ4 + c1c2m2
1m

2
2)/gm2

2

Thus the Higgs mechanism fails for a) Rf = 0 or b) m4
2 = µ4

a) trivial vacuum with no GB
b) zero exception point with no identifiable GB

Andreas Fring Non-Hermitian gauge field theories and BPS limits 18/38

18/38



Kinetic term in the physical region:

L =
3∑

a=1

∂µG
a∂µG a −mgA

1
µ∂

µG 1 + mgA
2
µ∂

µG 1 + mgA
3
µ∂

µG 3 +
1

2
m2

gA
a
µA

aµ + . . .

=
1

2
m2

g

(
A1
µ −

1

mg
∂µG

1

)2

+
1

2
m2

g

(
A2
µ +

1

mg
∂µG

2

)2

+
1

2
m2

g

(
A3
µ +

1

mg
∂µG

3

)2

+ . . .

=
1

2
m2

g

3∑
a=1

Ba
µB

aµ + . . . .

with Goldstone fields {G a}
new gauge field Ba

µ = Aa
µ ± 1

mg
∂µG

a

The Higgs mechanism breaks down at the zero exceptional point
with the Goldstone boson being unidentifiable and the gauge
particle unable to acquire a mass.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 19/38

19/38



Kinetic term in the physical region:

L =
3∑

a=1

∂µG
a∂µG a −mgA

1
µ∂

µG 1 + mgA
2
µ∂

µG 1 + mgA
3
µ∂

µG 3 +
1

2
m2

gA
a
µA

aµ + . . .

=
1

2
m2

g

(
A1
µ −

1

mg
∂µG

1

)2

+
1

2
m2

g

(
A2
µ +

1

mg
∂µG

2

)2

+
1

2
m2

g

(
A3
µ +

1

mg
∂µG

3

)2

+ . . .

=
1

2
m2

g

3∑
a=1

Ba
µB

aµ + . . . .

with Goldstone fields {G a}
new gauge field Ba

µ = Aa
µ ± 1

mg
∂µG

a

The Higgs mechanism breaks down at the zero exceptional point
with the Goldstone boson being unidentifiable and the gauge
particle unable to acquire a mass.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 19/38

19/38



t’Hooft-Polyakov magnetic monopoles
Non-Hermitian t’Hooft-Polyakov model

Lcm =
1

2
Tr (Dφ1)2 +

1

2
Tr (Dφ2)2 − c1m

2
1Tr

(
φ2

1

)
+ c2m

2
2Tr

(
φ2

2

)
−iµ2Tr (φ1φ2)− g

4
Tr
(
φ2

1

)2 − 1

4
Tr (FµνF

µν)

- φi in adjoint representation of SU(2): φi(x) = φa
i (x)τ a

- Dyson maps with φ1 → φ1, φ2 → c3iφ2, c3 = ±1
- parametrization:

(φcl
α )a = hα(r)r̂ anα , (A

cl
i )a = εiaj r̂ jn

(
u(r)− 1

er

)
, r̂ an =

(
sin(θ) cos(nϕ)
sin(θ) sin(nϕ)

cos(θ)

)
- boundary condition: (E <∞ ≡ solns tend to vacuum at ∞)

lim
r→∞

h1(r) = ±Ra , lim
r→∞

h2(r) = ∓c2c3µ
2

m2
2

Ra,

with Ra =
√

(m2
1m

2
2 − µ4)/2gm2

2
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equations of motion:

u
′′

+
u [1− u2]

r 2
+

e2u

2

{
h2

2 − h2
1

}
= 0

h
′′

1 +
2h
′
1

r
− 2h1u

2

r 2
+ g

{
c1
m2

1

g
h1 + c3

µ2

g
h2 + 2h3

1

}
= 0

h
′′

2 +
2h
′
2

r
− 2h2u

2

r 2
+ c2m

2
2

{
h2 + c3

µ2

m2
2

h1

}
= 0

- difficult to solve

- simplify by fourfold limit

lim
g ,m1,m2,µ→0

(eom) with X :=
m2

1

g
<∞,Y :=

µ2

g
<∞,Z :=

µ2

m2
2

<∞

⇒ BPS equations
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Solutions:

u(r) = ± erlRa

sinh(erlRa)

h±1 (r) = ±Sign(n)
1

l

{
|lRa| coth (e|lRa|r)− 1

er

}
h±2 = ∓Sign(n)

c2c3Z

l

{
|lRa| coth (e|lRa|r)− 1

er

}
l :=
√

1− Z 2, Ra =
√

(X − YZ )/2

Energies:

