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PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
(P:x——x,p—=>—p; T :x—=>x,p—>—p,i — —i)
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PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
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PT is an anti-linear operator:

PTAS + puV¥) = NPTO + u*PTV ApeC
Real eigenvalues from unbroken PT-symmetry:
[H,PT]=0 A =ec=¢" for HO =¢cd
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PT is an anti-linear operator:

PTAS + puV¥) = NPTO + u*PTV ApeC
Real eigenvalues from unbroken PT-symmetry:
[H,PT]=0 A =ec=¢" for HO =¢cd

Proof:
e®=HO=HPTP=PTHD=PTecd=c*"PTd

Andreas Fring Eternal life of entropy @



PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
(P:x——x,p—=>—p; T :x—=>x,p—>—p,i — —i)

PT is an anti-linear operator:
PTA® + pV) = NPTO + p*PTV A pueC
Real eigenvalues from unbroken PT-symmetry:
for HO = o

Proof:
=HO=HPTDO=PTHO=PTecd=c*PTO
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PT-quantum mechanics (real eigenvalues)

PT-symmetry: PT: x— —x p—p i — —i
(P:x——x,p—=>—p; T :x—=>x,p—>—p,i — —i)
PT is an anti-linear operator:

PTAS + puV¥) = NPTO + u*PTV ApeC
Real eigenvalues from unbroken PT-symmetry:
[H,PT]=0 A PTd=0 =c=c" for HO=¢cd

Proof:
e®=HO=HPTS=PTHDP=PTecd=c*"PTd=c*d

PT-symmetry is only an example of an antilinear involution
[E. Wigner, J. Math. Phys. 1 (1960) 409]
[C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243]
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‘H is Hermitian with respect to a new metric

e Assume pseudo-Hermiticity:
h=nHn' =h' =) Hy < Higlp =yt

d=nlp ni=n

= H is Hermitian with respect to the new metric
Proof:

VIH®), = (W[PH®) = (n i’ Hny  ¢) = (@ InHn'¢) =
W |hg) = (hp|¢) = (nHn ¢lo) = (HV|ng) = (HV|1*®)

{
{
= (HV[®),

= Eigenvalues of H are real, eigenstates are orthogonal
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Is it possible to have a consistent description of time-dependent
non-Hermitian Hamiltonian systems?
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h(t)o(t) = ihdro(t), and H(t)V(t) = ihoV(t)
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Is it possible to have a consistent description of time-dependent
non-Hermitian Hamiltonian systems?
Time-dependent Schrodinger eqn for h(t) = h'(t), H(t) # H(t)

h(t)o(t) = ihdro(t), and H(t)V(t) = ihoV(t)
Time-dependent Dyson operator
¢(t) = n()¥(t)

= Time-dependent Dyson relation

h(t) = n(t)H(t)n = (t) + ihden(t)n " (t)
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Is it possible to have a consistent description of time-dependent
non-Hermitian Hamiltonian systems?
Time-dependent Schrodinger eqn for h(t) = h'(t), H(t) # H(t)

h(t)o(t) = ihdro(t), and H(t)V(t) = ihoV(t)
Time-dependent Dyson operator
o(t) = n(t)¥(t)
= Time-dependent Dyson relation
h(t) = n(t)H(t)n ™ (t) + ihden(t)n ™ (t)
= Time-dependent quasi-Hermiticity relation
Hp(t) — p(t)H = ihdep(t)

[from conjugating Dyson relation and p(t) := n'(t)n(t))]
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H(t) governs unitary time-evolution:
Hermitian:

o(t) = u(t, t)o(t), u(t,t') = Texp {—i/ﬂt dsh(s)}

with

h(t)u(t,t') = ihdeu(t, t'), u(t, t)u(t',t") =u(t, t"), u(t,t)=1

u(e, )3(¢)) = (o(1)|3()

(u(t, t)a(t)
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H(t) governs unitary time-evolution:

Hermitian:
t

o(t) = u(t, t)o(t), u(t,t')y = Texp {—i/ﬂ dsh(s)}

with

h(t)u(t,t') = ihdeu(t, t'), u(t, t)u(t',t") =u(t, t"), u(t,t)=1

(u(t, t)a(t)

