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Noncommutative spaces

e Flat (abelian) noncommutative space:
[x*, x"] = 0"
In 3D:

[x0, yo] = i1, [0, 20] = i, [vo, 2] = 103,
; : . 01,0>,03 € R
[X07pxo] - IFL, [y07py0] = /h7 [ZQ,PZO] = IFL, 1,v2,¥3
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e Snyder spaces, from twists:

[xi, ;] = i0(xip; — x;pi)
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Noncommutative spaces

e Flat (abelian) noncommutative space:
[x*, x"] = 0"
In 3D:

[x0, yo] = i1, [0, 20] = i, [vo, 2] = 103,
; : . 01,0>,03 € R
[X07pxo] - IFL, [.y07pyo] = /h7 [ZQ,PZO] = IFL, 1,v2,¥3

e Snyder spaces, from twists:

[xi, ;] = i0(xip; — x;pi)

e Minimal length spaces, from g-deformed algebras:

[xi, 5] = i6(x;)?
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =10
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =0
e Noncommutative case:
[A, B] ~ B?; even give up knowledge about B = AA # 0
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Minimal lengths, areas and volumes
Uncertainty relation:

AAAB >

(A, B),

N~

e Standard case:
[A, B] = const; give up knowledge about B = AA =0
e Noncommutative case:
[A, B] ~ B?; even give up knowledge about B = AA # 0

e For instance:
[X,P] =ik (1+7P?)

= minimal length
AXpin = AT /1 + T <P2>p

from minimizing with (AA)? = (A?) — (A)?
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P -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: 3 PT-symmetry

[0, yo] = i1, [x0, 20] = 102, [vo, z0] = 163,
' - : 01,05,03 € R
[X07pxo] = Ih’ [yOvpyo] fnd /h) [207,020] — Ih’ 1 2 3
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

PT+: Xo — X0, Yo — FYo, 20— *tz9, [ — —I,

Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

PT+: Xo — X0, Yo — FYo, 20— *tz9, [ — —I,
Pxo = FPxos P = EPys Pz = TPz, 02=0.

PTo. : Xo = £X0, Yo = F¥o, 20 = tz0, | — —I,
pXO — :FpX07 Pyo - :tpyov pZo — :FpZm 02 — _62‘
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry
[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
. ! 30, 60,0, €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s
Xo — :l:XOv Yo — +Yo, Zy — :l:201 I — _I~
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo — :l:Xo, Yo — FYo, Zo — *2zg, I — —I,

pXO — :FpX07 pyo — :tp}’ov pZO - ZFPZO" 02 — _02'

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

Xo — :l:XOv Yo — FYo, Zy — :l:201 I — _I~
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo — :l:Xo, Yo — FYo, Zo — *2zg, I — —I,

pXO — :FpX07 pyo — :tp}’ov pZO - ZFPZO" 02 — _02'

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-

o Useful to reduce number of free parameters.
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PT -symmetric noncommutative spaces
P. Giri, P. Roy, Eur. Phys. C60 (2009) 157: i PT-symmetry

[Xo,_yo] = i91, [Xo,Zo] = i92, [yo,Zo] = i93,
/ / '3 01,050 €R
[X07pxo] = ’ha [y07pyo] = ’ha [ZO;pzo] = ’ha bre s

Xo — :l:XOv Yo — FYo, Zy — :l:201 I — _i7
Pxo = FPxo» Py — j:pyov Pzy =7 F Pz 2 = 0.

Xo = X0, Yo — FYo, 20— *t2, |— —I,

pXO — :FpX07 Pyo - :tpyov pZo — :FpZm 02 — _62‘

Xo — 2o, Yo — Yo, Zo — Xo, = =,
Pxo = —Pz> Pyo 7 —Pyys Pzy =7 —Pxo-

o Useful to reduce number of free parameters.
e Models on these spaces will have the usual nice properties.
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A particular PT L-symmetric solution

from g-deformed oscillator algebra
[S. Dey, A. Fring, L. Gouba, J. Phys. A45 (2012) 385302]

101 i 21{
X, Y] =0 y? 4 Lop2
X, Y] = I1+I2+1h_2/£6 mw

105 [ mw 2k2
Y. Z]=if — Y+ 2P’
Y. 2] = I3+12—|—1h_2/<a% T

2 i 2 2.2 p2 2
_ o 4 2 w2, Pe/A 0iEnPy  01k1, XP,

[X,PX]—/h+/q2+12mw k11 X +m2w2/<;%1+ 2 + n/2

2_1 1 2
[Y,P,] = ih+ it —2muw {— y2 e P2]
q K

2 2 2 2
Z.P]=in 2muw | £ P p2_
12, P =i +Iq2+ mw[zm +m2w2 Z+4h2/f$ N2hRE
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e Reduced three dimensional solution for ¢ — 1

X, Y]
X, P
[2,P.

