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(1) PT-symmetric quantum mechanics - time-independent H

e Hermiticity is only a sufficient but not a necessary requirement
e Seminal and pre-historic examples in the literature
e Spectral analysis
@ Pseudo/Quasi-Hermiticity
@ Unbroken PT-symmetry guarantees real eigenvalues
@ Supersymmetry (Darboux transformations)
e Quantum mechanical framework
Orthogonality
H is Hermitian with respect to a new metric
How to define observables?
General technique, construction of metric and Dyson operators
Examples with finite and infinite Hilbert space
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(2) PT-symmetric quantum mechanics - time-independent H(t)

e Theoretical framework (key equations)
e The nonduality of the Hamiltonian
@ Solution procedures
@ Three scenarios for possible time-dependence
e Exact solutions, e.g. —g(f)x*
@ Perturbative approach
@ Utilizing Lewis-Riesenfeld invariants
- Exact (from point transformations)
- semi-exact
@ Ambiguities (infinite series of Dyson maps)

(3) Applications
e Optics
e Mending the broken PT-regime
e Entropy revival
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation Hy = Ev

(W[ H[¢) = E{[ )

(Y| H 1) = E* (] ¢>} =0=(E-E"){¥|¥)
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation Hy = Ev

(W[ H[¢) = E{[ )

(Y| H 1) = E* (] ¢>} =0=(E-E"){¥|¥)

@ Hermiticity ensures conservation of probability densities

(1)) = e M y(0))
(W] ¥(t)) = ((0)| ' te M [1(0)) = ((0)] ¥(0))
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation Hy = Ev

(W[ H[¢) = E{[ )

O N e LK

@ Hermiticity ensures conservation of probability densities

(1)) = e[y (0))
(W(0)] (1) = ((0)] €' te™™M [y(0)) = (1(0)] ¥(0))

- Thus when H # HT one usually thinks of dissipation.
- However, these systems are usually open and do not possess
a self-consistent description. (As much as QM is self-consistent.)
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,7]=0 A Io=0

have a real eigenvalue spectrum.?

2E. Wigner, J. Math. Phys. 1 (1960) 409
b
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0, 7]=0 A Io=0

have a real eigenvalue spectrum.?

@ By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.?

2E. Wigner, J. Math. Phys. 1 (1960) 409

bF Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,7]=0 A Io=0

have a real eigenvalue spectrum.?

@ By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.?

In particular this also holds for © being non-Hermitian.

2E. Wigner, J. Math. Phys. 1 (1960) 409

bF Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

The seminal classical example

H = %pz +x%(ix)°  foreeR

Fs | e real eigenvalues forc > 0
.~ 1 @ exceptional points for ¢ < 0

Energy

-1 0 1 1 3

C.M. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H=3 [Aa ar+ igal(a; + a)a; + gz (al, ;- al)(aw;— a)

- a}, ar are creation and annihilation operators, A, g, g€ R 2

2J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
b
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H = Z [Aa ar+ igal(a; + a)a; + gzq(am

T)(af+f — a)

- a}, ar are creation and annihilation operators, A, g, g€ R 2

- for one site this is almost ix3

H = Aa'a+ igal (a+ aT) a
g9

— %(f)2+§(2—1> + 2= (53 + pPX —

V2

with a = (wX + ip)/v2w, a' = (wk — ip)/V2w ?

2J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
5P Assis, A. Fring, J. Phys. A41 (2008) 244001
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of + Xofofq +iho? X heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u¢ ¢+?zk:a Nk exp(Bo - @)

a =1 = conformal Toda field theory (Lie algebras)

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 8/62



P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of + Xofofq +iho? X heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u¢ ¢+?zk:a Nk exp(Bo - @)

a = 0 = massive Toda field theory (Kac-Moody algebras)
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u00"¢ + ?Zk:a Nk exp(fak - ¢)

a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

m>2

1
£=50u00"0 + T3 3, Meexp(- )

a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
B € iR = backscattering (Yang-Baxter, quantum groups)
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u00"¢ + ?Zk:a Nk exp(Bag - ¢)

a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
B € IR = backscattering (Yang-Baxter, quantum groups)

Strings on AdSs x S®-background

A. Das, A. Melikyan, V. Rivelles, JHEP 09 (2007) 104

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 8/62




P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa — g?ala= qIM), with N = afa

v
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa — g?ala= qIM), with N = afa

X:aaT—i-ﬁa, P:I'ya.l-_léaa 047577756R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021

9/62



P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa’ — g?afa= g9, with N = a'a

X:aaT—i-ﬁa, P:I'ya.l-_,éaa 047577756R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

~limit: 8 — a, 6 — 7, g(N) = 0, g — €™, v = 0

X, Pl = in (1+7P?)
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa’ — g?afa= g9, with N = a'a

X:aaT—i-ﬁa, P:I'ya.l-_,éaa a757775€R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

~limit: 8 — a, 6 — 7, g(N) = 0, g — €™, v = 0
X, Pl = in (1+7P?)

- representation: X = (1 +7p2)xo, P = po, [Xo, Po] = ik
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian
X'=X+2ritP  and P! =P

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian
X'=X+2ritP  and P! =P

- = H(X, P) is in general not Hermitian

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian

X =X+27ihP and P'=P

- = H(X, P) is in general not Hermitian
- example harmonic oscillator:

Hho =

P2 mw?

_ 4 X2

om T T2

ps | mw? 2 2
> + 5 (1 +7p5)x0(1 + 7P5)X0
Pz muw?

S8 o | (14 7pR)2E -+ 2ilmpo(1 + T8 )Xo

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307

D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
PT -symmetric quantum mechanics Quantum Fest 2021
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian
X'=X+2ritP  and P! =P

- = H(X, P) is in general not Hermitian
- example harmonic oscillator:

P2 muw?
Ho = o+ —X°
ho om + 2 ’
pg mw? 2 2
o+ (1 4+ 7P8)x0(1 + 7P5)X0
2 2
p mw i
= B0 T (44 R + 2ifmpo(t + 7R

- but also Hermitian representations exist:

]
X=xg and P= Ftan(ﬁm)

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Dynamical noncommutative space-time

[X07.y0] = /9, [X07pX0] = Ih7 [}’O,Pyo] = Ih,
[pXovpyo] = Oa [X07p}/o] = O) [yOapxo] = O’

replaced by (0 € R)
(X, Y] =i0(1 +7Y?) [X,P] =ih(1+71Y?)
[Y,P,] =ih(1+7Y?) [X,P)]=2irY(0P, + hX)
[Px,Py]:O [Y7px]:0