Non-Hermitian:

V(t) = U(t, t)V(t), U(t,t') = Texp {—i/tlt dsH(s)]

u(e, )3(¢)) = (o(1)|3()




Relation between u(t,t') and U(t,t'):

U(t, t') = (t)ut, £ )n(t)

or the generalized Duhamel’s formula
td
Ut t) = u(tt)— / (e S)uls, )] ds
t/

= u(t,t')— ih/tlt U(t,s)[H(s) — h(s)] u(s, t')ds
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Relation between u(t,t') and U(t,t'):

U(t, t') = (t)ut, £ )n(t)

or the generalized Duhamel’s formula
td
Ut t')y = u(t,t) —/ — [U(t, s)u(s, t')] ds
p ds
t
= u(t,t')— ih/ U(t,s)[H(s) — h(s)] u(s, t')ds
t/

Relation between Green's functions:

Gh(t, t") = —iu(t, t)0(t — t')  Gu(t,t') :=—iU(t, t)(t — t')

Gy(t, t') = G,(t, t') + i/ Gu(t,s) [H(s) — h(s)] Gu(s, t')ds
Andreas Fring Eternal life of entropy 6/19‘



H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~'(t).
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H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~'(t).

Then we have

(0(2) lo(t)o(t)) = (W(2) [p(£)O(£)¥(2)) -

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H(t) =~ (t)h(t)n(t) = H(t) + il (£)0u(t).
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Three scenarios:
1. atT]ZO,atH%O, ath?éo

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]
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Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]
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Alternative representation:

o Heisenberg picture: time-dependent observables
o Schrodinger picture: time-dependent states
o Metric picture: time-dependent metric operators
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Three scenarios:

1. atT]:O,atH%O,ath#O

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]
2. th#o,atHZO, Oth#o

Alternative representation:

o Heisenberg picture: time-dependent observables
o Schrodinger picture: time-dependent states
o Metric picture: time-dependent metric operators

3. 0m A0, 0,H+£0, dh#0

o Solve full quasi-Hermiticity relation for p(t)
= 1(t) from p(t) := ' (t)n(t)

o Solve full time-dependent Dyson equation 7(t)
= p(t) from p(t) := ' (t)n(t)

°/
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

s 2_ 2
Ei:—lwil 2 — g2, S%:(I( AEVA “))
K

2 2
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + iKkoy]

with eigensystem

s 2_ 2
Ei:—lwil 2 — g2, S%:(I( AEVA “))
K

2 2
with PT-symmetry PT =70, 71 — —i

[PT, HI=0, and PTo.=e"p.  for [\ >]x|
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

o /N2 2
Ei:—%w:tl )\2_/{2’ SOi:(’( )\:t >\ '%))
K

2
with PT-symmetry PT =710, 7:1 — —i
[PT,H] =0, and PTp,=¢e%p,  for [A > |k
with broken PT-symmetry PT =710, 7 :i — —i

[PT.H =0,  PTo.#e% N <Isl [ES

Andreas Fring Eternal life of entropy



Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

o /N2 2
Ei:—%w:tl )\2_/{2’ SOi:(’( )\:t >\ '%))
K

2
with PT-symmetry PT =710, 7:1 — —i
[PT,H] =0, and PTp,=¢e%p,  for [A > |k
with broken PT-symmetry PT =710, 7 :i — —i

[PT.H =0,  PTo.#e% N <Isl [ES

Claim: This system has real energies for |A(t)| < |r(t)]!

Andreas Fring Eternal life of entropy



Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1

Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1

Ko = 3 (xpy — yPx)

[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2
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Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1

Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1

Ko = 3 (xpy — yPx)

[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2

o Hy is PT-symmetric: [PT 1, Hy] =0
PTiL:ix—xEX,y = Fy, px = FpPx, Py = E£py, I — —i
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Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1
Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1
Ko = 3 (xpy — yPx)
[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2

o Hy is PT-symmetric: [PT 1, Hy] =0
PTiL:ix—xEX,y = Fy, px = FpPx, Py = E£py, I — —i
e Hy is quasi-Hermitian: hx = nHxn™!

