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PT -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

Hermiticity ensures the reality of the energies
Schrödinger equation Hψ = Eψ

〈ψ|H |ψ〉 = E 〈ψ| ψ〉
〈ψ|H† |ψ〉 = E∗ 〈ψ| ψ〉

}
⇒ 0 = (E − E∗) 〈ψ| ψ〉

Hermiticity ensures conservation of probability densities

|ψ(t)〉 = e−iHt |ψ(0)〉

〈ψ(t)| ψ(t)〉 = 〈ψ(0)|eiH†te−iHt |ψ(0)〉 = 〈ψ(0)| ψ(0)〉

- Thus when H 6= H† one usually thinks of dissipation.
- However, these systems are usually open and do not possess

a self-consistent description. (As much as QM is self-consistent.)
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PT -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory
Wigner: Operators O which are left invariant under an antilinear

involution I and whose eigenfunctions Φ also respect this
symmetry,

[O, I] = 0 ∧ IΦ = Φ

have a real eigenvalue spectrum.a

By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.b

In particular this also holds for O being non-Hermitian.

a E. Wigner, J. Math. Phys. 1 (1960) 409
b

F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

The seminal classical example

H =
1
2

p2 + x2(ix)ε for ε ∈ R

real eigenvalues for ε ≥ 0
exceptional points for ε < 0

C.M. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H =
∑

~ı

[
∆a†~ıa~ı + iga†~ı (a~ı + a†~ı )a~ı + g̃

∑
~
(a†~ı+~ − a†~ı )(a~ı+~ − a~ı)

]
- a†~ı ,a~ı are creation and annihilation operators, ∆,g, g̃ ∈ R a

- for one site this is almost ix3

H = ∆a†a + iga†
(

a + a†
)

a

=
1
2

(
p̂2 + x̂2 − 1

)
+ i

g√
2

(x̂3 + p̂2x̂ − 2x̂ + i p̂)

with a = (ωx̂ + i p̂)/
√

2ω, a† = (ωx̂ − i p̂)/
√

2ω b

a J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
b

P. Assis, A. Fring, J. Phys. A41 (2008) 244001
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

H =
1
2

∑N

i=1
σx

i + λσz
i σ

z
i+1 + ihσz

i λ,h ∈ R

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

L =
1
2
∂µφ∂

µφ+
m2

β2

∑`

k=a
nk exp(βαk · φ)

a = 1 ≡ conformal Toda field theory (Lie algebras)
a = 0 ≡ massive Toda field theory (Kac-Moody algebras)
β ∈ R ≡ no backscattering
β ∈ iR ≡ backscattering (Yang-Baxter, quantum groups)

Strings on AdS5 × S5-background

A. Das, A. Melikyan, V. Rivelles, JHEP 09 (2007) 104
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa† − q2a†a = qg(N), with N = a†a

X = αa† + βa, P = iγa† − iδa, α, β, γ, δ ∈ R

[X ,P] = i~qg(N)(αδ + βγ)

+
i~(q2 − 1)

αδ + βγ

(
δγX 2 + αβ P2 + iαδXP − iβγPX

)
- limit: β → α, δ → γ, g(N)→ 0, q → e2τγ2

, γ → 0

[X ,P] = i~
(

1 + τP2
)

- representation: X = (1 + τp2
0)x0, P = p0, [x0,p0] = i~
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian

X † = X + 2τ i~P and P† = P

-⇒ H(X ,P) is in general not Hermitian
- example harmonic oscillator:

Hho =
P2

2m
+

mω2

2
X 2,

=
p2

0
2m

+
mω2

2
(1 + τp2

0)x0(1 + τp2
0)x0

=
p2

0
2m

+
mω2

2

[
(1 + τp2

0)2x2
0 + 2i~τp0(1 + τp2

0)x0

]
- but also Hermitian representations exist:

X = x0 and P =
1√
τ

tan(
√
τp0)

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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PT -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Dynamical noncommutative space-time

[x0, y0] = iθ, [x0,px0 ] = i~, [y0,py0 ] = i~,
[px0 ,py0 ] = 0, [x0,py0 ] = 0, [y0,px0 ] = 0,

replaced by (θ ∈ R)

[X ,Y ] = iθ(1 + τY 2) [X ,Px ] = i~(1 + τY 2)
[Y ,Py ] = i~(1 + τY 2) [X ,Py ] = 2iτY (θPy + ~X )
[Px ,Py ] = 0 [Y ,Px ] = 0

⇒ Non-Hermitian representation

X = (1 + τy2
0 )x0 Y = y0 Px = px0 Py = (1 + τy2

0 )py0

X † = X + 2iτθY Y † = Y P†y = Py − 2iτ~Y P†x = Px

A. Fring, L. Gouba, F. Scholtz, J. Phys. A: Math and Theor. 43 (2010) 345401
A. Fring, L. Gouba, B. Bagchi, J. Phys. A: Math and Theor. 43 (2010) 425202
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PT -symmetric quantum mechanics - time-independent H Spectral analysis