= Non-Hermitian representation

X=(1+7¥8)% Y=Y Pi=px, Py=0+78)py

Xt =X+2ir0y Y=Y P)=P,—2irhY P} =P,
y y

A. Fring, L. Gouba, F. Scholtz, J. Phys. A: Math and Theor. 43 (2010) 345401
A. Fring, L. Gouba, B. Bagchi, J. Phys. A: Math and Theor. 43 (2010) 425202
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P T -symmetric quantum mechanics - time-independent H Spectral analysis

How to explain the reality of the spectrum?
@ Pseudo/Quasi-Hermiticity
Q PT-symmetry
© Supersymmetry (Darboux transformations)
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h=nHyp ' =h' = ") H < Hp=pH p=nn ()

v
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h=nHyp ' =h' = ") H < Hp=pH p=nn ()

ho=E¢p=nHn '¢=E¢p=Hn '¢=En '¢=Hp=Epy:=n"¢

v
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P T -symmetric quantum mechanics - time-independent H

Pseudo/Quasi-Hermiticity

Spectral analysis - Pseudo/Quasi-Hermiticity

h=nHn ' =h' = ) H'" & Hp=pH p=n'y

ho=E¢p=nHn '¢=E¢p=Hn '¢=En '¢=Hp=Epy:=n"¢

H' = pHp™' | H'p=pH H' = pHp™!
positivity of p v v X
p Hermitian v v v
p invertible v X v
terminology *) quasi-Herm. 2 | pseudo-Herm.?
spectrum of H real could be real real
definite metric | guaranteed guaranteed not conclusive

2. Dieudonné, Proc. Int. Symp. (1961) 115
F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
bM. Froissart, Nuovo Cim. 14 (1959) 197
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:Xx=X,p——p,i = —I)
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTOA® + pu¥) = N*PTo + 1*PTV A\ peC
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=c" forHd=cd
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:
[H,PT]=0 A PTd=¢ =c=c" forHd=cd

@ Proof:
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=¢" forHd =:c0

@ Proof: e = Ho
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:
[H,PT]=0 A PTd=¢ =c=¢" forHd =cd

@ Proof: e® =HO =HPT O
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[(H,PT]=0 A PTo=0 =c=c" for Ho =cd

@ Proof: e = HO =HPTd =PTHD
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=¢" forHd =:c0

@ Proof. e® =HO =HPTO =PTHS =PTcd
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPT+ p*PTV A\peC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=c" forHd=cd

@ Proof: e® =H® =HPTP =PTHP=PTcd =c"PTP
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=¢" forHd =cd

@ Proof: e® =HO =HPTS =PTHS=PTcd=c"PTP=c"
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[(H,PT]=0 A PTo=0 =c=c" for Ho =cd

@ Proof: c® =HP =HPTS =PTHS=PTecd=c"PTP=c"
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd=d,

H¢1 = &1 (D1 Hq)g = 62492

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 15/62



P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd =0,

H¢1 = &1 (D1 Hq)g = 52492
= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTo;=0d,

H¢1 = &1 ¢>1 Hq)g = €2¢'2

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hb, = E;‘CDQ
The eigenvalues of 4 and ¢, form a complex conjugate pair.
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTby=0d,

H¢1 = &1 (D1 Hq)g = €2¢2

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
The eigenvalues of 4 and ¢, form a complex conjugate pair.

@ The point in parameter space where the P7-symmetry
spontaneously breaks is referred to as exceptional point.

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021

15/62



P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd =0,

H¢1 = &1 (D1 Hq)g = 52492

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
The eigenvalues of 4 and ¢, form a complex conjugate pair.

@ The point in parameter space where the P7-symmetry
spontaneously breaks is referred to as exceptional point.

PT-symmetry is only an example of an antilinear operator.
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P T -symmetric quantum mechanics - time-independent H

Spectral analysis - Broken and unbroken P 7 -symmetry

PT-symmetry versus spontaneously broken P7-symmetry

E1)

[PT,H]=0

PT(D1=(D1, E1G|R

2/_\ //,"
1+ _’, — @
l//// = F)T-(D1 = (D2, €= E;
) I 1 /l — ¢2
1 2| 3 4
-1

-2 PT ®,=®,, 6,eR

real parts are solid lines, imaginary parts are dotted lines
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH.=QQao QQ

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 17/62



P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q

= [H,Q=[H,Q =0
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W

= Hi=-A+WH+W =-A+V,
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W
= Hi=-A+WPEtW=-A+V,

e ground state: H_¢, =¢,¢, and H_¢, =0
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W
= Hi=-A+WPEtW=-A+V,

e ground state: H_¢, =¢,¢, and H_¢, =0
=-isospectral Hamiltonians

HP' = A+ VD + Ep, HPOF = E,0f forn>m

H™ non-Hermitian and HT Hermitian when ReW = 10y In(ImW).
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework

How to formulate a quantum mechanical framework?
@ orthogonality
© observables
© uniqueness
© technicalities (new metric etc)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

|hom) =em  |dm)
(hop | = &5 (®nl
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =&m <¢n ‘¢m>
(hén|dm) = en{@nl om)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <¢n ‘¢m> B e
(hp| dm) = b (Dnl dm) } = 0= (em —p) (dnlom)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <¢n ‘¢m> _ e
(N6n| bm) = =5 (0] Om) } = 0= (em =) (6n|Pm)

= n=m: ep=c¢; n<m: {(¢,|om =0
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <(]5n ‘¢m> _ .
(N6n| bm) = =5 (0] Om) } = 0= (em =) (6n|Pm)

= n=m: ep=c¢; n<m: {(¢,|lom =0
e Take H to be a non-Hermitian Hamiltonian:

H|®p) = en|®Pn)
- reality and orthogonality no longer guaranteed. Define
<¢n‘¢m>n = <¢n\772¢m>

-where (0 [H®p), = (HOn[®m), = (®n|®m), = dnm
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy™' =h' =@ ")'H" < Hnln=nlnH
o=nl¢ pl=y
= H is Hermitian with respect to the new metric




P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[*Ho)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=nlo gl=n

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [P H) = (n "w|nPHny o)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy™' =h' =@ ")'H" < Hnln=nlnH
d=n¢o pl=y

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (W[nPH®) = (™" plnPHn~" ¢) = (v [nHn ™" ¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy ' =h =@ "YH & Higlp=nTnH
o=nl¢ pl=y

