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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6ppx + P — 09gx = 0

Up +6uu, + Uy =0 &
' { q: +6(pq), + Qoo = 0

with u(x, t) = p(x, t) + iq(x, t), p(x,t), g(x,t) € R
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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6ppx + P — 09gx = 0

Up +6uu, + Uy =0 &
' { q: +6(pq), + Qoo = 0

with u(x, t) = p(x, t) + iq(x, t), p(x,t), g(x,t) € R
e Unifies some know special cases:
- for (pq), — pqx: complex KdV = Hirota-Satsuma equations
- for g« — 0 complex KdV = Ito equations
o PT-symmetry:
X— —x,t——t,i——i,u—up—p qg——q
e Integrability:
Lax pair:

1 1
Lo =[M, L] L=a§+6u, M:4ai+uax+§ux
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Solutions from Hirota's direct method

Convert KdV equation into Hirota's bilinear form
(Dj—i—DXDt)T-T:O

with u = 2(In 7). (Dx, D; are Hirota derivatives)
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Solutions from Hirota's direct method
Convert KdV equation into Hirota's bilinear form
(Dﬁ—kDXDt)T-T:O

with u = 2(In 7). (Dx, D; are Hirota derivatives)
Expanding 7 = >",7, N7k gives multi-soliton solutions

Tua(x,t) = 1+ e
Tovas(X,t) = 1+ e 1+ eMs 4 s(a, f)ehnts
Tuwpapn(X,t) = L4 eo 4 e™io 4 &lor 4 s(a, f)elmetwe

+3e(, y)eMeTon 4 5¢(B, )Mo oo
e, B)se(a, 7) (B, ) €lie T e

with 7, == ax — a’t + p, s(a, B) := (a — B)*/(a + B)?
w, v, p € (Cv a7577 € R
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One-soliton solution

We find
(x. 1) a? + a? cosf cosh(ax — a3t) . a?sinf@sinh(ax — a3t)
Uig.a(Xx, t) = —I
T [cos § + cosh(ax — a3t)]? [cos § + cosh(ax — a3t)]?
6
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One-soliton solution
We find

(x. 1) a? + a? cosf cosh(ax — a3t) . a?sinf@sinh(ax — a3t)
uip:a(x, t) = —i
“ [cos § + cosh(ax — a3t)]? [cos § + cosh(ax — a3t)]?

The solution found by Khare and Saxena is the special case

Ugizio(x, t) = a?sech? (ax — a’t)Fia? tanh (ax — o’t) sech (ax — at)

°/
Andreas Fring Complex solitons in integrable system 39‘



One-soliton solution
We find

a? + a? cos f cosh(ax — a3t)

. a?sinfsinh(ax — a3t)

ui&;a(Xa t) =

—i
[cos 6 + cosh(ax — a3t)]? [cos 6 + cosh(ax — a3t)]?

The solution found by Khare and Saxena is the special case

Uiz a(X, t) = osech? (ax — a3t):Fia2 tanh (ax — a3t) sech (ax — a3t)

¢ -pzﬂ:a(ljit) I M'Y

= a—z sec? b
2 2

2
— %‘ cot? (6)

arccosh(cos 6 — 2 secf)
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One-soliton solution
We find

a? + a? cos f cosh(ax — a3t) ; a?sin @ sinh(ax — at)
[cos 6 + cosh(ax — a3t)]? [cos 6 + cosh(ax — a3t)]?

Uie;a(Xa t) =

The solution found by Khare and Saxena is the special case

ui,-g;a(x, t) = a®sech? (ax — a3t):Fia2 tanh (ax — a3t) sech (ax — a3t)

8a?./5 + cos(26) + cos HA
[6cosd + AJ* /sin6

Qa(0) =

1 1
Aj(f) = arccosh [2 cosf + ZA]

A = /2,/17 + cos(20)
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Real charges from one-soliton solution

Mass: m, = / Uig.o(X, t)dx = 2c

o0
> 2
Momentum : p, = / v dx = =a?
oo 3

o0 2
Energy : E, = / |:2u?9;a — (U,’g;a)i dx = gofr’

o0
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Real charges from one-soliton solution

Mass: m, = / Uig.o(X, t)dx = 2c

o0

e 2
Momentum : p, = / v, dx = =ao

- i0;cx 3
B P 2 2 g
Energy : E, = [QU,-@;Q — (Uig.a)s | dx = goz
G ic: I, = e t)dx = 2n—1
eneric Wan_o(x, t)dx PR

Reality followgciommediately from PT-symmetry
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e 2
Momentum : p, = / v, dx = =ao

- i0;cx 3
B P 2 2 g
Energy : E, = [QU,-@;Q — (Uig.a)s | dx = goz
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Generic: I, = Wan_2(x, t)dx = «
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Real charges from one-soliton solution

Mass: m, = / Uig.o(X, t)dx = 2c

o0

e 2
Momentum : p, = / v, dx = =ao

o0 2
Energy : E, = / |:2u?9;a — (U,’g;a)i dx = gofr’

o0

o

Generic: I, = Wan_2(x, t)dx = 2n—1

«

oo 2n—1
Reality follows immediately from P7-symmetry

PT-broken solutions (1 = k + i) = PT-symmetric /,:
Uetioa(X, t) = Uig.o(Xx + K/, t) then absorb in integral limits
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Real charges from one-soliton solution