E =

∫
d3xTr

(
B2
)

+ Tr
{

(Diφ1)2
}
− Tr

{
(Diφ2)2

}
+ V

for BPS solutions

E =
8|n|πRa

e

(
1− Z 2

√
1− Z 2

)
=

8|n|πRa

e
l
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Gauge mass versus monopole mass
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Reality of the energy for soliton solutions
The energy of solutions φ1, φ2 to the equation of motion is real if

(i) Hamiltonian transforms with modified CPT -symmetry:

CPT : H[φ(xµ)]→ H†[φ(−xµ)]

(ii) Solutions to equation of motion relate as

CPT : φ1(xµ)→ φ2(−xµ)

(iii) The energies E [φ] are degenerate

E [φ1] = E [φ2]
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For monopole solutions:

Condition (i):

CPT : φi(x)→ (−1)δi2 [φi(−x)]†

Condition (ii):

CPT : φ±1 (x)→
[
φ±1 (−x)

]†
=

{
φ∓1 (x) in region 1
φ±1 (x) in region 3

φ±2 (x)→ −
[
φ±2 (−x)

]†
=

{
φ±2 (x) in region 1
φ∓2 (x) in region 3

Condition (iii):

E [φ+
i ] = E [φ−i ]
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Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory

L =
1

2
ηab∂µφa∂

µφb − V(φ)

Taking the energy functional and topological charge of the form

E =
1

2

∫
d2x

(
A2
α + Ã2

α

)
Q =

∫
d2xAαÃα,

the Bogomolny bound for E is saturated (E = |Q|) by Q if

Aα = ±Ãα.

These two equations result as a compatibility equation between
the Euler-Lagrange equations and δQ = 0.
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These two equations result as a compatibility equation between
the Euler-Lagrange equations and δQ = 0.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 26/38

26/38



Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory

L =
1

2
ηab∂µφa∂

µφb − V(φ)

Taking the energy functional and topological charge of the form

E =
1

2

∫
d2x

(
A2
α + Ã2

α

)
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∫
d2xAαÃα,
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Non-Hermitian sine-Gordon model (D=1+1)

V =
1

2(1 + λ2)

[
(sinφ1 − µ)2 + 2iλ (sinφ1 − µ) sinφ2 + sin2 φ2

]

static BPS equations

BPS±1 : ∂xφ1 = ± 1

1 + λ2 (sinφ1 − µ + iλ sinφ2) =: G±1

BPS±2 : ∂xφ2 = ± 1

1 + λ2 [iλ (sinφ1 − µ) + sinφ2] =: G±2

with modified CPT -symmetry

φ1(x)→ [φ1(−x)]† ,φ2(x)→ − [φ2(−x)]† , ⇔ BPS±i →
(
BPS∓i

)∗
Thus we have

V
[
φ±(x)

]
= V†

[
φ∓(−x)

]
,

which guarantees the reality of the energy.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 27/38

27/38



Non-Hermitian sine-Gordon model (D=1+1)

V =
1

2(1 + λ2)

[
(sinφ1 − µ)2 + 2iλ (sinφ1 − µ) sinφ2 + sin2 φ2

]
static BPS equations

BPS±1 : ∂xφ1 = ± 1

1 + λ2 (sinφ1 − µ + iλ sinφ2) =: G±1

BPS±2 : ∂xφ2 = ± 1

1 + λ2 [iλ (sinφ1 − µ) + sinφ2] =: G±2

with modified CPT -symmetry

φ1(x)→ [φ1(−x)]† ,φ2(x)→ − [φ2(−x)]† , ⇔ BPS±i →
(
BPS∓i

)∗
Thus we have

V
[
φ±(x)

]
= V†

[
φ∓(−x)

]
,

which guarantees the reality of the energy.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 27/38

27/38



Non-Hermitian sine-Gordon model (D=1+1)

V =
1

2(1 + λ2)

[
(sinφ1 − µ)2 + 2iλ (sinφ1 − µ) sinφ2 + sin2 φ2

]
static BPS equations

BPS±1 : ∂xφ1 = ± 1

1 + λ2 (sinφ1 − µ + iλ sinφ2) =: G±1

BPS±2 : ∂xφ2 = ± 1

1 + λ2 [iλ (sinφ1 − µ) + sinφ2] =: G±2

with modified CPT -symmetry

φ1(x)→ [φ1(−x)]† ,φ2(x)→ − [φ2(−x)]† , ⇔ BPS±i →
(
BPS∓i

)∗

Thus we have
V
[
φ±(x)

]
= V†

[
φ∓(−x)

]
,

which guarantees the reality of the energy.