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¥ [nHn " '¢) =
(¥ |h)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHn ' =h' = ")H < Hyin=ningH
d=np pl=g

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¢ [nHn " '¢) =
(¥ |hg) = (h| §)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy ' =h =@ "YH & Higlp=nTnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¢ [nHn " '¢) =
(W |he) = (M| ¢) = (nHn "p|¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=9

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (WPH®) = (n~"pln*Hn ™" ¢) = (¢ [nHn ™" ¢) =
(¥ |hg) = (hp| @) = (nHn~"p|g) = (HV[1¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=nlo gl=n

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[P H®) = (" "pln?Hy~'¢) = (i [nHn~"¢) =
(6 1h8) = (el @) = (nHn~"lg) = (HY|ng) = (HV|17®)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (W [nPH®) = (n~"y[nPHn " ¢) = (4 [nHn~"¢) =

(6 1) = (ol @) = (nHn~"Ulg) = (HY|ng) = (HW|1?®)
= (HV|®),
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[P H®) = (" "pln?Hy~'¢) = (i [nHn~"¢) =
(6 1) = (ol @) = (nHn~"Ulg) = (HY|ng) = (HW|1?®)
= (HV|®),

Using the same reasoning as in the Hermitian case:
= Eigenvalues of H are real, eigenstates are orthogonal
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
@ Observables are associated to self-adjoint (Hermitian) operators

(¥ ]og) = (0]¢)

@ Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

(V|09), = (W[n'nod) = (OV[n'ne) = (OV[P),

= observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

0= 77_1077 & of = p(?p_1
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
@ Observables are associated to self-adjoint (Hermitian) operators

(¥ ]og) = (0]¢)

@ Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

(V|09), = (W[n'nod) = (OV[n'ne) = (OV[P),

= observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

0= 77_1077 & of = p(?p_1

Examples: In H = }p? + ix® x, p are not observables,
but X = n~"xn, P =n"pn are.
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps

either solve nHn='=h for n = p=1n'y

® Given H{ or solve H' = pHp™" for p =n=,/p
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ Given H{
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Given H{
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Ambiguities:
Given H the metric is not uniquely defined for unknown h.
= Given only H the observables are not uniquely defined.
This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. 2

@ Given H{

2Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Ambiguities:
Given H the metric is not uniquely defined for unknown h.
= Given only H the observables are not uniquely defined.
This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. 2

@ Given H{

2Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74

Note:
@ Thus, this is not re-inventing or disputing the validity of quantum
mechanics. We only give up the restrictive requirement that
Hamiltonians have to be Hermitian.

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

._ 2_ 2
Ei:—lcu:lz1 N2 — K2, Py = i(=A£ VAT =K%
K

2 2
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

._ 2_ 2
Ei:—lcu:lz1 N2 — K2, Py = i(=A£ VAT =K%
K

2 2
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system
1 )
H= 5 [Wl+ Aoz + iko]

with eigensystem

Erm ot 2022, o= [ (AEVN R
K

2 2
with PT-symmetry PT =710z, 7 1 — —i

[PT,H =0, and PTy,=—p, for |\l > |k|
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

,_ 2_ 2
Eo- il %z(’( A+ VA ,@))
K

2 2
with PT-symmetry PT =70z, 70 — —i
[PT,H =0, and PTy,=—p, for |\l > |k|
with broken PT-symmetry PT = 1oz, 7: 1 — —i

[PT,H =0,  PTeL#es [Al <]k

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

._ 2_ 2
Eo- il %z(’( A+ VA ,@))
K

2 2
with PT-symmetry PT =70z, 70 — —i
[PT,H =0, and PTy,=—p, for |\l > |k|
with broken PT-symmetry PT = 1oz, 7: 1 — —i

[PT,H =0,  PTeL#es [Al <]k

Claim: This system has real energies for |\(f)| < |x(t)]!
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)
Hk = aKi + bKs + iAKs, a,bleR

with Lie algebraic generators

L AR LTI 1
Ki = E(pX+X>’ Kz—é(Py-i‘}’); KS—E(Xy-i-pxpy)
1
Ko = 5 (xoy = ypx)
[K1, Ko] =0, (K1, K3] = iKs, [K1, Ka] = —IK3,

(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)
Hk = aKi + bKs + iAKs, a,bleR

with Lie algebraic generators

L AR LTI 1
Ki = E(pX+X>’ Kz—§(py+y>, KS—E(Xy-i-pxpy)
1
Ko = 5 (xoy = ypx)
[K1, Ko] =0, (K1, K3] = iKs, [K1, Ka] = —IK3,

(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2

e Hy is PT-symmetric: [PT +,Hk] =0
PTi:X_):l:xsy—>:Fy5pX_>:FpX5p}/_>:l:p}/1i—>_i
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)
Hk = aKi + bKs + iAKs, a,bleR

with Lie algebraic generators

L AR LTI 1
Ki = E(pX+X>’ Kz—é(Py-i‘}’); KS—E(Xy-i-pxpy)
1
Ko = 5 (xoy = ypx)
[K1, Ko] =0, (K1, K3] = iKs, [K1, Ka] = —IK3,

(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2

e Hy is PT-symmetric: [PT +,Hk] =0
PTi:X_):l:xsy—>:Fy5pX_>:FpX5p}/_>ip}/1i—>_i
e Hy is quasi-Hermitian: hx = nHxn™!

1 1
he = 5(a+b) (Ki + Ke) + 5 (a—b)2 = M (Ki — Kp)
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

with Dyson map: n = 2%, 9 = arctanh[\/(b — a)]

PT -symmetric quantum mechanics Quantum Fest 2021 25/62



P T -symmetric quantum mechanics - time-independent H

with Dyson map: n = €29k 9 = arctanh[\/(b — &)]
Spontaneously broken PT-symmetry for |\| > |a — b.
Eigenenergies (a = b):

A
Enm=Epnn=a(l+n+m)+i

5(’7— m)

Eigenfunctions (a = b):

ez

Onm(X,y) = W [Z:: k) Hk(x)Hn—k(y)
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

with Dyson map: n = €29k 9 = arctanh[\/(b — &)]
Spontaneously broken PT-symmetry for |\| > |a — b.
Eigenenergies (a = b):

A
Enm=Epnn=a(l+n+m)+iz(n—m)