Mass: m, = / Uig.o(X, t)dx = 2c

> 2
Momentum : p, = / ufg;adx = §a3
P 2 2 5
Energy: E, = [QU,-@;Q — (Uig.a)s | dx = 5
Generic: [, = n—2(x, t)dx = 2n=1
eneric Wan_o(x, t)dx PR

Reality followgimmediately from PT-symmetry

PT-broken solutions (1 = k + i) = PT-symmetric /,:
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Andreas Fring Complex solitons in integrable system @




Real charges from one-soliton solution

Mass: m, = / Uig.o(X, t)dx = 2c

> 2
Momentum : p, = / ufg;adx = §a3
P 2 2 5
Energy: E, = |:2U,-9;a — (Uig.a)s | dx = 5
Generic: [, = n—2(x, t)dx = 2n=1
eneric Wan_o(x, t)dx PR

Reality followgimmediately from PT-symmetry

PT-broken solutions (1 = k + i) = PT-symmetric /,:

Uetioa(X, t) = Uig.o(Xx + K/, t) then absorb in integral limits
Uerigia(X, t) = Uig.o(X, t — K/a>) then use charges are conserved
This is not possible for N-soliton solutions with N > 2. F‘#k @
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Nondegenerate two-soliton solutions

Upwia,s = 2[IN(Tpuia,8(X, t))]xx
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Nondegenerate two-soliton solutions

Uppiap = 2 [In (Tu,u;aﬂ(xa t))]xx

=20.

1.0 o)

0.8

0.6

0.4

0.2

0.0

—30 —20 —1 0

a=6/5 0=4/5 p=ir/3, v=ir/4
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Nondegenerate two-soliton solutions

Uppiap = 2 [In (Tu,u;aﬂ(xa t))]xx

=20.
Im(u)

0.4
) j\

0.0 J\/ X
-0.2 J
-30 =20 -10

KRR [

a=6/5 0=4/5 p=ir/3, v=ir/4
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Nondegenerate two-soliton solutions
Upia8 = 2[In(Tpwia,s(X: 1))]

-20.
1.0 Re()

0.8

0.6 p,u,.,u;aﬁ(xv t)

» Pu;oc(xa t)
Py, f(X' t)

0.2

0.0

—30 —20 —10

KRR FRE

a=6/5 f=4/5 p=ir/3, v=ir/4
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Nondegenerate two-soliton solutions
Upia8 = 2[In(Tpwia,s(X: 1))]

=20.

Im(u)
0.4

0.2

N qu,.,u;gﬁ(xy t)
0.0 . s ;
\[ W ] qu. ;(X, t)

—0.4

—3 0 —20 —1 0

KRB E]..

a=6/5 f=4/5 p=ir/3, v=ir/4
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Time-delays and lateral displacements

Comparing trajectories in the asymptotic past and future
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Time-delays and lateral displacements

Comparing trajectories in the asymptotic past and future

1,75 ——————1——————————T———————
— Dif i, 8 (;83
LY i *  Piga Hy 7
o Pisis *
' -
1.25F 1 o =
!
-

1.00
0.75

0.50

\

50 60

Displacements: (Ay)q = 5a’ﬁ and (A )B = —5 o
Time-delays: (A¢)o = —56%7 and (As)s = ?53’5

Consistency relations: E . my(Ax)x =0 and g . pk(At)k =0
9
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Time-delays and lateral displacements

Comparing trajectories in the asymptotic past and future
T T T T T T T T T T T QE
— qle.Lo:Q.d O%
3

0.50 - *  Gigia

Gig:p

I 1 i 1 " 1 I 1 " i " i " i
60 -50 40 -30 -20 -10 Oil‘ 10 20 30 40 50 60

Displacements: (Ay)a = 027 and (Ay)s
1 50175

Time-delays: (At)o = —%63/3 and (A¢)g = 7203

Consistency relations: g . mi(Ax)x =0 and E , Pk (Ap)k=0
9
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Nondegenerate three-soliton solutions

U piapy = 2 [0 (T prevpy (X t))]xx
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Nondegenerate three-soliton solutions

Upw.pionfy = 2 [In (Tuvl/,p;a,ﬁn(& t))]xx

—20.
3.0 Ret@
25
i P, pionB (X t)
. Puia(X; t)
1.0 1 pu.s(x, t)
0.5 /){\ ] Ppiy (X, t)
0.0 ~J Ve X

"~ BRI S

a=6/5 8=9/10,v=1/2, u=i7/5n, v=il/4w, p=i7/67
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Nondegenerate three-soliton solutions

Upw.pionfy = 2 [In (Tuvl/,p;a,ﬁn(& t))]xx

=20.
Im(u)
1.0+
0.5
0.0 Zaval x
=0.5+
—1.0¢

—40

RIS S

CIM-,V,p;a,B,“/(X: t)
i (X; t)
v, f(X' t)
Qo (X; £)

a=06/5 =9/10,v=1/2, u=1i7/5m, v =il/4rw, p=i7/6m

Andreas Fring Complex solitons in integrable system
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Factorized Scattering

Displacements:

(Ax)a — 53,6 + 5277

(D)5 = 5g,v _ 5g,ﬁ
— a? ﬁ7

(Ay), = —057 — 4677

1
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Factorized Scattering

Displacements: Time-delays:
(D)o = 5g’ﬁ + 057 (A)a = _iz (53,6 + 5377)
By = 07 =5 -
(D), = —627 - 5577 (A = ? (5%75 — 55’7)
(B, = 57+ 0)



Factorized Scattering

Displacements: Time-delays:
— saB s 1
L (Bda = —— (87 +627)
(A) _ 6577_50@5 o?
e ’ ’ A _ 1 5B _ 58
(8, = —opr-sn (B = 5 (057 -4)
1
@9, = 567 +5)

Consistency relations: Zk my(Ax)x =0 and Zk pr(At)k =0

1
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Factorized Scattering

Displacements:

(Ax)a =
(Ax)s =

536 + 5371
By o,
56 B 55

_say _ SByY
57 57

Time-delays:

1 /e ,
5 (577"
% (027 4 627)

Consistency relations: Zk my(Ax)x =0 and Zk pr(At)k =0

N-soliton time-delays = sum of two-soliton time-delays

Andreas Fring

Complex solitons in integrable system

1
/39‘



Factorized Scattering

Displacements: Time-delays:
—  SaB a,
(B = 074057 (Ao = —5 (57 +537)
x 1
— a?/B /67
(D), = —0%7 — 5/7377 (Ay)s = ? (5/8 — 0 7)
1 (0%
(At)’y - ? (57,7 + (55’7)

Consistency relations: Zk my(Ax)x =0 and Zk pr(At)k =0

N-soliton time-delays = sum of two-soliton time-delays

Classical factorization

This corresponds to the factorization of the quantum S-matrix

described by the Yang-Baxter and bootstrap equation.
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Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons

Charges based on one-solitons solutions are real by P7T-symmetry
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Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons
Charges based on one-solitons solutions are real by P7T-symmetry

Therefore

Reality condition

PT-symmetry and integrability ensure the reality of all charges.
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Regularization of degenerate multi-solitons

e In general for real solutions:
The limit E, — Ep gives limy_,5 Ua g+...(X, t) = 00

The best scenario still has cusps.
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Regularization of degenerate multi-solitons

e In general for real solutions:
The limit E, — Ep gives limy_,5 Ua g+...(X, t) = 00
The best scenario still has cusps.

e In the complex case the limits become finite.

Technically we use Wronskians as 7-functions involving
solutions of the Schrodinger equation and Jordan states
obtained from Darboux-Crum transformations.

A link to Hirota's direct method and solutions obtained from a
superpositon principle based on Backlund transformations is
also established.
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Degenerate two-soliton solutions

202 [(ax—3a3 t+i¢)) sinh (Wie;a )—2 cosh(n,-o;a ) —2]
[axf3a3 t+i¢>+sinh(7],-6;a )]2

ui@,iqﬁ;a,a(X: t) =

4
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Degenerate two-soliton solutions

202 [(axf3a3 t+i¢>) sinh (nm;a )72 cosh(n,-o;a ) 72]
[axf3a3 t+i¢>+sinh(7],-g;a )]2

ui@,iqﬁ;a,a(X: t) =

=30.
Re(u)

3.0
25
20
15
1.0
0.5 LJ&
0.0 -

—40 —20

WERBIEI E]..

a=6/50=n/3, p=mn/4

1
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Degenerate two-soliton solutions

202 [(axf3a3 t+i¢>) sinh (nm;a )72 cosh(n,-o;a ) 72]
[axf3a3 t+i¢>+sinh(7],-g;a )]2

ui@,iqﬁ;a,a(X: t) =

-30.
Im(u)

_1\ -

—40 —20

a=6/50=n/3, p=mn/4

1
14 /
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Degenerate two-soliton solutions

202 [(axf3a3 t+i¢>) sinh (nm;a )72 cosh(n,-o;a ) 72]
[axf3a3 t+i¢>+sinh(7],-g;a )]2

ui@,iqﬁ;a,a(X: t) =

—30.

Re(u)
3.0
2.5 Pié),iqﬁ;ma(xa t)
2.0 Pio.a(X, t
LS ) _

Relative displacement:

. A(t) = Lin (403]t))
& Total displacement:
0.0, +2A(t)

—40 =20

RERRBIEI CmE)

a=6/50=mx/3, ¢=mn/4
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Degenerate two-soliton solutions

202 [(axf3a3 t+i¢>) sinh (nm;a )72 cosh(n,-o;a ) 72]
[axf3a3 t+i¢>+sinh(7],-g;a )]2

ui@,iqﬁ;a,a(X: t) =

-30.
Im(u)
2
, Giois0.0(X; t)
qi9;o¢(Xa t)
’ 1474 * Relative displacement:
A(t) = Lin (4a3)t])
Iy | Total displacement:
+2A(t)
-2

—40 =20

RORBIEI ()

a=6/50=mx/3, ¢=mn/4
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Degenerate N-soliton solutions (a1 = ap = ... ay)

Notation:
I|ma2,,..,aN—>a1:a Uig,=i0,....i0N;0,...,an — Pib,...,i0N; Na + 190.,....i0n: Nau
Asymptotic limits:

- , R 1 o (7 )n+£+1

tlg‘]oo pl‘l97‘..,l'02n;2na |:t0{ + O-An)&l(t)’ t] - POC <0 + 27T>
R 1 _ _1 n+¢

tlm Pib....i62n:2n0: [ta —O'Anél(t) ] = P, <9+(2)7T>

forn=1,2,...,¢4=1,2,...,n, 0 ==%+1

: s (), 1= (<L)
lim pl@, Li02011;(2n+1) [tO[ + An,Z,O(t)a t} =Py |0+ fﬂ'

t—o

forn=0,1,2,...,¢=0,1,2,...,n
Time-dependent displacements:

Anén(t) = l In [M( ‘t| )2€r;:|

o (n+¢ )!
15 / 39
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Nonlocality
Consider higher order nonlinear Schrodinger equation

) 1
’qt+§qxx+|q|2q :0
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Nonlocality
Consider higher order nonlinear Schrodinger equation

1 -
iq: + 5 Goc 1191”4 + i | aGou + 51al g+ g gl =0

PT-symmetry: PT :x — —x, t— —t, i — —i,q—q
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Nonlocality
Consider higher order nonlinear Schrodinger equation

1 -
iq: + 5 Goc 1191”4 + i | aGou + 51al g+ g gl =0

PT-symmetry: PT :x — —x, t— —t, i — —i,q—q

Integrable cases:

e = 0 =nonlinear Schrodinger equation (NLSE)

a:f:v7=0:1:1= derivative NLSE of type |
a:f:v7=0:1:0 = derivative NLSE of type Il
a:f:v7=1:6:3 = Sasa-Satsuma equation
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Nonlocality
Consider higher order nonlinear Schrodinger equation

1 -
iq: + 5 Goc 1191”4 + i | aGou + 51al g+ g gl =0

PT-symmetry: PT :x — —x, t— —t, i — —i,q—q

Integrable cases:

e = 0 =nonlinear Schrodinger equation (NLSE)
a:f:v7=0:1:1= derivative NLSE of type |
a:f:v7=0:1:0 = derivative NLSE of type Il
a:f:v7=1:6:3 = Sasa-Satsuma equation
a:fB:v=1:6:0= Hirota equation

. 1 .
iqe + 5 G + 19)* q + ic [qm +6]q|? qx} =0

16
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Zero curvature condition

8:U— 0,V +[U,V]=0
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Zero curvature condition

0:U — 0,V +[U,V] =0

0= (n 57) (@ S

7
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Zero curvature condition
8,U— 0.V +[U,V]=0
B —ix  qg(x,t) [ A(x,t) B(x,t)
U= ( M t) A ) V= ( Clx.t) —A(x, 1) )
Alx,t) = q(x,t)C(x,t) — r(x, t)B(x,t)

B.(x,t) = gqi(x,t) —2q(x,t)A(x,t) — 2i\B(x, t)
Ce(x,t) = rn(x, t)+2r(x, t)A(x, t) + 2iAC(x, t)

Alx,t) = —iagr —2ia)\* + f3 (qu — qr, — 4i\3 — 2i/\qr)
B(x,t) = iagc+2aAq+ B8 (29°r — Gu + 2iAqe + 4)\2q)
C(x,t) = —iar+2aAr+ (2qr2 — o — 2iAr + 4)\2r)

7
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Zero curvature condition
8,U— 0.V +[U,V]=0
B —ix  qg(x,t) [ A(x,t) B(x,t)
U= ( M t) A ) V= ( Clx.t) —A(x, 1) )
Alx,t) = q(x,t)C(x,t) — r(x, t)B(x,t)

B.(x,t) = gqi(x,t) —2q(x,t)A(x,t) — 2i\B(x, t)
Ce(x,t) = rn(x, t)+2r(x, t)A(x, t) + 2iAC(x, t)

Alx,t) = —iagr —2ia)\* + f3 (qu — qr, — 4i\3 — 2i/\qr)

B(x,t) = iagc+2aAq+ B8 (29°r — Gu + 2iAqe + 4)\2q)

C(x,t) = —iar+2aAr+p (2qr2 — o — 2iAr + 4)\2r)
q: — I.Oéqxx + 2iaq2r + 5 [qxxx - 6quIx] 0

re 4 iane — 2iagr® 4 B (re« — 6qrr) = 0

Complex solitons in integrable system

Andreas Fring



Nonlocality from zero curvature condition

Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

19;

*

—iq;

Andreas Fring

—a <qxx —2k1q/? q) — B (qxxx — 6k q|? qx>

—a (g —2nlalq") + (b — 6110 a5 )

Complex solitons in integrable system

18
/39‘



Nonlocality from zero curvature condition
Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

iq: = —a (qxx — 2k q|? q) — i3 (qxxx — 65 |q|? qx>
—ig; = —a (s — 2019 ")+ (b — 6 laf a3
P conjugate pair: r(x,t) = kg*(—x, t) (Nonlocal Hirota equ”)
igr = — |G — 26G°G] 4 0[Gue — 65GG* ]
—iG; = —o |Gy —2rq(§°)?] — 0(G — 6KG" 9G;)