0, (1+7Y?), [V, Z]=ib3(1+7Y?),
ih(L+¥P2), [Y,P]=ih(1+7Y?)
ih(1+7P2)

where 7 = 7mw/h, ¥ = 7/(mwh)

Andreas Fring
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e Reduced three dimensional solution for ¢ — 1

X, Y]
X, P
[2,P.

0, (1+7Y?), [V, Z]=ib3(1+7Y?),
ih(L+¥P2), [Y,P]=ih(1+7Y?)
ih(1+7P2)

where 7 = 7mw/h, ¥ = 7/(mwh)
e Representation in flat noncommutative space:

X=1+7p2)x0+ G (ﬂ)fo - ?yé) Pyo; Pe = P
Z=(1+7%p2)z+ % (72 — 7P2) Py P, = p.,,
Py:(1+%yg)pyov YZYO-

Andreas Fring
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e Reduced three dimensional solution for ¢ — 1
(X, Y] = 0. (1+72Y?), [Y.Z]=i0;(1+7Y?),
[X, P ih(1+7P7), [Y,P]=ih(1+7Y?)
[Z,P,] = ih(1+%¥P2)

where 7 = 7mw/h, ¥ = 7/(mwh)
e Representation in flat noncommutative space:

X=1+7p2)x0+ G (ﬂ)fo - ?yé) Pyo; Pe = P
Z=(1+7%p2)z+ % (72 — 7P2) Py P, = p.,,
Py:(1+%yg)pyov Y = ¥%.

e Bopp-shift to standard canonical variables:
i
X0 — Xs — %lpysv Yo — Ys, 20 — Zs + ﬁp}’s’
Pxo = Pxsv Pyo = Pys» Pz —7 Pz
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e Dyson map: M= Ny, sy
Ny = (LH3) 2, my, = (LH2P2) 2, = (L+2p2) 7

e Hermitian variables:

04
— xT
X = an = 77% ( ) - Enyo pyon}/o -
y = Yy t=
B 03\ _ 03 -
z = ndn t= - 1 + _n}/olpyon}’ol =7
h h
pe = nPm Tt =pg =p}
. -1 _ -1 i
py = 0P =Py, = P;E
pz = ann_l = Pz = Pi
8
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e Dyson map: = "Ty"p, Mps,

Ny = (LH3) 2, my, = (LH2P2) 2, = (L+2p2) 7

e Hermitian variables:

04
X = an = ano ( ) — %77},0 Pyoﬁyo — xi
y = n¥npt=
_ 03\ _; 03 _ _

z = 4 - ( a %) ot %nmlpyonyol =z!
Px = annil = Pxy = px

— Pyl =1 -1 _ f
Py = NFyN =Ty Pylly, Py
p ‘= ann_l = Pz, = Pi

e |sospectral Hermitian counterpart:
H(X,Y,Z,P.,P,,P,) # H\(X,Y,Z,P,,P,,P,) = h=nHn ' = h
e Metric: p = 1?

Andreas Fring
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Different types of representations (1D)

[X,P] =ik (1+%P?)
non-Hermitian: X1y = (1 +¥p*)x, Py =p
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Different types of representations (1D)

[X,P] =ik (1+%P?)
non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)t/2, Pay = —ip(1 + rp?) T2
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Different types of representations (1D)

[X,P] =ik (1+%P?)
non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)/2, Puy = —ip(1 + ¥p?)~1/2
Hermitian: Xy = (14 7p?)2x(1+ ¥p*)'/2, Pg=p
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Different types of representations (1D)

[X,P] =ik (1+%P?)
non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)t/2, Pay = —ip(1 + rp?) T2
Hermitian: Xy = (14 7p?)"2x(1+ ¥p*)'/2, Pg=p
Hermitian: X3y = x, Pi) = % tan (\/¥P)
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Different types of representations (1D)
[X,P] =ik (1+%P?)
non-Hermitian: X1y = (1 +¥p*)x, Py =p
non-Hermitian: Xy = ix(1 + ¥p?)t/2, Pay = —ip(1 + rp?) T2
Hermitian: X(o) = (1 + ¥p?)2x(1 + ¥p?)1/2, Poy=p
Hermitian: X(3) = x, Pi) = % tan (\/¥P)