2
Eigenfunctions (a = b):
5% " /n
SOn,m(XaY) = W LZ:O <k> Hk(x)Hn—k(y)

x [Z(—U’(T) H/(y)Hm_/(x)]
1=0

Claim: This system has real energies for a(t), A(t)!
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h0)o(t) = ilded(t),  and  H(OW(E) = ihdpV (1)
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h(t)p(t) = ihorp(t), and H(H)W(t) = iho(t)
Time-dependent Dyson operator
o(t) = n(t)V(1)
= Time-dependent Dyson relation

h(t) = n(OH(E)n ™" () + inden(tyn (1)
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h(t)g(t) = ihowp(t), and H(t)W(t) = ihosV(t)
Time-dependent Dyson operator
o(t) = n(t)V(1)
= Time-dependent Dyson relation
h(t) = n(t)H(tyn ™" () + indem(t)n ™~ (¢)
= Time-dependent quasi-Hermiticity relation
H'p(t) — p(t)H = ihdsp(t)

[from conjugating Dyson relation and p(t) := 7 (t)n(t))]
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) governs unitary time-evolution
Hermitian case:

t
6(t) = u(t, )6(F),  u(t,t) = Texp [—i /t dsh(s)}

h(t)yu(t,t') = inoeu(t,t'), u(t,)u(t', t")=u(t,t"), u(t,t)=1
(ult, )e(t) |u(t, )3()) = (o(t) [3(0)

v
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The nonduality of the Hamiltonian

P T -symmetric quantum mechanics - time-dependent H(t)

The Hamiltonian H(t) governs unitary time-evolution
Hermitian case:

t
6(t) = u(t, )6(F),  u(t,t) = Texp [—i /t dsh(s)}

h(t)yu(t,t') = inoeu(t,t'), u(t,)u(t', t")=u(t,t"), u(t,t)=1
(ult, )e(t) |u(t, )3()) = (o(t) [3(0)

Non-Hermitian case:

W(t) = U EYW(E), UL t) = Texp [—i tdsH(s)]
.

H(OU(L ) = ind, UL, '), Ut E)U(E, ") = U(t, "), U(t,t) =T
<U(t, yw(t) | ue, t’)ﬁ:(t’)>p - <\Il(t) ‘\Tl(t)>p

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 27/62
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

Relation between u(t, ') and U(t, t')

U(t, t') = n~ ' (Bu(t, t)n(t)
or the generalized Duhamel’s formula

Ut t) = u(t,t’)/ﬂtgg[U(t,s)u(s,t’)] ds

— Ut t)—in / " U(t. s) [H(s) — h(s)] u(s. {)ds
;

A. Fring, M. Moussa, Phys. Rev. A 93 (2016) 042114
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

Relation between u(t, ') and U(t, t')

U(t, t') = n~ ' (Bu(t, t)n(t)
or the generalized Duhamel’s formula

/ / ! d /
Uty = ut.t) = [ (Ut s)us.t)] os
— Ut t)—in / " U(t. s) [H(s) — h(s)] u(s. {)ds
t/

Relation between Green’s functions:

Gh(t,t') == —iu(t, )0t — ) Gu(t,t') = —iU(t, )0t — ')

Gu(t,t) = Gu(t, ) + i / " Gu(t, ) [H(s) — h(s)] Guls, t)ds

A. Fring, M. Moussa, Phys. Rev. A 93 (2016) 042114
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n(H)O(t)n~ (1)

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n(H)O(t)n~ (1)

Then we have

{o(t) lo(t)e(1)) = (W(1) |p()O(1)W(1)) -

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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P T -symmetric quantum mechanics - time-dependent H(t) The nonduality of the Hamiltonian

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n()O(tyn~ ()
Then we have
(o(t) [o(t)p(t)) = (W (1) [p(H)O(t)W (1)) .

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H(t) = 0" (h(t)n(t) = H(t) + it~ (£)9p(t).

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures

Solution procedures

@ Three scenarios for possible time-dependence
© Exact solutions?
e Make an inspired guess, e.g. —g(t)x*
@ Perturbative approach?
e Strong/weak perturbation theory
© Utilize Lewis-Riesenfeld invariants
e exact (from point transformations)®
e perturbatively?

©@ Ambiguities (infinite series of Dyson maps)®

2A. Fring, R. Tenney, Phys. Lett. A 384 (2020) 126530

bA. Fring, R. Tenney, Physica Scripta 96 (2021) 045211

°A. Fring, R. Tenney, Phys. Lett. A 410 (2021) 127548

4 A. Fring, R. Tenney, European Physical J. Plus 135 (2020) 1

¢A. Fring, R. Tenney, arXiv:2108.06793 (2021), accepted in J. Phys.
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Three scenarios

Three scenarios for possible time-dependence
Q@ 0m=0,0:H#0,0h#0
Technically this case reduces to time-independent case.?

V.
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Three scenarios

Three scenarios for possible time-dependence
Q@ 0m=0,0H#0,0h+#0
Technically this case reduces to time-independent case.?
Q 0n#0,0H=0,0th+#0

Alternative representation:

e Heisenberg picture: time-dependent observables
e Schrédinger picture: time-dependent states
e Metric picture: time-dependent metric operators®
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Three scenarios

Three scenarios for possible time-dependence
Q@ 0m=0,0H#0,0h+#0
Technically this case reduces to time-independent case.?
Q 0n#0,0H=0,0th+#0

Alternative representation:
e Heisenberg picture: time-dependent observables
e Schrédinger picture: time-dependent states
e Metric picture: time-dependent metric operators®

Q 0m£0,0H+#0,0h+0

e Solve full quasi-Hermiticity relation for p(t)
= 1)(t) from p(t) := 7' (t)n(1)

e Solve full time-dependent Dyson equation n(t)
= p(t) from p(t) := 5 (t)n(1)

e Use Lewis Riesenfeld invariants

2C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269
bA. Fring, T. Frith; European Phys. J. Plus 133 (2018) 1

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021

31/62



P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Exact solutions
Time-dependent unstable harmonic oscillator

H(z,t) = p? + mit)zz — 91((?24, meR,ge R’
Define model on the contour z = —2jv/1 + ix8 =

Hx, 1) = B2 = 2p+ 2 0x 0P — m()(1 + i) + g(0)(x — )
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Exact solutions
Time-dependent unstable harmonic oscillator

H(z,t) = p? + mit)zz — 91((?24, meR,ge R’

Define model on the contour z = —2iv/1 + ix% =

Hx, 1) = B2 = 2p+ 2 0x 0P — m()(1 + i) + g(0)(x — )