B=1id, a0 €R, q:=q(x,t); §:= q(—x,t)

18
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Nonlocality from zero curvature condition
Complex conjugate pair: r(x, t) = kg*(x, t) (Hirota equation)

iqt = —« (qu — 2K |CI|2 q) - IB (qxxx — 6K |q|2 qx>
—ig; = —a (s — 2019 ")+ (b — 6 laf a3

P conjugate pair: r(x,t) = kg*(—x, t) (Nonlocal Hirota equ”)
iqt = —« |:qxx - 2'%(7*(72] + 5[qxxx - 6qu*qx]
=i = [y —2r8q(G")°] - 0(Gex — 6£d"qdy)
g =1id, a,0 €R, q:=q(x,t); §:= q(—x,t)
T conjugate pair: r(x,t) = kg*(x, —t)

iqe = —id [qXX — 2/16]*q2} + 0[Gox — 6£9G" x|
iG; = 00§ —2rq(§")°]+ 0(85. — 6x47q4%)

a=ib, B=1i6 0,0 €R; §:=q(x,—t)
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PT-conjugate pair: r(x,t) = kqg*(—x, —t)

q: = (\; |: - 2'%5]*q2:| - B[qxxx - 6"1CI<YI*CIX]
_(\ftk = _(\; |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](\I/];)

a=1i0; 8,0 ER; §:=q(—x,—t)

lo
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PT-conjugate pair: r(x,t) = kqg*(—x, —t)

q: = 5 |: - 2'%5]*q2:| - B[qxxx - 6"'€CI¢¥I*CIX]
_(\ftk = —0 |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](7;)

a=1i58,8cR;§ = q(—x, —t)
P transformed pair: r(x, t) = kq(—x, t):

igr = —a |G — 26GG%] + 0[Gue — 6KGG 5]
_Idt = —« [dxx - 2/“]5/2} - 6(&XXX - 655’an)
B=1i, a,0 € R
Andreas Fring Complex solitons in integrable system 19/39‘



PT-conjugate pair: r(x,t) = kg*(—x, —t)

q: = 5 |: - 2"/‘5&7*q2:| - B[qxxx - 6"“](7*%]
_(\ftk = —0 |:qxx - 2"€q( *)2:| + ﬁ(qxxx 6/15]*C](7;)

a=1i58,8cR;§ = q(—x, —t)
P transformed pair: r(x, t) = kq(—x, t):

igr = —a |G — 26GG%] + 0[Gue — 6KGG 5]
_Idt = —« [dxx - 2/“]5/2} - 6(&XXX - 655’an)
B=1i, a,0 € R

T transformed pair: r(x, t) = kq(x, —t)

iqt = _18 [qxx - 2"“7*(]2} + 5[qxxx =7 6/‘JCICAI*CIX]

Ak

ig; = id (a5 — 2kq(§")?] + 0(Ghe — 6KG"qdL)

aziS;ﬁzié;S,éER
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Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation (g = g/f)

* [ia + aqu — 260 |a g+ iB( oo — 65 |l 0 ) | =
f[iDig - f+aD% - f +iBD3g - f] + [3/'5 (Effx _ gx) _ ag]

X [Dﬁf f+ 2K |g|2}

., n n ) 8nfk ak
Dif-g=3 | ¢ ) D o ()5 78()

ho
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Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation (g = g/f)

* [ia + aqu — 260 |a g+ iB( oo — 65 |l 0 ) | =
f[iDig - f+aD% - f +iBD3g - f] + [3/'5 (Effx _ gx) _ ag]

X [Dﬁf f+ 2K |g|2}

., n n ) 8nfk ak
Dif-g=3 | ¢ ) D o ()5 78()

iDg-f+aD?g-f+ifD3g - f=0, D3f - f = —2x|g|?

ho
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Nonlocality in Hirota's direct method
Bilinearisation of the local Hirota equation (g = g/f)

f3 |:’qt + 04qu - 2'%0[ |Cl|2 CI + IB<qXXX - 6’{ |q|2 qx):| -
f[iDg - f +aD2g - f+iBD3g - ] + [3if ( - &) - ag|

X [fo— f+ 2k |g|2}

., n n ) 8nfk ak
Dif-g=3 | ¢ ) D o ()5 78()

iDg-f+aD?g-f+ifD3g - f=0, D3f - f = —2x|g|?

Solve by formal power series that becomes exact

=Z€2kf2k(xa t), and g(x,t) Z€2k 'go-1(x, t)

ho
/39‘
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Bilinearisation of the nonlocal Hirota equation
FE [ige+ age + 208" 6" — 6(Go + 6937 qx)] =
ff* [iDig - f+aD?g-f—3dD3g - f] + (?ng_ f—ag)
x (FD2f - £ —2fg")

not bilinear yet

iDig - f+aDig-f—dDjg-f=0, FDif-f=2fgg

h1
/39‘
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Bilinearisation of the nonlocal Hirota equation
FF* iget agu + 206" q* — 0(qox + 695" qx)] =
ff*[iD.g-f+aDXg-f—3dD3g-f]+ (?ng f — ag)
x (FD2f - £ —2fg")
not bilinear yet
iDig-f+aDlg - f—0D3g-f=0, FDXf -f=2fgg"
introduce additional auxiliary function
D*f - f =hg, and  2fg* = hf*
Solve again formal power series that becomes exact
h(x, t) = Zkgkhk(x, t).

h1
/39‘
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1+¢%6, g=cg, h=¢ech

0=cli(g1), +a(g), — 0(g1)ox
+&°[2 (), (81)x — 81 [(B) o + 1 (R) ] + it [(81), + i (81) ]
0 = 2[2(H)w — g1m] + €2 [26(H)w — 2(5)?]