The physics is the same for all representations
(Sl F (PoyX0) ¥)),,,

/ [ 1 22) /HL = 220,

[S. Dey, A. Fring, B. Khantoul, J. Phys. A46 (2013) 335304]

NC quantum mechanics in a time-dependent background
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Po—, (2)| dz
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Time-dependent noncommutativity (2D)
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Time-dependent noncommutativity (2D)

= time-dependent Hamiltonians H(X, Y, P, P,) — H(t).
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Time-dependent noncommutativity (2D)

= time-dependent Hamiltonians H(X, Y, P, P,) — H(t).
Representation:

) LG
X = Xm P Y EY T b
16 o
P. = px+ 2hy, P, = p,~ o X.

with nonvanishing commutators [x, pi] = [y, p,] = ih

Andreas Fring NC quantum mechanics in a time-dependent background



Lewis-Riesenfeld theory of invariants
Aim: solve time-dependent Schrodinger equation

ih0e [1py) = H(t) [¢y)

1
/24‘

Andreas Fring NC quantum mechanics in a time-dependent background



Lewis-Riesenfeld theory of invariants
Aim: solve time-dependent Schrodinger equation

ih0e [1py) = H(t) [¢y)

Step 1: Construct Hermitian time-dependent invariant /(t)

di(t) 1 _
T - 8t/(t) + %[/(t), H(t)] =0.
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Lewis-Riesenfeld theory of invariants
Aim: solve time-dependent Schrodinger equation

ih0e [1py) = H(t) [¢y)

Step 1: Construct Hermitian time-dependent invariant /(t)

di(t) 1 _
T - 8t/(t) + %[/(t), H(t)] =0.

Step 2: Solve eigensystem for /(t)

1(t)|¢n) = Al¢n)
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Lewis-Riesenfeld theory of invariants
Aim: solve time-dependent Schrodinger equation

ih0e [1py) = H(t) [¢y)

Step 1: Construct Hermitian time-dependent invariant /(t)

di(t) 1 _
T - 8t/(t) + %[/(t), H(t)] =0.

Step 2: Solve eigensystem for /(t)

() 16n) = Aldn)
Step 3: Determine the phase of [¢),) = e/®(®) |, )

da(t)

1 .
T = ﬁ <¢n| /h@t - H(t) |¢n> .
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Lewis-Riesenfeld theory of invariants
Aim: solve time-dependent Schrodinger equation

ih0e [1py) = H(t) [¢y)

Step 1: Construct Hermitian time-dependent invariant /(t)

di(t) 1 _
T - 8t/(t) + %[/(t), H(t)] =0.

Step 2: Solve eigensystem for /(t)

() 16n) = Aldn)
Step 3: Determine the phase of [¢),) = e/®(®) |, )

da(t)

1 .
T = ﬁ <¢n| /h@t - H(t) |¢n> .

[H. Lewis, W. Riesenfeld, J. Math. Phys. 10, 1458 (1969)]
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Example: The 2D harmonic oscillator

mw?

P2+ P+

1
H(X,Y,P.,P,)=— X2 +Y?),
(XY P P) =5 (X2 + %)
Using the above representation

H(E) = Sale) (5 + B) + 2b(8) (2 +y2) +e(t) (bey — xp,)

1 2, Py M 1 2
= Ea(t) (p, + ﬁ - m + Eb(t)r = C(t)pg

with coefficients

1 me? Q2(t) mw?(t) Q)
t) = —+——0%(t), b(t) = mw? t) =
at) = gt (0, Be) = mt e o) = 5+ 2pm
Andreas Fring NC quantum mechanics in a time-dependent background 12/24‘



Step 1 in LR-theory
The Ansatz:

1(6) = a(0)52 + B+ (1) .} +0() +2(0)+ o(0) 5

leads to the set of coupled differential equations

a=—2ay, pB=2by, y=ba-—af

- | . ah?
Op2 4+ £pg + ¢ = h2ay — 2ayp2, (5—04)P3+5P9+¢+T =0

3
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Step 1 in LR-theory
The Ansatz:

1(6) = a(0)52 + B+ (1) .} +0() +2(0)+ o(0) 5

leads to the set of coupled differential equations

a=—2ay, pB=2by, y=ba-—af
2 ' 2 2 2 al?
0py +Epy+¢ =Nay—2aypy, (0—a)pytepyt+od+—==0
which are solved by

. 2 2.2 242
T o o°pg o°h

I(t) = —r? ,— — —
(t) - r +<0p ar> + p 1,2

T = const, o(t) solves the Ermakov-Pinney equation

. a. 57
U——0+ab0:T—3
a o

Andreas Fring NC quantum mechanics in a time-dependent background



Step 2 in LR-theory

Rewrite /(t) in terms of time-dependent creation and annihilation
operators

14
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Step 2 in LR-theory
Rewrite /(t) in terms of time-dependent creation and annihilation
operators

51(t) = %em Kap,

From standard arguments:

hl/za " . a—iocs 2 r2

/¢n m—n — = An ( / |) r”fmelg(min)f 2o U -m,1—m+ n, ho?