How to explain the reality of the spectrum?
1 Pseudo/Quasi-Hermiticity
2 PT -symmetry
3 Supersymmetry (Darboux transformations)
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†ρ = ρH ρ = η†η (*)

hφ = Eφ⇒ ηHη−1φ = Eφ⇒ Hη−1φ = Eη−1φ⇒ Hψ = Eψ ψ := η−1φ

H† = ρHρ−1 H†ρ = ρH H† = ρHρ−1

positivity of ρ X X ×
ρ Hermitian X X X
ρ invertible X × X
terminology (*) quasi-Herm. a pseudo-Herm.b

spectrum of H real could be real real
definite metric guaranteed guaranteed not conclusive

a J. Dieudonné, Proc. Int. Symp. (1961) 115
F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74

b M. Froissart, Nuovo Cim. 14 (1959) 197
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†ρ = ρH ρ = η†η (*)

hφ = Eφ⇒ ηHη−1φ = Eφ⇒ Hη−1φ = Eη−1φ⇒ Hψ = Eψ ψ := η−1φ

H† = ρHρ−1 H†ρ = ρH H† = ρHρ−1

positivity of ρ X X ×
ρ Hermitian X X X
ρ invertible X × X
terminology (*) quasi-Herm. a pseudo-Herm.b

spectrum of H real could be real real
definite metric guaranteed guaranteed not conclusive
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

Unbroken PT -symmetry guarantees real eigenvalues

PT -symmetry: PT : x → −x p → p i → −i
(P : x → −x ,p → −p; T : x → x ,p → −p, i → −i)

PT is an anti-linear operator:

PT (λΦ + µΨ) = λ∗PT Φ + µ∗PT Ψ λ, µ ∈ C

Real eigenvalues from unbroken PT -symmetry:

[H,PT ] = 0 ∧ PT Φ = Φ ⇒ ε = ε∗ for HΦ = εΦ

Proof :

εΦ = HΦ = HPT Φ = PT HΦ = PT εΦ = ε∗PT Φ = ε∗Φ
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

Spontaneously broken PT -symmetry gives conjugate eigenvalues

Spontaneously broken PT -symmetry:

[H,PT ] = 0 ∧ PT Φ 6= Φ

Instead
[H,PT ] = 0 ∧ PT Φ1 = Φ2

HΦ1 = ε1Φ1 HΦ2 = ε2Φ2

⇒ PT HΦ1 = PT ε1Φ1 ⇒ HPT Φ1 = ε∗1PT Φ1 ⇒ HΦ2 = ε∗1Φ2
The eigenvalues of Φ1 and Φ2 form a complex conjugate pair.
The point in parameter space where the PT -symmetry

spontaneously breaks is referred to as exceptional point.

PT -symmetry is only an example of an antilinear operator.
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken PT -symmetry

PT -symmetry versus spontaneously broken PT -symmetry

PT Φ2 = Φ2, ϵ2 ∈ 

PT Φ1 = Φ1, ϵ1 ∈ 

PT Φ1 = Φ2, ϵ1 = ϵ2
*

[ PT, H ]= 0

1 2 3 4
λ

-3

-2

-1

1

2

3

4
E(λ )

Φ1

Φ2

real parts are solid lines, imaginary parts are dotted lines
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PT -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H = H+ ⊕ H− = QQ̃ ⊕ Q̃Q

• intertwining operators: QH− = H+Q and Q̃H+ = H−Q̃

⇒ [H,Q] = [H, Q̃] = 0

• realization: Q = d
dx + W and Q̃ = − d

dx + W

⇒ H± = −∆ + W 2 ±W ′ = −∆ + V±

• ground state: H−Φ−n = εnΦ−n and H−Φ−m = 0
⇒isospectral Hamiltonians

Hm
± = −∆ + V m

± + Em Hm
±Φ±n = EnΦ±n for n > m

Hm
− non-Hermitian and Hm

+ Hermitian when ReW = 1
2∂x ln(ImW ).
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework

How to formulate a quantum mechanical framework?
1 orthogonality
2 observables
3 uniqueness
4 technicalities (new metric etc)
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
• Take h to be a Hermitian and diagonalisable Hamiltonian:

〈φn |hφm〉 = 〈hφn|φm〉

〈φn

|hφm〉 = εm

〈φn

|φm〉
〈hφn |

φm〉

= ε∗n 〈φn|

φm〉

}
⇒ 0 = (εm − ε∗n) 〈φn |φm〉

⇒ n = m : εn = ε∗n n 6= m : 〈φn |φm〉 = 0
• Take H to be a non-Hermitian Hamiltonian:

H |Φn〉 = εn|Φn〉

- reality and orthogonality no longer guaranteed. Define

〈Φn |Φm〉η := 〈Φn |η2Φm〉

- where 〈Φn |HΦm〉η = 〈HΦn |Φm〉η ⇒ 〈Φn |Φm〉η = δn,m
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
• Assume pseudo-Hermiticity:

h = ηHη−1 = h† = (η−1)†H†η† ⇔ H†η†η = η†ηH

Φ = η−1φ η† = η

⇒ H is Hermitian with respect to the new metric

Proof :

〈Ψ |HΦ〉η = 〈Ψ |η2HΦ〉

= 〈η−1ψ|η2Hη−1φ〉 = 〈ψ |ηHη−1φ〉 =

〈ψ |hφ〉 = 〈hψ|φ〉 = 〈ηHη−1ψ|φ〉 = 〈HΨ|ηφ〉 = 〈HΨ|η2Φ
〉

= 〈HΨ|Φ〉η

Using the same reasoning as in the Hermitian case:
⇒ Eigenvalues of H are real, eigenstates are orthogonal
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
Observables are associated to self-adjoint (Hermitian) operators

〈ψ |oφ〉 = 〈oψ |φ〉

Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

〈Ψ |OΦ〉η = 〈Ψ |η†ηOΦ〉 = 〈OΨ |η†ηΦ〉 = 〈OΨ |Φ〉η

⇒ observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

O = η−1oη ⇔ O† = ρOρ−1

Examples: In H = 1
2p2 + ix3 x ,p are not observables,

but X = η−1xη, P = η−1pη are.
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PT -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of ρ and η

General technique, construction of metric and Dyson maps

Given H
{

either solve ηHη−1 = h for η ⇒ ρ = η†η

or solve H† = ρHρ−1 for ρ ⇒ η =
√
ρ

involves complicated commutation relations
often this can only be solved perturbatively
Ambiguities:

Given H the metric is not uniquely defined for unknown h.
⇒ Given only H the observables are not uniquely defined.

This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. a

a Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74

Note:
Thus, this is not re-inventing or disputing the validity of quantum

mechanics. We only give up the restrictive requirement that
Hamiltonians have to be Hermitian.
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PT -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

H = −1
2

[ωI + λσz + iκσx ]

with eigensystem

E± = −1
2
ω ± 1

2

√
λ2 − κ2, ϕ± =

(
i(−λ±

√
λ2 − κ2)
κ

)

with PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, and PT ϕ± = −ϕ± for |λ| > |κ|

with broken PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, PT ϕ± 6= ϕ± |λ| < |κ|

Claim: This system has real energies for |λ(t)| < |κ(t)|!
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PT -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (∞- dim Hilbert space)

HK = aK1 + bK2 + iλK3, a,b, λ ∈ R

with Lie algebraic generators

K1 =
1
2

(
p2

x + x2
)
, K2 =

1
2

(
p2

y + y2
)
, K3 =

1
2

(xy + pxpy )

K4 =
1
2

(xpy − ypx )

[K1,K2] = 0, [K1,K3] = iK4, [K1,K4] = −iK3,
[K2,K3] = −iK4, [K2,K4] = iK3, [K3,K4] = i(K1 − K2)/2

• HK is PT -symmetric: [PT ±,HK ] = 0
PT ± : x → ±x , y → ∓y , px → ∓px , py → ±py , i → −i

• HK is quasi-Hermitian: hK = ηHKη
−1

hK =
1
2

(a + b) (K1 + K2) +
1
2

√
(a− b)2 − λ2 (K1 − K2)
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PT -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

with Dyson map: η = e2θK4 , θ = arctanh[λ/(b − a)]

Spontaneously broken PT -symmetry for |λ| > |a− b|.

Eigenenergies (a = b):

En,m = E∗m,n = a(1 + n + m) + i
λ

2
(n −m)

Eigenfunctions (a = b):

ϕn,m(x , y) =
e−

x2
2 −

y2

2

2n+m
√

n!m!π

[
n∑

k=0

(
n
k

)
Hk (x)Hn−k (y)

]

×

[
m∑

l=0

(−1)l
(

m
l

)
Hl(y)Hm−l(x)

]

Claim: This system has real energies for a(t), λ(t)!
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with Dyson map: η = e2θK4 , θ = arctanh[λ/(b − a)]
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PT -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)

Time-dependent Schrödinger eqn for h(t) = h†(t), H(t) 6= H†(t)

h(t)φ(t) = i~∂tφ(t), and H(t)Ψ(t) = i~∂t Ψ(t)

Time-dependent Dyson operator

φ(t) = η(t)Ψ(t)

⇒ Time-dependent Dyson relation

h(t) = η(t)H(t)η−1(t) + i~∂tη(t)η−1(t)

⇒ Time-dependent quasi-Hermiticity relation

H†ρ(t)− ρ(t)H = i~∂tρ(t)

[from conjugating Dyson relation and ρ(t) := η†(t)η(t))]
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PT -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) governs unitary time-evolution

Hermitian case:

φ(t) = u(t , t ′)φ(t ′), u(t , t ′) = T exp

[
−i
∫ t

t ′
dsh(s)

]
h(t)u(t , t ′) = i~∂tu(t , t ′), u(t , t ′)u(t ′, t ′′) = u(t , t ′′), u(t , t) = I〈

u(t , t ′)φ(t ′)
∣∣∣u(t , t ′)φ̃(t ′)

〉
=
〈
φ(t)

∣∣∣φ̃(t)
〉

Non-Hermitian case:

Ψ(t) = U(t , t ′)Ψ(t ′), U(t , t ′) = T exp

[
−i
∫ t

t ′
dsH(s)

]
H(t)U(t , t ′) = i~∂tU(t , t ′), U(t , t ′)U(t ′, t ′′) = U(t , t ′′), U(t , t) = I〈

U(t , t ′)Ψ(t ′)
∣∣∣U(t , t ′)Ψ̃(t ′)

〉
ρ

=
〈

Ψ(t)
∣∣∣Ψ̃(t)

〉
ρ
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PT -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

Relation between u(t , t ′) and U(t , t ′)

U(t , t ′) = η−1(t)u(t , t ′)η(t ′)

or the generalized Duhamel’s formula

U(t , t ′) = u(t , t ′)−
∫ t

t ′

d
ds
[
U(t , s)u(s, t ′)

]
ds

= u(t , t ′)− i~
∫ t

t ′
U(t , s) [H(s)− h(s)] u(s, t ′)ds

Relation between Green’s functions:

Gh(t , t ′) := −iu(t , t ′)θ(t − t ′) GH(t , t ′) := −iU(t , t ′)θ(t − t ′)

GU(t , t ′) = Gu(t , t ′) + i
∫ ∞
−∞

GU(t , s) [H(s)− h(s)] Gu(s, t ′)ds

A. Fring, M. Moussa, Phys. Rev. A 93 (2016) 042114
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PT -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = η(t)O(t)η−1(t)

Then we have

〈φ(t) |o(t)φ(t)〉 = 〈Ψ(t) |ρ(t)O(t)Ψ(t)〉 .

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H̃(t) = η−1(t)h(t)η(t) = H(t) + i~η−1(t)∂tη(t).

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures

Solution procedures
1 Three scenarios for possible time-dependence
2 Exact solutionsa

Make an inspired guess, e.g. −g(t)x4

3 Perturbative approachb

Strong/weak perturbation theory
4 Utilize Lewis-Riesenfeld invariants

exact (from point transformations)c

perturbativelyd

5 Ambiguities (infinite series of Dyson maps)e

a A. Fring, R. Tenney, Phys. Lett. A 384 (2020) 126530
b A. Fring, R. Tenney, Physica Scripta 96 (2021) 045211
c A. Fring, R. Tenney, Phys. Lett. A 410 (2021) 127548
d A. Fring, R. Tenney, European Physical J. Plus 135 (2020) 1
e A. Fring, R. Tenney, arXiv:2108.06793 (2021), accepted in J. Phys.
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Three scenarios

Three scenarios for possible time-dependence
1 ∂tη = 0 , ∂tH 6= 0, ∂th 6= 0

Technically this case reduces to time-independent case.a

2 ∂tη 6= 0 , ∂tH = 0, ∂th 6= 0

Alternative representation:
Heisenberg picture: time-dependent observables
Schrödinger picture: time-dependent states
Metric picture: time-dependent metric operatorsb

3 ∂tη 6= 0 , ∂tH 6= 0, ∂th 6= 0

Solve full quasi-Hermiticity relation for ρ(t)
⇒ η(t) from ρ(t) := η†(t)η(t)
Solve full time-dependent Dyson equation η(t)
⇒ ρ(t) from ρ(t) := η†(t)η(t)
Use Lewis Riesenfeld invariants

a C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269
b A. Fring, T. Frith; European Phys. J. Plus 133 (2018) 1
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Exact solutions
Time-dependent unstable harmonic oscillator

H(z, t) = p2 +
m(t)

4
z2 − g(t)

16
z4, m ∈ R,g ∈ R+

Define model on the contour z = −2i
√

1 + ixa ⇒

H(x , t) = p2 − 1
2

p +
i
2
{x ,p2} −m(t)(1 + ix) + g(t)(x − i)2

Ansatz for the Dyson map:

η(t) = eα(t)xeβ(t)p
3+iγ(t)p2+iδ(t)p, α, β, γ, δ ∈ R

Insert into time-dependent Dyson equation and determine the
coefficient functions α(t), β(t), γ(t), δ(t)

a H. Jones, J. Mateo; Phys. Rev. D 73 (2006) 085002
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

After a long calculation we find:

h(x , t) =
p4

4g
+

[
18g2(2g + m)

ġ2 +
ġ2

72g3 −
2g + m

4g

]
p2 −

3
(
g2m + g3) ln g

ġ2 p +
g2 ln(g)