0 = el2g] — h] +° 268 — i)

Standard solution, solve six equations independently, then ¢ — 1

19stl
— =312 =
——— t=0
Ged b b1 2
ol I T O O S O et 9 ™
UL S S R S A st — 3 S
Bo@ o8 H'¥ B & H 8 (b= P+ A TunTh,
AARAE AR R
7R A A A R TAC I VI .
WL i3 AN £) = ehxtuP(ia—Bu)tty
AV ATAY AV EAVAT AT AR CR R
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Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f = 1+¢%6, g=cg, h=¢ech

0 =eli(g); + o (81) 0 — 0(81)x0x]

+e*2(R), (81), — &1(R) + i (R)] + i [(g1), + i (81).u]]
0 = &[2(h)u — &1m] +&* [26(H) 0 — 2(H)2]

0 = 28 — hi] +| 268 — Fhi|

Nonstandard solution, solve five equations, last one for ¢ = 1

1Gnonst]

— =15 PR

= t=—1.0 ;) :
ik

....... t=-0.9 1008

_____ ol i o _ (u+v)Tuim
,';5‘:'! nonst — . oox :
S L+ 7Ty e

I

1.0
— ahxtuP(ia—Bp)t+
Tun(X,t) 1= ehxTH (fa=Bu)t+y

o

(%]
o T an
/%"“‘”‘
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Two-soliton solution
Truncated expansions:
f=1+e%hL+e*f, g=cg+c3g, h=ch +3hs

) gi(x,t) + g3(x, t)
a7 (x, 1) = 1+ 6(x, t) + fa(x, t)

8 = Tuy+Tus

B = (1 — ,/)2 TunTo st o+ (n— ;/)2 5TuATv,sT 5
= Ay TvsTp, puyTv, 6Ty
(n—p*)? (v — p*)? MY (=) (v = vr)?
i 77'# . T,,,(gﬁ"zﬁ 'rlw?;‘j’(; T,,,(;TV’(;

(- - (u—vt)? (v —vr)

. (n =) (= = vy

5T T i Tv.87 15

(n— ) (v = p*)? (= v*)? (v —v¥)?

hy = 275 + 2755
— 2(M*_V*)2 FL 2(M*_V*)2 ~%
(n—p*)? (v — o

~ %
)2 ,u'y V5 M77+( *—I/)Z( . B TunTv,6 Tl
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Two-soliton solution
Truncated expansions:
f=1+e%L+e*h, g=cg+c3g3, h=ch +3hs

(2) gl(X7 t) + g3(X7 t)
t) =
00 = TR0 + Atk O

Nonlocal regular two-soliton solution

gnil

3
/39‘
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining

Lan—l = HnLn

A
/39‘
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn

iteration LoHo = HoLo, Lo = Lol 1... L1, Wa(A) = L,W(N)

A
/39‘

Andreas Fring Complex solitons in integrable system



Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration £L,Ho = H,Lp,, L := LoLyq1... L1, V(X)) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :

\I!:< (g > v, = UV & _igpxji;?f::_—)\;@ & HU(\) = —AW(\)

24 /
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration L,Ho = H,L,, L, := LyL,q1... L1, Vo(A) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :
Ve P ) wm v o Pt IA0= TAY ) = o)
¢ X Qo — irp ==\
with _ _
H= ( S > = —ig30+ V,

—ir 0y

A
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Nonlocality in Darboux-Crum transformations

Quantum mechanical analogue to supersymmetry, intertwining
Lan—l = HnLn
iteration £L,Ho = H,L,, L, := LyL, ... L1, Vo(N) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :

_( ¥ _ —ip, +iqp = —Ap _
w_<¢> v, = UV & 6. irp = g & HU(\) = —\V()\)
with

[ —i0x g, .
Hn - ( —Ir,, Iax ) - 10-38X+ Vn’

A
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Nonlocality in Darboux-Crum transformations
Quantum mechanical analogue to supersymmetry, intertwining

Lan,1 - HnLn
iteration £L,Ho = H,Lp,, L, := LyL,1... L1, Vo(A) = L,V(N)

In Hirota case, Hamiltonian of Dirac type :

(¥ _ —ip, +iqp = —Ap L
\u_<¢> v, = UV < 6. — irp = g & HU(N\) = —\U()\)
with

[ —i0x g, .
Hn - ( —Ir,, /aX ) - 10-38X+ Vn’

iterated potentials V,, < multi-soliton solutions

A
/39‘
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Solve the "seed” equations for g = r = 0:

5 . AXH2iN2 (@ =25\ t+
\U]_(X, t, )\) — ( gpl(X’ t, )\) ) _ ( e 1 )

d1(x, t; A) o= Ax—2002(a—26))t+7,

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = +q*(—x, t)

1: QOZZZE&L ¢2:¢I 2 9/)1:@? ¢2:i‘:~0;

The second choice is not available in the local case.