Ansatz for the Dyson map:

n(t) = e* xR +h(OP*+is(p -, g ~ 5 e R

Insert into time-dependent Dyson equation and determine the
coefficient functions «(t), 8(t),~v(t), d(t)

2H. Jones, J. Mateo; Phys. Rev. D 73 (2006) 085002
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

After a long calculation we find:

P [18d%Rg+m) & 2g+m] , 3(m+g’)ing  g’n(g)
et = 4" { ¢ g 4 |P -
g 6g 1296° In* g + ¢° — 369°g*(2g+ m) m

+ (@ 7) Dop)+ox+ 51849542 2

Here g(t), m(t) are constrained as
99° (§ — 6grm) + 3699 (gm — §) +284° = 0
which is solved by

1 and m_402+('72—20<'7'
9= 253 B 402

with free function o ()

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Unitary transforming this Hamiltonian to one with a double well

b o oy
_ Al P I P
U=¢e 2 2ho

together with a scaling and subsequent Fourier transform converts this
Hamiltonian into

. P2 72¢°m m

A _ 2,922, 9 _ _m_,

(v, 1) P+ s T +
+(3692m+92)¢§mgy+ g #m P m

1292 518495 144¢g3 722 2
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Unitary transforming this Hamiltonian to one with a double well

b o oy
_ Al P I P
U=¢e 2 2ho

together with a scaling and subsequent Fourier transform converts this
Hamiltonian into

. P2 72¢°m m
A _ 2,922 g _ _m_,
+(3692m+g2)\/§|ng N g  ¢Fm F m
1292 YT 518ag5 ~ 14ag° 7282 2

Summary:

unitary transform ¢
%

H(z, t) 23 Hx, 1) 72" h(x, 1) A(x, 1) T By, 1)
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Exact solutions

Equivalent time-dependent potentials

time—dependent unstable anharmonic oscillator time—dependent double well
V(z,t) V(y,b)
T T T T 100 T T T
0 z
-20 4 — =025 5 1
----- t=0.30
-40 1 =035
— =075 ¢
~60 ]
~80) ]
~50 J
-100°
10 -5 0 5 10 -10 10

A. Fring, R. Tenney, Phys. Lett. A 384 (2020) 126530
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads

H' = n?Hy2 = H+ [q, H] + %[q, [q, H]] + ;[q7 [q. [, HII] + ...
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads
_ 1 1
which is

10l 519,10 Poll+ 6. [0 g Folll . = (2 +[q. b + 5l [l + .

N—
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads
_ 1 1
which is

10l 519,10 Poll+ 6. [0 g Folll . = (2 +[q. b + 5l [l + .

N—

with g = Y7 ; €3, this can be solved can be solved recursively
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads
_ 1 1
which is

10l 519,10 Poll+ 6. [0 g Folll . = (2 +[q. b + 5l [l + .

N—

with g = Y7 ; €3, this can be solved can be solved recursively
€' : [ho, &] = 2ihy, = solve for &
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads
_ 1 1
which is

10l 519,10 Poll+ 6. [0 g Folll . = (2 +[q. b + 5l [l + .

N—

with g = Y7 ; €3, this can be solved can be solved recursively
€' : [ho, &] = 2ihy, = solve for &

5 oy oy y
3 [ho, 5] = §[Q1, (G4, M]], = solve for &;
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Recall time-independent perturbation theory

Consider the non-Hermitian Hamiltonian
H = ho + ichy, with bl = ho, hi = hy,e < 1
The quasi Hermiticity relation with p = nfn = 7?2 = €9 reads
_ 1 1
which is

10l 519,10 Poll+ 6. [0 g Folll . = (2 +[q. b + 5l [l + .

N—

with g = Y7 ; €3, this can be solved can be solved recursively
€' : [ho, &] = 2ihy, = solve for &

5 oy oy y
3 [ho, 5] = §[Q1, (G4, M]], = solve for &;

o I (e 1x Ly L.
* o] = (B s )+ B B l) g s, )
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Time-dependent perturbation theory (weak)

Consider the time-dependent non-Hermitian Hamiltonian
H(t) = ho(t) + iehy (1), with ho(t) = hi(t), by (£) = Hi(t),e < 1

oo Np
Replace: g= Ze gn — q(t 2226”75”
n=1 n=1 i=1

We want eA(D B0 gC(t) | rather than eAD+BO+C(N+-.. therefore
j

_22267/ qla

i=1 n=1
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Time-dependent perturbation theory (weak)

Consider the time-dependent non-Hermitian Hamiltonian
H(t) = ho(t) + iehy (1), with ho(t) = hi(t), by (£) = Hi(t),e < 1

oo Np
Replace: g= Ze gn — q(t 2226”75”
n=1 n=1 i=1
We want eA(0eB(1gC(D)  rather than eA+BO+C(0)+ therefore
j
- 2 Z Z € ’Y/ qlﬁ
i=1 n=1

Then the metric becomes
j
p(t) = ( H [H exp (e 7, )] [H exp (e 7, )]
i=j Ln=k i=1 Ln=1

ordered product H{-:1 aj=aa...a
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

First order

J
i+ 3 (1" [0, o] + i41Va;) =0
Second order

j
23" (#“[q,, ho] + in gl ] + 5 ( (i, i, hol] + w}z’q,-)
i=1

i i
+y (2 > (g la roll + 42 g ) + ()2l [q,-,hd]) =0

i=1 r=1,#i

These equation can also be solved recursively, but involve diff. equ"s.
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Perturbation theory

Time-dependent perturbation theory (strong)

Consider the time-dependent non-Hermitian Hamiltonian
H(t) = hy(t) 4 €2 ha(t) + iehs(t) with h;(t) = h,T(t), i=1,2,3,e>1
Now we make the Ansatz
1 1 l J
p(t) = n()n(t) = I [H o (") )] I1 [H exp (7!(y q,)]
i=j Li=k i=1 Li=1

which order by order leads again to a set of equations that can be
solved recursively
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Lewis Riesenfeld invariants

Lewis Riesenfeld invariants

dhy(t)
dt

— Oehy(t) — % [h(t), H(H)] =0, for H = h= htorH # Hf

o’
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Lewis Riesenfeld invariants

Lewis Riesenfeld invariants

d’th) = (1) — % [hy(8), H(H)] = 0, for H = h= horH £ Ht
Solution to time-dep. Schrédinger equation H ()W (t) = ihoyV(t):
() |on(D) = Aou(1), [Wa(1)) = "0 |y, (1))