hg = %(a—|—b)(K1 + Ky) + %\/(a— b)2 — A (K; — K>)

with n = €24 0 = arctanh[\/(b — a)]
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Spontaneously broken PT-symmetry for a = b:

Eigenenergies:

A
Enm=E,,= a(l+n+m)+ iE(n —m)

Eigenfunctions:

Pom(X,y) = 2n+mx2_y2 LZO (Z) H,- k()’)]
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Spontaneously broken PT-symmetry for a = b:

Eigenenergies:

A
Enm=E,,=a(l+n+m)+ iE(n —m)

Eigenfunctions:

2 2

o) = o [Z (7) Hk(x)Hn_km]

k

x [i(—l)'(’}”’) H/<y)Hm_/(x)]

1=0

Claim: This system has real energies for a(t), A(t)!

1
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Time-dependent system:

t
H(t)—%(px—i-py—i-x +y) (2)(xy—i—pxpy) a(t),\(t) eR
Ansatz: .
— 7i(t)K; )
o) =1 _ @  ~eRr
12
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Time-dependent system:

H(t)—%(pﬂrpﬁrx +y?)+i

M9 (g 4 pup,). a(1).A(0) € R
Ansatz: .
o) =1 _ @  ~eRr
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 ="72=G1, 73=—Acoshy,, “,= Atanhyzsinh~y,,

h(t) = a(t) (K1 + K2) + ?(ﬂ}ﬁ (K1 — K3)
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Time-dependent system:

H(t)—%(pﬂrpﬁrx +y?)+i

M9 (g 4 pup,). a(1).A(0) € R
Ansatz: .
o) =1 _ @  ~eRr
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 ="72=G1, 73=—Acoshy,, “,= Atanhyzsinh~y,,

A(t) sinh~,

h(t) = a(t) (K1 + K2) + ——— (K1 — K

(6) = a(e) (K3 + Ka) + 25 S (5 — )
Solution: 7, = arcsinh (ksech~;), x(t) := cosh~s, k = const
with dissipative Ermakov-Pinney equation
A KN
Zn A2y =
)\X X 23

Andreas Fring Eternal life of entropy
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Instanteneous energies are real even in the broken P7T regime !

Systems solved so far:
non-Hermitian Swanson model
one-site lattice Yang-Lee model
non-Hermitian spin 1/2, 1 and 3/2 models
two dimensional systems with infinite Hilbert space

general Lie algebraic Hamiltonians (quasi-exactly solvable)

13 /
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Von Neumann entropy in PT-symmetric systems
statitical ensemble of states:

9h = ZiPi 9:) (@il

partial traces (for subsystems)
ona = Tre(o,) = Z; (nigl op [MiB)
ong = Tra(es) = Zi (nia

|ni.a), |ni g) = eigenstates of the subsystems A, B

Op | i A)
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Von Neumann entropy in PT-symmetric systems
statitical ensemble of states:

9h = ZiPi 9:) (@il

partial traces (for subsystems)

ona = Tre(o,) = Z; (nigl op [MiB)
ong = Tra(os) = Zi (ni.a

|ni.a), |ni g) = eigenstates of the subsystems A, B
Time evolution:

Op | i A)

i0:0p, = [h, 04
It follows

i0roy = [h; on]
with

=1 £ ) 4 -1
on =meun -  h=nHn""+idun
14
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Therefore

On = Z,-p" i) (il p

recalling that p = n'n, ;) = 1 |;)
Von Neumann entropy

Sh:—tr[phlnph]:—Zi)\;m)\i:SH

Entropy of a subsystem
Sha=—tr[opaln 0,4 =— Zi AialnAia = Sya

An example: bosonic system coupled to a bath

N N
H=vala+v) glgn+(g+r)a > an+(g—r)a) qf
n=1 n=1

energy eigenvalues

Ei,\, =m (V:I: VN©/g? - /12)
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Von-Neumann entropy in the P77 symmetric regime

16 /
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Von-Neumann entropy at the exceptional point

17/ 9
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Von-Neumann entropy in the broken P7T regime

18 / 9
Andreas Fring Eternal life of entropy 1 y



Conclusions
The broken P7T becomes physical
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Conclusions
The broken P7T becomes physical

There are new physical effects in this regime
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