5
/39‘
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Andreas Fring Complex solitons in integrable system

Solve the "seed” equations for g = r = 0:

. . © (X, t: )\) e/\x+2i)\2(oz—25)\)t+’yl
\U]_(X, t; >‘) - ( qu(X, t: )\) = ef)\xf2i)\2(a726)\)t+72

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = £¢*(—x, t)
L, = £, ¢ = &1 20 ¢y =P1, O =55

The second choice is not available in the local case.
Choice 1:

1 ol N [ T a2t
wz(X’ ¥ )\) - ( ¢2(X7 t; )\) T e M x=2i(V )P (a—200 )ty

with \,vq,7v, € C

(N — )N xH2N P (a=20A)t=7i 473

(1)
X, t) = .
Gs: (% 1) 2\ = A)x+4i[a(A*)2—aX2+26X° =26 (A 3] t—y, +72 -7 +73

5
/39‘
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Solve the "seed” equations for g = r = 0:
1T - Ax+2iN2(a—20N) t+,
wl(xv t; )‘) = (pl(X7 L /\) = eﬁ e
d1(x, t; \) o= Ax—202(a—260)t4,

Implement nonlocality in the construction W,:
Two choices to achieve r(x, t) = +q*(—x, t)

1: @221&1: ¢2:¢I 2 9/)1:‘27? ¢2:i‘:~0§

The second choice is not available in the local case.
Choice 2:

P2
. . B ¢2(X’ t: l/) - evxt+2iv (a—20v)t+5
W2(X7 t; V) - ( ¢2(X, t: I/) ) - ( _e—VX—Ziuz(oz—25V)t+'y§

) 2(v — u)evl—vf+2u><+4iu2(a—25u)t
qnonst(X> t) - p—v)x+4i(ap?—ow? =263 42603 t+y; =y —v3+75

1+ eX
25 / 39
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. : q det D!
Nonlocal n-soliton solutions: g, = q + 23::327, My =r—2on

det W,
A AT W (O
n—1 n—2 n—

W, — ( )wg )'-- P2 g )--- ¢é ¢
(pg”’:l) ngr::a <o Pop gzil) ¢2/n ¢2n
¢>§"72) ¢>§"7z) T ST

- ST G b2 &5 . 0h @
271_2) 271_3) ¢2n Sog;) 302/n P2n
R S PR ("_z) Pl e

n n—1 n—

P R R SRLIPTR G
.n n:— - : n:—2
gn) gn . ¢2n @gn ) 902,n ¥on

Andreas Frin Complex solitons in integrable system
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det D7 —r_9 det Dy

Nonlocal n-soliton solutions: g, = q + 2357F, a = et
@Eln_B W%n_z e A1 En 1; ¢{ (o
n— n— n— /
R
n n.f . - n—1 . - .
sogn Y @gn 2 -eo Pop gn ) ¢2,n ¢2n
¢‘1”‘§’ ¢§”‘: S soili ©l o
| HT AT e A
g’:z) gr’;:3) cee Qo Sogr? e 802,,1 P2n

In the nonlocal case use
552 = {\Tfl(X, t; )\1), \TJQ(X, t; )\1), \T/l(X, t; )\2), JJQ(X, t; )\2), }
or

Sponst _ {\Tll(x, t; 1), Ua(x, t;v1), Wi(x, t; 1), Wa(x, t; v2), }

b6
/39‘
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0Ui—0Vi+[U, Vi] =0 & VY, =VV, ¥, =UV, (=12
U = GU,G ' + GG Vi=GV,G 1+ GG!
when the auxiliary fields are related by a gauge field V; = GV,

h7
/39‘

Andreas Frin Complex solitons in integrable system
g 74 )



Nonlocal gauge equivalence
Two zero curvature conditions are related as

0Ui—0Vi+[U, Vi] =0 & VY, =VV, ¥, =UV, (=12
U = GU,G 1+ GG Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G

h7
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0 Ui—=0Vi+[U, Vi| =0 & VWV, =VV, V¥, =UV; i=12
U = GU,G 1+ GG Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G

Extended continuous limit of the Heisenberg spin chain

For S:=G lo03G =S, =ia (55 + SSXX) —-f B (SSf)X + SXXX}

27 /
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Nonlocal gauge equivalence
Two zero curvature conditions are related as

0 Ui—=0Vi+[U, Vi| =0 & VWV, =VV, V¥, =UV; i=12
U = GU,G 1+ G,G! Vi=GW,G 1+ G,Gt

when the auxiliary fields are related by a gauge field V; = GV,
System 1 = (nonlocal) Hirota equation = system 2:

Ur=—iAG 035G, Vo=AG1BiG+ NG 1B,G+ NG !B5G
Extended continuous limit of the Heisenberg spin chain

3
For §:= G_10'3G = St =i« (53 + Ssxx) - ﬂ |:2 (SSS)X + SXXX:|
Extended version of the Landau-Lifschitz equation

3
For S:s-aﬁst:—asxsXX—Eﬁ(sx-sx)sx—kﬁsx(sxsxxx)

27 /
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Parameterise

vV W

S:(_w u) w4 =1
components of the matrix equation give
u = io(uwy, —wuy)x — 0 [uxx + 3/2u(uyvy + wi)}x

vi = —ia(vwy —wvy)x — [VXX + 3/2v(vyeux + wi)]