& = (oy(t)indr —H(t) py(t), A=0

The invariant Iy is quasi-Hermitian:

In(t) = () Ity (1)
Proof: Take time-derivative, use definition of LR invariants and TDDE.
Procedure:
@ Construct I4(t) and Iy(t)
@ Find n(t) from similarity transformation

o’
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Point transformations
Consider the time-dependent Schrédinger equation

Ho(x)¥(x, 7) = ihd-9(x, T)

Definition of a point transformation I':

I : H)-TDSE — H-TDSE, [x, 7, ¥(x, 7)] =[x, t, (X, 1)]

X: P(X7 t7¢)7 T = Q(X7 t7¢)? /lp: R(X7 t7¢)

- ¢ and ¢ are implicit functions of (x,7) and (x,t)
- Hy = reference Hamiltonian
- H = target Hamiltonian (Hermitian? or non-Hermitian®)
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Point transformations
Consider the time-dependent Schrédinger equation

Ho(x)¥(x, 7) = ihd-9(x, T)

Definition of a point transformation I':
I : H)-TDSE — H-TDSE, [x, 7, ¥(x, 7)] =[x, t, (X, 1)]

X: P(X7 t7¢)7 T = O(X7 t7¢)7 /lp: R(X7 t7¢)

- ¢ and ¢ are implicit functions of (x,7) and (x,t)

- Hy = reference Hamiltonian

- H = target Hamiltonian (Hermitian? or non-Hermitian®)
Point transformations preserve invariants

M Ho(X) — IH(X, t)

2K.Zelaya, O. Rosas-Ortiz; Physica Scripta 95 (2020) 064004

b A Fring. R. Tenney. Phys. Lett. A 410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Take time-independent Hermitian oscillator as reference Hamiltonian
2155
H = —m m R
0(x) = 5 + 5Mw™X7, NAKS

Simplify functional dependence to

X:X(X7 t)v T:T(t)a sz(Xa t)¢(X, t) (w¢¢:0)
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Take time-independent Hermitian oscillator as reference Hamiltonian
P> 1
Ho(x) = n— + = mw?x® R
O(X) 2m+2mw X mw €

Simplify functional dependence to

X:X(X7 t)v T:T(t)a sz(Xa t)gb(X, t) (w¢¢:0)

Then )
h
’h¢t m 2bex + BO(X t) - VO(X t)¢ 0
with
Xt PP T (A X
Bo(x,t) = /h + 2m 2 (2 A, > ,
1 As AXXt h? Tt (A AxX

V — - _ - v XX XX

o(x,t) 2m7'tx w? —ih < A" Ax, 2my2 \ A Ax,
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P T -symmetric quantum mechanics - time-

dependent H(t)

Alternative choices for the reference Hamiltonian

Moy PP

HP (x) = Ho(x) + ax

H® (x) = Ho(x) + ibx,

H(x) = Ho(x) + a{x. P}
lead to
B1(Xa t):BO(Xa t)7 V1(X7 t): VO(
By (x,t) = By(x, 1), Vo(x, 1) = Vo(
B3(X, t) = Bo(X, t), V3(X, t) = Vo(
Ba(x, t) = Bo(x, 1) + 2’35”1’, Va(x, £) = Vol

X

Andreas Fring

PT -symmetric quantum mechanics

Quantum Fest 2021
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P T -symmetric quantum mechanics - time-dependent H(t)

Swanson model as target Hamiltonian

2
Hs(x, t) := 2/\’;(0 +Mz(t)QZ(t)

time-dependent Schrédinger equation (M(t) — m)
2

i+ 3 — 20 (Dx0 — B (10— SmO1)x°0 = 0

For I : TDSE(Hy(x)) — TDSE(Hs(x,t)) comparing with
h2
’h¢t m 2¢xx + BO(X t) - VO(X t)¢ 0

leads to the constraints

Tt 1
N 1, Bo(x,t) = —2h (t)x, Vo(x,t) = EmQ(t)x2 + 1 ()
X
PT -symmetric quantum mechanics Quantum Fest 2021

Solution procedures - LR invariants from point transformations
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Solution
L ds X +7()
(1) = / o2(s)’ and x(x, t) = o)
_ im0t ¢ Tt) X2
) = {1 e= %) o i - )t 0]
. 2
o(t) = 5 (071 —701) = 5 -logo
o satisfies two Ermakov-Pinney equations
2
Jn—ﬁ(t)a—%zo with x(t) := Ju = 2jay — 40? — Q
o Y
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Solution
L ds X +7()
(1) = / o2(s)’ and x(x, t) = o)
_ im0t ¢ Tt) X2
) = {1 e= %) o i - )t 0]
. 2
o(t) = 5 (071 —701) = 5 -logo
o satisfies two Ermakov-Pinney equations
2
Jn—/-;(t)a—%zo with x(t) := Ju = 2jay — 40? — Q
o Y

which are solved by
1/2
o(t) = (Au2 + Bv? + 20uv) /

with u(t), v(t) solutions to U +r(t)u =0, v+ x(t)v =0
and C? = AB — w?/(uv — vii)
PT -symmetric quantum mechanics Quantum Fest 2021
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Compute invariant from I : Ho(x) — IHg(x,1)

Now we know how x and P transform under I'.

A. Fring, R. Tenney, Phys. Lett. A410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Compute invariant from I : Ho(x) = Ing(x.)

Now we know how x and P transform under I'.
So we can compute '(Ho(x)) —
yw?

2
g ,
Ing(x,t) = ﬁpg +m <02 + 2ia(0?y; — yoor) — ooy + 70?) X

1 . . 2
+-0[2iac — o] {x,p} + m (o¢ — 2iac)? + Yol X2
2 2 o2

m

2

72(")2 2 2 2.2
( ) +y°0f +0°vF — 277,001) + o (ov; —yo1) P

With known /(t) compute the Dyson map from /() = n(t) Iy~ (t).

A. Fring, R. Tenney, Phys. Lett. A410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Compute invariant from I : Ho(x) = Ing(x.)

Now we know how x and P transform under I'.
So we can compute '(Ho(x)) —
yw?

2
g ,
Ing(x,t) = ﬁpg +m <02 + 2ia(0?y; — yoor) — ooy + 70?) X

1 : 2
+-0o[2iac — of] {x, p} + m (o¢ — 2iac)? + Yol X2
2 2 o2

m

2

72(")2 2 2 2.2
( ) +y°0f +0°vF — 277,001) + o (ov; —yo1) P

With known /(t) compute the Dyson map from /() = n(t) Iy~ (t).
In this case the Dyson map is time-independent.