ġ
x

+

(
ġ

12g
− 6g2

ġ

)
{x , p}+ gx2 +

1296g8 ln2 g + ġ6 − 36ġ4g2(2g + m)

5184g5ġ2 − m
2

Here g(t),m(t) are constrained as

9g2 (
...
g − 6gṁ) + 36gġ (gm − g̈) + 28ġ3 = 0

which is solved by

g =
1

4σ3 , and m =
4c2 + σ̇2 − 2σσ̈

4σ2

with free function σ(t)
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Unitary transforming this Hamiltonian to one with a double well

U = e−i fxp
2fxx

p2−i fx
2fxx

p,

together with a scaling and subsequent Fourier transform converts this
Hamiltonian into

h̃(y , t) = p2
y +

g
4

y2
[
y2 +

ġ2

36g3 +
72g2m

ġ2 − m
g

+ 2
]

+

(
36g2m + ġ2)√g ln g

12ġ2 y +
ġ4

5184g5 −
ġ2m

144g3 −
ġ2

72g2 −
m
2

Summary:

H(z, t) z→x→ H(x , t)
Dyson→ h(x , t)

unitary transform→ ĥ(x , t) Fourier→ h̃(y , t)
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ġ2 − m
g

+ 2
]

+

(
36g2m + ġ2)√g ln g
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Equivalent time-dependent potentials

-10 -5 0 5 10
-100

-80

-60

-40

-20

0 z

V(z,t)
time-dependent unstable anharmonic oscillator

t=0.25

t=0.30

t=0.35

t=0.75

-10 -5 0 5 10

-50

0

50

100

y

V

(y,t)

time-dependent double well

A. Fring, R. Tenney, Phys. Lett. A 384 (2020) 126530
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian

H = h0 + iεh1, with h†0 = h0,h
†
1 = h1, ε� 1

The quasi Hermiticity relation with ρ = η†η = η2 = eq reads

H† = η2Hη−2 = H + [q,H] +
1
2!

[q, [q,H]] +
1
3!

[q, [q, [q,H]]] + ...

which is

i[q,h0]+
i
2

[q, [q,h0]]+
i

3!
[q, [q, [q,h0]]]+... = ε

(
2h1 + [q,h1] +

1
2

[q, [q,h1]] + ...

)
with q =

∑∞
n=1 ε

nq̌n this can be solved can be solved recursively

ε1 : [h0, q̌1] = 2ih1, ⇒ solve for q̌1

ε3 : [h0, q̌3] =
i
6

[q̌1, [q̌1,h1]], ⇒ solve for q̌3

ε5 : [h0, q̌5] =
i
6

(
[q̌1, [q̌3,h1]] + [q̌3, [q̌1,h1]]− 1

60
[q̌1, [q̌1, [q̌1, [q̌1,h1]]]]

)
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ε5 : [h0, q̌5] =
i
6

(
[q̌1, [q̌3,h1]] + [q̌3, [q̌1,h1]]− 1

60
[q̌1, [q̌1, [q̌1, [q̌1,h1]]]]
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Time-dependent perturbation theory (weak)

Consider the time-dependent non-Hermitian Hamiltonian

H(t) = h0(t) + iεh1(t), with h0(t) = h†0(t),h1(t) = h†1(t), ε� 1

Replace: q =
∞∑

n=1

εnq̌n → q(t) = 2
∞∑

n=1

Nn∑
i=1

εnγ̃
(n)
i (t)q̃(n)

i

We want eA(t)eB(t)eC(t) . . . rather than eÃ(t)+B̃(t)+C̃(t)+..., therefore

q(t) = 2
j∑

i=1

k∑
n=1

εnγ
(n)
i (t)qi ,

Then the metric becomes

ρ(t) = η(t)†η(t) =
1∏

i=j

[
1∏

n=k

exp
(
εnγ

(n)
i qi

)] j∏
i=1

[
k∏

n=1

exp
(
εnγ

(n)
i qi

)]

ordered product
∏j

i=1 ai = a1a2 . . . aj
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

First order

ih1 +

j∑
i=1

(
γ
(1)
i [qi ,h0] + i γ̇(1)i qi

)
= 0

Second order

2
j∑

i=1

(
γ
(2)
i [qi ,h0] + iγ(1)i [q1

i ,h1] +
1
2!