Andreas Fring Non-Hermitian gauge field theories and BPS limits 27/38

27/38



Non-Hermitian sine-Gordon model (D=1+1)

V =
1

2(1 + λ2)

[
(sinφ1 − µ)2 + 2iλ (sinφ1 − µ) sinφ2 + sin2 φ2

]
static BPS equations

BPS±1 : ∂xφ1 = ± 1

1 + λ2 (sinφ1 − µ + iλ sinφ2) =: G±1

BPS±2 : ∂xφ2 = ± 1

1 + λ2 [iλ (sinφ1 − µ) + sinφ2] =: G±2

with modified CPT -symmetry

φ1(x)→ [φ1(−x)]† ,φ2(x)→ − [φ2(−x)]† , ⇔ BPS±i →
(
BPS∓i

)∗
Thus we have

V
[
φ±(x)

]
= V†

[
φ∓(−x)

]
,

which guarantees the reality of the energy.
Andreas Fring Non-Hermitian gauge field theories and BPS limits 27/38

27/38



Solutions and energy
Hermitian limit λ = 0:

φ
±(n)
1 = 2 arctan

[
1
µ

+

√
(1− µ2)

µ
tanh

[
1

2

√
(1− µ2)(κ1 ± x)

]]
+ 2πn,

φ
±(n)
2 = 2 arctan

(
e±x+κ2

)
+ 2πn

asymptotic limits:

lim
x→∞

φ
+(n)
1 (x) = lim

x→−∞
φ
−(n)
1 (x) = 2nπ + sign(µ)π − arcsin(µ)

lim
x→−∞

φ
+(n)
1 (x) = lim

x→∞
φ
−(n)
1 (x) = 2nπ + sign(µ) arcsin(µ)

lim
x→±∞

φ
+(n)
2 (x) = lim

x→∓∞
φ
−(n)
2 (x) = 2nπ +

π ± π
2

real energy for |µ| ≤ 1

E±(µ) = 2

[
1 +

√
1− µ2 − µ arctan

(√
1− µ2

µ

)]
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non-Hermitian case λ 6= 0 (numerical solution)
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asymptotic limits are the same ⇒ energies are the same
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vacua:

v
(n,m)
1 = (arcsinµ+2πn,mπ), v

(n,m)
2 = (π−arcsinµ+2nπ,mπ)

nature of the fixed points from eigenvalues of the Jacobian

J =

(
∂φ1

G±1 ∂φ2
G±1

∂φ1
G±2 ∂φ2

G±2

)∣∣∣∣
v

(n,m)
j

solutions interpolate between different vacua as

v
(0,0)
1 φk+

1 φk+
2−−−−→

v
(0,1)
2 , v

(0,0)
1 φa+

1 φa+
2−−−−→

v
(−1,1)
2

v
(0,0)
1 φa−

1 φk−
2−−−−→

v
(0,−1)
2 , v

(0,0)
1 φk−

1 φa−
2−−−−→

v
(−1,1)
2
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gradient flow superimposed on the coupled sine-Gordon potential
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Complex BPS Skyrme model (D=3+1)
Original model proposed in 1962 by Skyrme to describe QCD
BPS version: Adam, Sanchez-Guillen, Wereszczyński (2010)

exp. data (solid)
ASW (diamonds)
Weizsäcker (triangles)

from Adam et al. ”The Skyrme model in the BPS limit”

The Multifaceted Skyrmion (2017): 193-232
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LBPSS := −λ̃2
N2

0BµB
µ − µ̃2V

- V = 1
2
Tr (I−U)

- U := e iζ(σ·~n) ∈ SU(2) , ~n = (sin Θ cos Φ, sin Θ sin Φ, cos Θ)
- Lµ := U†∂µU
- Bµ := 1

N0
εµνρτTr (LνLρLτ ) = 1

2N0
sin2 ζ sin ΘBµ

- Bµ := εµνρτζνΘρΦτ

Dyson mapped version

L = −λ
2

4
(sin ζ − iε cos ζ)4 sin2 ΘBµBµ−µ2

(√
1− ε2 − cos ζ − iε sin ζ

)
,

H = η−1HBPSSη, with η = exp

[
−arctanh ε

∫
d3xΠζ(t, r)

]
same as boost with λ→ λ̃ = λ(1− ε2), µ→ µ̃ = µ(1− ε2)1/4
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Real solutions