A. Fring, R. Tenney, Phys. Lett. A410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants from point transformations

Compute invariant from I : Ho(x) = Ing(x.)

Now we know how x and P transform under I'.
So we can compute I'(Hp(x)) —

2 2
Ins(x, 1) = LP2+m E4-2"04(0'2’7 —00t) — ooty +~0? | x
s\ °m o2 t t t

1 . . 2
+-0[2iac — o] {x,p} + m (o¢ — 2iac)? + Yol X2
2 2 o2

m (72w2

+5 (o oot +otE - 27’)’100t) +0 (07, —701) P

With known /(t) compute the Dyson map from /() = n(t) Iy~ (t).
In this case the Dyson map is time-independent.
It becomes time-dependent when m — M(t).

A. Fring, R. Tenney, Phys. Lett. A410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t)

Solution procedures - LR invariants from point transformations

Compute invariant from I : Ho(x) = Ing(x.)

Now we know how x and P transform under I'.
So we can compute '(Ho(x)) —
2

Yw

2
g ,
Ing(x,t) = ﬁpg +m <02 + 2ia(0?y; — yoor) — ooy + 70?) X

1 . . 2
+-0[2iac — o] {x,p} + m (o¢ — 2iac)? + Yol X2
2 2 o2

2,2
m [ ~2w
5 ( — T+ o - 27’)’100t) +0 (07, —701) P

_l’_

With known /(t) compute the Dyson map from /() = n(t) Iy~ (t).
In this case the Dyson map is time-independent.

It becomes time-dependent when m — M(t).

Similarly for different reference and target Hamiltonians.

A. Fring, R. Tenney, Phys. Lett. A410 (2021) 127548
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants, semi-exact

So far the approach relied on exact invariants and eigenfunctions.
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants, semi-exact

So far the approach relied on exact invariants and eigenfunctions.
We may be able to find the invariant, but fail to solve

ho(t) |92,(1)) = N3 (1))
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - LR invariants, semi-exact

So far the approach relied on exact invariants and eigenfunctions.
We may be able to find the invariant, but fail to solve

ho(t) |92,(1)) = N3 (1))

In that case one can compute approximate solutions using
time-independent perturbation theory or the WKB approximation.
See A. Fring, R. Tenney, European Physical J. Plus 135 (2020) 1
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Symmetries of the invariants

Dyson maps are not unique.
Start from two different maps 7(t) and 7(t) with two TDDE:

1 1

h=nHn™" + indmn~ and  h=qaHi " + inddn~
with respective time-dependent Schrédinger equations

h(x, Y)p(x, t) = ihdrp(x, t), h(x, )p(x, 1) = iRdep(x, 1), H(x, t)(X, t) = ihdp(x, t)
p=mp, =i = ¢=Ap A:=im"
eliminate H: y
h=AhA~" + iho;,AA~T
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Symmetries of the invariants

Dyson maps are not unique.
Start from two different maps 7(t) and 7(t) with two TDDE:

1 1

h=nHn™" + indmn~ and  h=qaHi " + inddn~
with respective time-dependent Schrédinger equations

h(x, H)p(x, t) = ihdp(x, t), h(x, )d(x, t) = ikdrd(x, t), H(x, )ip(x, t) = ihdp)(x, t)

p=mp, =i = ¢=Ap A:=im"
eliminate H: y
h=AhA~" + iho;,AA~T

This means the invariants are related as:
h=nlm™", kL =ilgi™", =k =ARA"
Therefore we obtain the symmetries of the invariants as:
[h,S]=0 and |55 =0 with S:i=A'A, 5= AAl
e B VR AT Quantum Fest 2021 48/62



P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Generation of new invariants
Iff Al,~7A*1 is Hermitian =

h=ARA" 4 indAA~",  h=nHn "+ indent, 0= 0
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Generation of new invariants

Iff Al,A=" is Hermitian =

h=ARA~" 1 ingAA~Y,  h=aHy ' winoent, no=in '
Iff I,,, A~1I,A is Hermitian =
h=A"hA—ihA'0A,  h=aHy +inomn™", f=ni 'y
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Generation of new invariants

Iff Al,A=" is Hermitian =

h=ARA~" 1 ingAA~Y,  h=aHy ' winoent, no=in '
Iff I,,, A~1I,A is Hermitian =
h=A"hA—ihA'0A,  h=aHy +inomn™", f=ni 'y

We may continue this process indefinitely:

Ve ng=mnn 1 7
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Generation of new invariants

Iff Al,A=" is Hermitian =

h=ARA~" 1 ingAA~Y,  h=aHy ' winoent, no=in '
Iff I,,, A~1I,A is Hermitian =
h=A"hA—ihA'0A,  h=aHy +inomn™", f=ni 'y

We may continue this process indefinitely:
A M= i = Afj
mi 1
ng=ni'n=A"n
A M= i = ASq
7, M3 o
ne =i i 'n = A2y
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

leading to the infinite series of Dyson maps:

T~7(2m—n) 77(.2m—n—1)
7 qm 7 pm
’ \l ~(2n—m) ’ ’ \1 ~(2n—m+1) ’
n n
ﬁ(2m—n+1 ) n(2mfn)
77(”)’ ’Fl(m) /( ) 77(”)’ n(m) /( Y
n(2n—m—1) 77(2n—m)
where
n"M .= A, 7 .= A", withn meZ
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Example: coupled oscillator example

H(t) = a(t) (K + Kz) + iA(t)Ka

We found the two Dyson maps

n= earcsinh(k 1+X2>K4efiarctan(X)K1 = earcsinh(k 1+)‘2>K4eiarctan(X)K2

= A — 7’7?771: eiarctan(x)(K1+K2)
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

Example: coupled oscillator example

H(t) = a(t) (K + Kz) + iA(t)Ka

We found the two Dyson maps

n= earcsinh(k 1+X2>K4efiarctan(x)K1 = earcsinh(k 1+)(2>K4eiarctan(x)K2

1 iarctan(x)(Ki1+Kz)

= A=in '=¢€

Iteration yields the infinite series of Dyson maps

77(”) — Anﬁ — earcsinh(k 1+X2)K4eiarctan(x)[K1+(n+1)K2]7

=(n) _ An77 _ earcsinh(k\/1+X2)K4e—iarctan(x)[(n+1)K1+K2]’
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

with Hamiltonians:

[ A(S\/m—ﬂ
Y =la+

Ki+

a+

2k(1 + x?) 2k(1 + x?)