(γ
(1)
i )2[qi , [qi ,h0]] + i γ̇(2)i qi

)

+

j∑
i=1

2
j∑

r=1,6=i

(
γ
(1)
i γ

(1)
r [qr , [qi ,h0]] + i γ̇(1)i γ

(1)
r [qr ,qi ]

)
+ (γ

(1)
i )2[qi , [qi ,h0]]

 = 0

These equation can also be solved recursively, but involve diff. equns.
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Time-dependent perturbation theory (strong)

Consider the time-dependent non-Hermitian Hamiltonian

H(t) = h1(t) + ε2h2(t) + iεh3(t) with hi(t) = h†i (t), i = 1,2,3, ε� 1

Now we make the Ansatz

ρ(t) = η(t)†η(t) =
1∏

i=j

[
1∏

l=k

exp
(
ε−l(γ

(l)
i )†qi

)] j∏
i=1

[
k∏

l=1

exp
(
ε−l(γ

(l)
i )qi

)]

which order by order leads again to a set of equations that can be
solved recursively
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Lewis Riesenfeld invariants

Lewis Riesenfeld invariants

dIH(t)
dt

= ∂t IH(t)− i
~

[IH(t),H(t)] = 0, for H = h = h†orH 6= H†

Solution to time-dep. Schrödinger equation H(t)Ψ(t) = i~∂t Ψ(t):

IH(t) |φH(t)〉 = Λ |φH(t)〉 , |ΨH(t)〉 = ei~α(t) |φH(t)〉
α̇ = 〈φH(t)| i~∂t −H(t) |φH(t)〉 , Λ̇ = 0

The invariant IH is quasi-Hermitian:

Ih(t) = η(t)IH(t)η−1(t)

Proof: Take time-derivative, use definition of LR invariants and TDDE.
Procedure:

1 Construct Ih(t) and IH(t)
2 Find η(t) from similarity transformation
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Point transformations
Consider the time-dependent Schrödinger equation

H0(χ)ψ(χ, τ) = i~∂τψ(χ, τ)

Definition of a point transformation Γ:

Γ : H0-TDSE→ H-TDSE, [χ, τ , ψ(χ, τ)] 7→ [x , t , φ(x , t)]

χ = P(x , t , φ), τ = Q(x , t , φ), ψ = R(x , t , φ)

- ψ and φ are implicit functions of (χ,τ) and (x ,t)
- H0 ≡ reference Hamiltonian
- H ≡ target Hamiltonian (Hermitiana or non-Hermitianb)

Point transformations preserve invariants

Γ : H0(χ)→ IH(x , t)
a K.Zelaya, O. Rosas-Ortiz; Physica Scripta 95 (2020) 064004
b A. Fring, R. Tenney, Phys. Lett. A 410 (2021) 127548
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Take time-independent Hermitian oscillator as reference Hamiltonian

H0(χ) =
P2

2m
+

1
2

mω2χ2, m, ω ∈ R

Simplify functional dependence to

χ = χ(x , t), τ = τ(t), ψ = A(x , t)φ(x , t) (ψφφ = 0)

Then

i~φt +
~2

2m
τ t

χ2
x
φxx + B0(x , t)φx − V0(x , t)φ = 0

with

B0(x , t) = −i~
χt
χx

+
~2

2m
τ t

χ2
x

(
2

Ax

A
− χxx
χx

)
,

V0(x , t) =
1
2

mτ tχ
2ω2 − i~

(
At

A
− Axχt

Aχx

)
− ~2

2m
τ t

χ2
x

(
Axx

A
− Axχxx

Aχx

)
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Alternative choices for the reference Hamiltonian

H(1)
0 (χ) =

P2

2m
H(2)

0 (χ) = H0(χ) + aχ, a ∈ R,

H(3)
0 (χ) = H0(χ) + ibχ, b ∈ R,

H(4)
0 (χ) = H0(χ) + a{χ,P}

lead to

B1(x , t) = B0(x , t), V1(x , t) = V0(x , t)− 1
2

mω2χ2τ t ,

B2(x , t) = B0(x , t), V2(x , t) = V0(x , t) + aχτ t ,

B3(x , t) = B0(x , t), V3(x , t) = V0(x , t) + ibχτ t ,

B4(x , t) = B0(x , t) +
2ia~χτ t

χx
, V4(x , t) = V0(x , t)− 2iaχ~Axτ t

Aχx
− ia~τ t
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Swanson model as target Hamiltonian

HS(x , t) :=
p2

2M(t)
+

M(t)
2

Ω2(t)x2 + iα(t){x ,p}, M,Ω ∈ R, α ∈ C

time-dependent Schrödinger equation (M(t)→ m)

i~φt +
~2

2m
φxx − 2~ (t)xφx − ~ (t)φ− 1

2
mΩ(t)x2φ = 0

For Γ : TDSE(H0(χ))→ TDSE(HS(x , t)) comparing with

i~φt +
~2

2m
τ t

χ2
x
φxx + B0(x , t)φx − V0(x , t)φ = 0

leads to the constraints
τ t

χ2
x

= 1, B0(x , t) = −2~ (t)x , V0(x , t) =
1
2

mΩ(t)x2 + ~ (t)

Andreas Fring PT -symmetric quantum mechanics an introduction to time-dependent systemsQuantum Fest 2021 44 / 62



PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Solution

τ(t) =

∫ t ds
σ2(s)

, and χ(x , t) =
x + γ(t)
σ(t)