ζ(r) =

 2arccos

(
1√
2

∣∣∣ µ̃nµ̃ ∣∣∣1/3

r

)
for r ∈

[
0, rc =

√
2
∣∣∣ µ̃nµ̃ ∣∣∣1/3

r

]
0 otherwise

coordinates: (r , θ, φ), r ∈ [0,∞), θ ∈ [0, π), φ ∈ [0, 2π)
Skyrme fields: Θ = θ, Φ = nφ with n ∈ Z

Complex solutions:

ζ±α,m(r) = ζ̃
±
α,m(r)+iarctanhε = 2arccos

[
ωα

(nλ̃c ∓ µ̃r 3)1/3

√
2n1/3λ̃

1/3

]
+iarctanhε,

ω = exp(i2π/3), α ∈ {0, 1, 2}, m ∈ Z, integration constant c
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New type of solutions:

r0
-0.5 1.0 1.5 2.0

r

0.5

1.0

1.5

2.0

ζ

BPS(r)

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

x

y

BPS Skyrmion

0.1

0.4

0.7

1.0

1.3

1.6

1.9

ζBPS :=

{
ζ̃
−
0,0 for 0 ≤ r ≤ r−0
0 for r−0 < r
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New type of solutions:

r0
-

rπ
-

0.5 1.0 1.5 2.0
r

1

2

3

4

ζ

St(r)

-1.5-1.0-0.5 0.0 0.5 1.0 1.5
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

x

y

Step Skyrmion

0.28

0.70

1.12

1.54

1.96

2.38

2.80

3.22

3.64

4.06

ζSt :=


ζ̃
−
1,0 for 0 ≤ r ≤ r−π
ζ̃
−
0,0 for r−π ≤ r ≤ r−0
0 for r−0 < r
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New type of solutions:

rπ
+

r0
-0.5 1.0 1.5 2.0

r

0.5

1.0

1.5

2.0

2.5

3.0

ζ

Cusp(r)

-1.0-0.5 0.0 0.5 1.0

-1.0
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0.5

1.0

x

y

Cusp Skyrmion

0.3

0.6

0.9

1.2

1.5

1.8

2.1

2.4

ζCusp :=


ζ̃

+

0,0 for 0 ≤ r ≤ r+
π = r−π

ζ̃
−
0,0 for r−π ≤ r ≤ r−0
0 for r−0 < r
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New type of solutions:

r0
-

r0
+

rπ
+

0.5 1.0 1.5 2.0
r

0.5

1.0

1.5

2.0

2.5

3.0

ζ

Shell(r)

-2 -1 0 1 2
-2

-1

0

1

2

x

y

Shell Skyrmion

0.1
0.3
0.5
0.7
0.9
1.1
1.3
1.5
1.7
1.9
2.1
2.3

ζShell :=


0 for 0 ≤ r ≤ r+

0

ζ̃
+

0,0 for r+
0 ≤ r ≤ r+

π = r−π
ζ̃
−
0,0 for r−π ≤ r ≤ r−0
0 for r−0 < r

Andreas Fring Non-Hermitian gauge field theories and BPS limits 35/38

35/38



Energies:

EBPS/St, Cusp =
8

15
nµ̃λ̃π

(
8
√

2∓ 10c ± 3c5/3
)

EShell =
128

15

√
2nµ̃λ̃π

EiBPS = −EBPS

Reality condition:
Condition (i):

CPT ′ : ζ(xµ)→ ζ∗(−xµ) + 2iarctanhε

Condition (ii):

ζ±α,m(r)→
[
ζ±α,m(r)

]∗
+ 2iarctanhε = ζ±α,m(r). (1)

Discussions of more potentials and different variants of L see:
F. Correa, A. Fring, T. Taira, arXiv:2102.05781
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Some general conclusions
Goldstone theorem in non-Hermitian field theories
• The GT holds in the physical PT -symmetric regime

• The GT holds at the standard exceptional point

• At the zero EP the Goldstone boson can NOT be identified

Higgs mechanism in non-Hermitian field theories
• The HM holds in the physical PT -symmetric regime

• The HM holds at the standard exceptional point

• At the zero EP the gauge boson remains massless

Complex BPS solitions and magnetic monopoles
• Complex t’Hooft-Polyakov solutions with real energies ∃
• Complex BPS solitons in 1+1 dim with real energies ∃
• Complex Skyrmions in 3+1 dim with real energies ∃
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Check out the online seminar series on
Pseudo-Hermitian Hamiltonians in Quantum Physics
organizers: Francisco Correa and Andreas Fring
website: https://vphhqp.com
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