A(S\/mJﬂ)]K
2

(n—1)X/1 + K2(1 + x2)

(M) _ KM
A" = A1) 4 P (Ki + K2)

- A (2n+ DA/1 + k(1 + x?)

Mo A\ (ko _

h <2k(1+x2)>(K2 Ki)+a 2k(1 + x2) (Ki+Kz)
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

with Hamiltonians:

o Y (3\/1 TR+ x2) — 1) A (3,/1 T R(T + X2) + 1)
hY=la+ 2k(1+X2) Ki+|a+ 2k(1+X2) K>
) _ 1) (n—1)X/1 + K2(1 + x2)
A = A 4 P (Ki + Kz)
. A (2n+ HA/1 + k2(1 + x3)
Mo A\ (ko
h <2k(1 +x2)> (Ke=Fo)+\a 2k(1 + x2) (Ki+he)

Using the above we construct also the LR invariants and symmetries.
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P T -symmetric quantum mechanics - time-dependent H(t) Solution procedures - Ambiguities, infinite series of Dyson maps

with Hamiltonians:

o Y (3\/1 TR+ x2) — 1) A (3,/1 T R(T + X2) + 1)
hY=la+ 2k(1+X2) Ki+|a+ 2k(1—|—X2) K>
) _ 1) (n—1)X/1 + K2(1 + x2)
A = A 4 P (Ki + Kz)
. A (2n+ HA/1 + k2(1 + x3)
Mo A\ (ko
h <2k(1 +x2)> (Ke=Fo)+\a 2k(1 + x2) (Ki+he)

Using the above we construct also the LR invariants and symmetries.
Different series are obtained from different seed Dyson maps.

Andreas Fring PT -symmetric quantum mechanics Quantum Fest 2021 52/62



Applications Applications - Optics

Nature Physics volume 11, page 799 (2015)

nf
‘1.
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ﬁ 11))
« ) I
4 a‘ \
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T hcal NoT Measurir

!n énperposﬂ’on

Helmholtz equation
in paraxial approximation:

82
/82 + z‘ka—;ﬁ +kv(x)y =0

1 = envelope function of E
v(x)=n/ng —1

n = reflection index

ny = reflection index
k=nw/c

w = frequency

with z — ¢
this becomes formally
the Schrédinger equation
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

a

) At)

t ,
H(t) = (2 (p)z( +p5 + x° +y2> + i (xy + pxpy) » a(t), A1) €

Ansatz: .
7”([‘) = Hi71 e’Yl’(l‘)Ki7 v € R
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

a(t) A(t)

H(t) = 5 (P)z( +P;2/ + X2 +y2> + iT (xy + pxpy), a(t), A(t) €

Ansatz: A
e ’Yl(t)l{l .
nt) =] _ e ser
Time-dependent Dyson equations is satisfied when
Constraint:
Y1 =72 =0Q1, 7Y3=—Acoshry,, 4= Atanh~ygsinh~yy,

Al sinh g (Ki — K2)

hlt) = a(t) (Ko + ko) + =5~ o
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

a(t) A(t)

H(t) = 5 (P)z( +P;2/ + X2 +y2> + iT (xy + pxpy), a(t), A(t) €

Ansatz: .

n(t) = Hi71 e’Yi(t)Ki’ v € R
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 =72=q1, 73 =—Acoshyy, J4=Atanhyzsinhyy,
A(t) sinh v,
= Ki + K: —— (K1 — K
h(t) = a(t) (K1 + K) + — Cosh%( 1 — Kz)

Solution: 4 = arcsinh (r sechy3), x(t) := cosh~s, k = const
with dissipative Ermakov-Pinney equation

. A . 2 /QZ,XE
— —Y — )\ =
=T Xx =3
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Applications Applications - Mending the broken regime

Instanteneous energies are real even in the broken P7T regime !
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Applications Applications - Entropy revival

Von Neumann entropy in P7-symmetric systems
statistical ensemble of states (density matrix):

on = Zipi i) (¢l

partial traces (for subsystems)

OhA = TrB(Qh):Zi<ni,B}Qh‘ni,B>
ong = Tra(en) :Zi<ni,A|Qh‘ni,A>

|nj,a), |ni,B) = eigenstates of the subsystems A, B
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Applications Applications - Entropy revival

Von Neumann entropy in P7-symmetric systems
statistical ensemble of states (density matrix):

on = Zipi i) (¢l

partial traces (for subsystems)

onhA = TrB(Qh):Z,<”i,B}Qh‘”i»B>

ong = Tra(en) = (nial n|nia)

)

|nj,a), |ni,B) = eigenstates of the subsystems A, B
Time evolution:
i0ton = [h, o4
It follows
i0roy = [h, op]
with

on=noxn "', h=nHn"+idmn~
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Applications Applications - Entropy revival

Therefore

OH = Zipi i) (Wil p

recalling that p = ntn, |¢;) = 1)
Von Neumann entropy

Sh=—tlpslnpp] =~ Ailnk=S§
Entropy of a subsystem
Sha=—tr[opalnonal = Z)\/Aln)\/A—SHA

An example: bosonic system coupled to a bath
N

N N
H=vala+v) qiga+(g+r)a > aqn+(g—r)ay_ qh

n=1 n=1 n=1

energy eigenvalues

+ \/ 2 2
E mN=Mm{vE Ny\/ g% — &
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Applications Applications - Entropy revival

Von-Neumann entropy in the P77 symmetric regime

5
1.0,

0.8]
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Applications Applications - Entropy revival

Von-Neumann entropy at the exceptional point

5
1.0,
0.8

— N=2

— N=18

— N=28

— N=50
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Applications Applications - Entropy revival

Von-Neumann entropy in the broken PT regime

S
Lo,
0.8
— N=
— N=10
— N=20
— N=50
0.2
3
0.0 0.5 Lo L5 2.0
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virtual seminar Pseudo-Hermitian Hamiltonians in Quantum Physics

XIX<vPHHQP<XX

Welcome to the website supporting the virtual seminar series on Pseudo-Herm iltonians in Quantum Physics.

This virtual seminar series is part of the regular real life seminar series on Pseudo-Hermitian Hamiltonian: hm Physics that was initiated by Miloslav Znojil in 2003.
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events see the PHHQP website. The subject matter of this series is the study of physical aspects of non-Hesmitiantystems from a theore x ental point of view:

Of special interest are hat possess a PT-symmetry (a simultaneous reflection in space and time)
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