,

A(x , t) = exp

{
im
~

[(
γt − γ

σt

σ

)
tx +

(
it − σt

2σ

)
x2 + δ(t)

]}
δ(t) =

γ

2σ
(σγt − γσt )−

i~
2m

log σ

σ satisfies two Ermakov-Pinney equations

σtt − κ(t)σ − ω2

σ3 = 0 with κ(t) :=
γtt
γ

= 2iαt − 4α2 − Ω

which are solved by

σ(t) =
(

Au2 + Bv2 + 2Cuv
)1/2

with u(t), v(t) solutions to ü +κ(t)u = 0, v̈ + κ(t)v = 0
and C2 = AB − ω2/(uv̇ − vu̇)
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Compute invariant from Γ : H0(χ)→ IHS(x ,t)

Now we know how χ and P transform under Γ.

So we can compute Γ(H0(χ))→

IHS (x , t) =
σ2

2m
p2 + m

(
γω2

σ2 + 2iα(σ2γt − γσσt )− σσtγt + γσ2
t

)
x

+
1
2
σ [2iασ − σt ] {x ,p}+

m
2

[
(σt − 2iασ) 2 +

ω2

σ2

]
x2

+
m
2

(
γ2ω2

σ2 + γ2σ2
t + σ2γ2

t − 2γγtσσt

)
+ σ (σγt − γσt ) p

With known Ih(t) compute the Dyson map from Ih(t) = η(t)IHSη
−1(t).

In this case the Dyson map is time-independent.
It becomes time-dependent when m→ M(t).
Similarly for different reference and target Hamiltonians.

A. Fring, R. Tenney, Phys. Lett. A 410 (2021) 127548
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In this case the Dyson map is time-independent.
It becomes time-dependent when m→ M(t).

Similarly for different reference and target Hamiltonians.

A. Fring, R. Tenney, Phys. Lett. A 410 (2021) 127548
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants, semi-exact

So far the approach relied on exact invariants and eigenfunctions.

We may be able to find the invariant, but fail to solve

IH(t) |φH(t)〉 = Λ |φH(t)〉

In that case one can compute approximate solutions using
time-independent perturbation theory or the WKB approximation.
See A. Fring, R. Tenney, European Physical J. Plus 135 (2020) 1
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Symmetries of the invariants

Dyson maps are not unique.
Start from two different maps η(t) and η̃(t) with two TDDE:

h = ηHη−1 + i~∂tηη
−1 and h̃ = η̃H η̃−1 + i~∂t η̃η̃

−1

with respective time-dependent Schrödinger equations

h(x , t)φ(x , t) = i~∂tφ(x , t), h̃(x , t)φ̃(x , t) = i~∂t φ̃(x , t), H(x , t)ψ(x , t) = i~∂tψ(x , t)

φ = ηψ, φ̃ = η̃ψ ⇒ φ̃ = Aφ A := η̃η−1

eliminate H:
h̃ = AhA−1 + i~∂tAA−1

This means the invariants are related as:

Ih = ηIHη−1, Ih̃ = η̃IH η̃−1, ⇒ Ih̃ = AIhA−1

Therefore we obtain the symmetries of the invariants as:

[Ih,S] = 0 and
[
Ih̃, S̃

]
= 0 with S := A†A, S̃ := AA†
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Generation of new invariants

Iff AIh̃A−1 is Hermitian⇒

ȟ = Ah̃A−1 + i~∂tAA−1, ȟ = η̌H η̌−1 + i~∂t η̌η̌
−1, η̌ := η̃η−1η̃

Iff Ih, A−1IhA is Hermitian⇒

ĥ = A−1hA− i~A−1∂tA, ĥ = η̂H η̂−1 + i~∂t η̂η̂
−1, η̂ := ηη̃−1η

We may continue this process indefinitely:

η, η̃
↗
↘

η3 = η̃η−1η̃ = Aη̃

η4 = ηη̃−1η = A−1η

η, η3
↗
↘

η5 = η̃η−1η̃η−1η̃η−1η̃ = A3η̃

η6 = ηη̃−1ηη̃−1η = A−2η
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

leading to the infinite series of Dyson maps:

η̃(n), η̃(m) ↗
↘

η̃(2m−n)

η̃(2n−m)
, η̃(n), η(m) ↗

↘

η(2m−n−1)

η̃(2n−m+1)
,

η(n), η̃(m) ↗
↘

η̃(2m−n+1)

η(2n−m−1)
, η(n), η(m) ↗

↘

η(2m−n)

η(2n−m)
,

where
η(n) := Anη, η̃(n) := Anη̃, with n,m ∈ Z
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Example: coupled oscillator example

H(t) = a(t) (K1 + K2) + iλ(t)K3

We found the two Dyson maps

η = earcsinh
(

k
√

1+x2
)

K4e−i arctan(x)K1 η̃ = earcsinh
(

k
√

1+x2
)