, m o
with normalization constant

1
mnl(ho?)(+n)

Andreas Fring NC quantum mechanics in a time-dependent background
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Step 3 in LR-theory

We fix the phase by solving:

: 1 :

Cne = (n, 0| ihdy — H|n, L)
to . ( )
a\s

t) = l c(s) — ds

ane(t) = (n+ )/ ( (s) 02(5))
15/
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The Ermakov-Pinney equation

32

. a.
a—fU+ab0:T—3
a o

6
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The Ermakov-Pinney equation

32

. a.
0—70+ab0:7—3
a o

e For a =0, i.e. O(t) = const particular solutions are known

where uy, up solve i+ ab(t)u=0and W = uytr — thus
[E. Pinney, Proc. Amer. Math. Soc. 1, 681(1) (1950)]
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The Ermakov-Pinney equation

32

. oa.
0——0+abo=71—
a o

e For a =0, i.e. O(t) = const particular solutions are known

uj
_ 2 2
o=\1\/uy+T7a W2’

where uy, up solve i+ ab(t)u=0and W = uytr — thus
[E. Pinney, Proc. Amer. Math. Soc. 1, 681(1) (1950)]
For instance for a(t) = « and b(t) = fe"*, o, 3,7 € R

2.2 yt/2 2 vt/2
o(t) = \/7T a TY02 (2\/a§e ) Y ( \/aie ) 7

22
G

with Jy, Yy Bessel functions of first and second kind.

Andreas Fring NC quantum mechanics in a time-dependent background



e When a # 0 no general solution is known.
Special solution:

1 /” as’  —lEV1-4k
Ak B B
when Chiellini integrability condition holds

d B a cR
— | ———— ) = —k- K
do \ 733 — a?bs* a

7
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e When a # 0 no general solution is known.
Special solution:

1 [° 353 —-1+v1-4
= / — T ds=t A= .
Ak

when Chiellini integrability condition holds

d B a cR
— | ———— ) = —k- K
do \ 733 — a?bs* a

= Does not allow to pre-select ©(t) and Q(t).

7
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e When a # 0 no general solution is known.
Special solution:

1 [° 353 —-1+v1-4
= / — T ds=t A= .
Ak

when Chiellini integrability condition holds

d B a cR
— | ———— ) = —k- K
do \ 733 — a?bs* a

= Does not allow to pre-select ©(t) and Q(t).
= Resort to numerical solutions.

7
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Sample solutions:
1.4 T T ¥ T L T ¥ T

(a) Exactly integrable solution (red, dashed) versus a
non-Chiellini integrable solution for pre-selected exponential
backgrounds 0(t) = ae™* and Q(t) = Be?* (black, solid).
a=50=2,y=2,m=h=7=w=1,k=1/4 p=

Andreas Fring NC quantum mechanics in a time-dependent background



Sample solutions:

1 2 L T L T T T ) T Y T

(b)

10

0 20 40 t 60 80 100

(b) Non-Chiellini integrable solution for pre-selected sinusoidal
background 0(t) = asin(yt) and Q(t) = Bsin(vt/2).

Andreas Fring NC quantum mechanics in a time-dependent background



Generalized uncertainty relations
In general we have:

AAAB|, > S [(Y][A, Bl [¢)]

N|

o
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Generalized uncertainty relations
In general we have:

1
AAABY, = S (V| [A, B][4)]

We can compute all required expectation values, such that:

n—m n+m+1 9 1 6%\
AXAY|%H_ 5 o(t) + —an [4710— + (; + ?) 64(t)
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Generalized uncertainty relations
In general we have:

1
AAABY, = S (V| [A, B][4)]

We can compute all required expectation values, such that:

n—m n+m+1 1 &2
AXAY|, = 5 o0(t) + —an [4%2 - (; - ?) 92(1?)]
o(t)

-2

o
/24‘

Andreas Frin NC quantum mechanics in a time-dependent background
g



Generalized uncertainty relations
In general we have:

1
AAABY, = S (V| [A, B][4)]

We can compute all required expectation values, such that:

n—m n+m+1 1 &
AXAY|%H: 5 t) + ——— [4h02 + (; + ?) 02(1?)]