K4ei arctan(x)K2

⇒ A = η̃η−1= ei arctan(x)(K1+K2)

Iteration yields the infinite series of Dyson maps

η(n) = Anη̃ = earcsinh(k
√

1+x2)K4ei arctan(x)[K1+(n+1)K2],

η̃(n) = Anη = earcsinh(k
√

1+x2)K4e−i arctan(x)[(n+1)K1+K2],
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PT -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

with Hamiltonians:

h(1) =

a +
λ
(

3
√

1 + k2(1 + x2)− 1
)

2k(1 + x2)

K1+

a +
λ
(

3
√

1 + k2(1 + x2) + 1
)

2k(1 + x2)

K2

h(n) = h(1) +
(n − 1)λ

√
1 + k2(1 + x2)

k(1 + x2)
(K1 + K2)

h̃(n) =

(
λ

2k(1 + x2)

)
(K2−K1)+

[
a− (2n + 1)λ

√
1 + k2(1 + x2)

2k(1 + x2)

]
(K1+K2)

Using the above we construct also the LR invariants and symmetries.
Different series are obtained from different seed Dyson maps.
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Applications Applications - Optics

Nature Physics volume 11, page 799 (2015)

Helmholtz equation
in paraxial approximation:
i ∂ψ∂z + 1

2k
∂2ψ
∂x2 + kv(x)ψ = 0

ψ ≡ envelope function of E
v(x) = n/n0 − 1
n ≡ reflection index
n0 ≡ reflection index
k = nω/c
ω ≡ frequency

with z → t
this becomes formally
the Schrödinger equation
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

H(t) =
a(t)

2

(
p2

x + p2
y + x2 + y2

)
+ i

λ(t)
2

(xy + pxpy ) , a(t), λ(t) ∈ R

Ansatz:
η(t) =

∏4

i=1
eγ i (t)Ki , γ i ∈ R

Time-dependent Dyson equations is satisfied when
Constraint:

γ1 = γ2 = q1, γ̇3 = −λ cosh γ4, γ̇4 = λ tanh γ3 sinh γ4,

h(t) = a(t) (K1 + K2) +
λ(t)

2
sinh γ4
cosh γ3

(K1 − K2)

Solution: γ4 = arcsinh (κ sech γ3) , χ(t) := cosh γ3, κ = const
with dissipative Ermakov-Pinney equation

χ̈− λ̇

λ
χ̇− λ2χ =

κ2λ2

χ3
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Applications Applications - Mending the broken regime

Instanteneous energies are real even in the broken PT regime !

Andreas Fring PT -symmetric quantum mechanics an introduction to time-dependent systemsQuantum Fest 2021 55 / 62



Applications Applications - Entropy revival

Von Neumann entropy in PT -symmetric systems
statistical ensemble of states (density matrix):

%h =
∑

i
pi |φi〉 〈φi |

partial traces (for subsystems)

%h,A = TrB(%h) =
∑

i

〈
ni,B
∣∣ %h

∣∣ni,B
〉

%h,B = TrA(%h) =
∑

i

〈
ni,A
∣∣ %h

∣∣ni,A
〉

∣∣ni,A
〉
,
∣∣ni,B

〉
≡ eigenstates of the subsystems A,B

Time evolution:
i∂t%h = [h, %h]

It follows
i∂t%H = [h, %H ]

with
%h = η%Hη

−1, h = ηHη−1 + i∂tηη
−1
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Applications Applications - Entropy revival

Therefore
%H =

∑
i
pi |ψi〉 〈ψi | ρ

recalling that ρ = η†η, |φi〉 = η |ψi〉
Von Neumann entropy

Sh = − tr [ρh ln ρh] = −
∑

i
λi lnλi = SH

Entropy of a subsystem

Sh,A = − tr
[
%h,A ln %h,A

]
= −

∑
i
λi,A lnλi,A = SH,A

An example: bosonic system coupled to a bath

H = νa†a + ν

N∑
n=1

q†nqn + (g + κ)a†
N∑

n=1

qn + (g − κ)a
N∑

n=1

q†n

energy eigenvalues

E±m,N = m
(
ν ±
√

N
√

g2 − κ2
)
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Applications Applications - Entropy revival

Standard behaviour:
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Applications Applications - Entropy revival

Von-Neumann entropy in the PT symmetric regime

Andreas Fring PT -symmetric quantum mechanics an introduction to time-dependent systemsQuantum Fest 2021 59 / 62



Applications Applications - Entropy revival

Von-Neumann entropy at the exceptional point
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Applications Applications - Entropy revival

Von-Neumann entropy in the broken PT regime
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PT -seminar: register here vphhqp.com

virtual seminar Pseudo-Hermitian Hamiltonians in Quantum Physics

https://vphhqp.com
Proceedings: Journal of Physics: Conference Series Volume 2038

https://iopscience.iop.org/issue/1742-6596/2038/1

Thank you for your attention
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