8h
0(t)
- 2
n—m h 02Q?(t) 1 52
AP AP |wnm — Q(t)+§(n+m+1){ 7 +(;+§)]
Q(t)
- 2
h  0(t)Q(t
AXAPy, ~=AYAP, > 2+ ( ;h( )
Andreas Fring NC quantum mechanics in a time-dependent background 19/24‘



Examples:

st @ — o2
[=] “ -~ (D:\Vn,o
SHE - o=y, |
Qs_%".& _._Q):\Vw_
ﬁ &_‘ aes q)z\vm ]

(a) for background fields 6(t) = ae™7* and Q(t) = et
a=5=2,v=2,m=h=71=w=1,k=1/4 p=+/5/3
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Examples:

— o2

150

(b) for background fields 6(t) = asin(~t), Q(t) = Ssin(yt/2)
a=5=2,v=2,m=h=7=w=1,k=1/4 p=+/5/3

b0
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(a) for background fields 6(t) = ae™7* and Q(t) = et
a=5=2,v=2,m=h=71=w=1,k=1/4 p=+/5/3
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(b) for background fields 6(t) = assin(vt), Q(t) = Bsin(vt/2)
a=5p=2vy=2,m=h=17=w=1k=1/4 p=+/5/3
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(a) for background fields 6(t) = ae™ 7" and Q(t) = et
«

=5 0=2,v=2,m=h=7=w=1k=1/4, p=+/5/3
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(b) for background fields 6(t) = asin(~yt), Q(t) = Ssin(yt/2)
a=5p0=2,y=2,m=h=7=w=1,k=1/4 p=+/5/3
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GUR for coherent states

Glauber coherent states
o, t) := D(a, £)[0,0), with D(a,t) ;= e (D-a"a(t)
yield
AX[2 = AY[ = AX@O’O AP o= APJ5 = APX@M
Squeezed coherent states
o, B, t) == S(B,)D(a, 1)0,0), with S(B,t) := ez (O3]

yield for instance

2
AX |Ia,ﬁ,t> -
Al 03 (t) (1 52 o(t)
B B —p 23
— |o“e” + —e’ + —e coshf+ ——=(1—e
2 { 4h? \ 02 a? b 4 ( )
21
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Use 3 to minimise uncertainties:
e Possible for generic t for Ax Apx|‘a5 e

B(t) = B () = 1/21n [(a\/a2 1 80257 — az> /(40%2)]

such that Ax ApX|| < Ax Apy

‘|a,t)

?ﬁmln’

o
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Use 3 to minimise uncertainties:
e Possible for generic t for Ax Apx|‘a5 e

B(t) = B () = 1/21n [(a\/a2 1 80257 — 32) /(40%2)]

such that Ax Apy|i, 5 o < Ax Apy,
e Possible for specific t for AX APX||aﬂ7t>, eg. t=4:

— (I)zwwz |a,t>

100
_©
L]
s @ =, B=-1.88, >
%75 —- = ®=|o, p=-04,t>

— @ = [1/2+0()Q(t)8|
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Glauber versus Gaussian Klauder coherent states

’na m07¢07$> = ﬁzexp |:

I
} e™% |n, m — n)

Quality depends on background fields:

0.%5
— [(@) o=y, =|ot>
2‘ * ©=0,0,1.1,01>
é « ®=10,01.1,05>
®=10,0,1.1,0.75>
g:50 ®=|a, B, t>
-"‘..w:-'k
4 "'1%
055! !
3 $ .
2
L]

0_50 1 1 1 1

0.0 0.2 0.4 06¢ 08 1.0 1.2

(a) for background fields 6(t) = ae™7* and Q(t) = e
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Glauber versus Gaussian Klauder coherent states

1 = (m — mp)?
._ — "o ime
In, mg, ¢y, 5) = —F——= exp{——}e °|n,m— n)
) 3 ) N(mo) mZ:O 452 ’
Quality depends on background fields:
5 ; ;
:? (I)=\uao=|a, t> (b)
94l * o=p01101>
é . ©=10,0,1.1,05>
. ©=[0,0,1.1,075>
3
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Conclusions
Models on time-dependent background solvable with LR-theory
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Implemented solution from EP-equation into discussion

Glauber coherent states ~ in quality to ground state

Squeezing is possible for specific times
Quality |GK) versus standard states depends on background

Outlook
Investigate different types of backgrounds

Investigate different types of models
Sovability?

Thank you for your attention
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