X

£
/39‘
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Parameterise

S:(_w u) WCHuw=1

vV o w
components of the matrix equation give
uy = io(uwy — wiy)x — B [t + 3/2u(uevs + w3)]
vi = —ia(vwy —wvy)x — [VXX + 3/2v(vyeux + wi)}x

Nonlocality via u(x, t) = kv*(—x, t),w(x, t) = w*(—x, t)

£
/39‘
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Parameterise

S:(_w u) w4 =1
vV ow

components of the matrix equation give

u = io(uwy, —wuy)x — 0 [uxx + 3/2u(uyvy + wi)}x
vi = —ia(vwy —wvy)x — [VXX + 3/2v(vyeux + wi)]

X
Nonlocality via u(x, t) = kv*(—x, t),w(x, t) = w*(—x, t)
Solutions from auto-gauge transformation = DC transformation

2001 05( X217 — Mpa01) (A1 — A2)

" MA2(pa01 — 102)?
v 20102 (Mp107 — Aaa01) (M1 — A2)
MA2 (P21 — P102)?
PR 2010201 0p( M1 — )\2)2
1 =

)\1)\2(902¢1 - 9019252)2

28
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Back to Hirota equation:
solve S = G 103G for G and use G, = AyG, G; = ByG

_ 0 q(x1t)
Ao = ( r(x,t) 0 )
Bo = iav [03(Ao), — 03AY] + B [2A5 + (Ao), Ao — Ao (Ao), — (A0) ]

o, 1) = pi(t) (Vx LWV wXV) exp /X w(s, t)vs(s, t) — ws(s, )v(s,t)

2 v v v(s,t)
rx,t) = 1 Vx| WV — WV exp /st(s, t)v(s, t) —w(s, t)vs(s, t) de
2u(t) \ v v v(s,t)
29
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Back to Hirota equation:
solve S = G 103G for G and use G, = AyG, G; = ByG

_ 0 q(x1t)
Ao = ( r(x,t) 0 )
Bo = iav [03(Ao), — 03AY] + B [2A5 + (Ao), Ao — Ao (Ao), — (A0) ]

o, 1) = p(t) (vx LW wXV) exp /X w(s, t)vs(s, t) — ws(s, )v(s,t)

2 \v v v(s,t)
I’(X, t‘):L k_w exp/ w5(57 t)V(S, t)—w(s, t)Vs(S, t)ds
2u(t) \ v v v(s. )
fn (detV,), (detW,), detV,
Wt = detT, T
[Tl A \ detTy, det W, det T,

2n
r(x,t) = k=1 Ak <(detTn)X (deth)XdetT,,>

[, detV,  detW,detV,
2

. n *
Nonlocality: rp(x,t) =& Hi:l Moic1|* /il qi(—x, t)
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Trajectories of local extended version of the LL equation
Gauge equivalent version of nonlinear Schrodinger equation 5 =0

Is|> = 1, s is real, real shift parameter
30
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Trajectories of local extended version of the LL equation
Gauge equivalent version of nonlinear Schrodinger equation 5 =0

Is|> = 1, s is real, complex shift parameter
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Trajectories of local extended version of the LL equation
Gauge equivalent version of Hirota equation g # 0

Is|> = 1, s is real, real shift parameter
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Trajectories of local extended version of the LL equation
Gauge equivalent version of Hirota equation g # 0

s|> = 1, s is real, complex shift parameter
30
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Trajectories of nonlocal extended version of the LL equation
Gauge equivalent version of nonlocal Hirota equation 3 # 0

Is|> =1, s = m+ il is complex
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Trajectories of nonlocal extended version of the LL equation
Gauge equivalent version of of nonlocal Hirota equation 5 # 0

— X0=241

s|> =1, s = m+ il is complex
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Bogomolny-Prasad-Sommerfield (BPS) solitons
Consider complex scalar field theory
1
L :§naba,u¢aa“¢b —V(¢)

Taking the energy functional and topological charge of the form

£~ / #x (a2 R) Q= / XA,

&
/39‘
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Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory
1
L :§naba,u¢aa“¢b —V(¢)

Taking the energy functional and topological charge of the form

1 ~ ~

E=: / dx (Ag + Ag) Q= /dzanAa,

2

the Bogomolny bound for E is saturated (E = |Q|) by Q if

A, = +A,

&
/39‘
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Bogomolny-Prasad-Sommerfield (BPS) solitons

Consider complex scalar field theory

1
L :§naba,u¢aa“¢b —V(¢)
Taking the energy functional and topological charge of the form
_1 2 2, j2 _ 2 i
E = 2/dx<Aa—|—Aa> Q_/danAa,
the Bogomolny bound for E is saturated (E = |Q|) by Q if
A, = +A,

These two equations result as a compatibility equation between
the Euler-Lagrange equations and 6@ = 0.

&
/39‘
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non-Hermitian sine-Gordon model

V= ﬁ [(Sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? ¢2]

3
/39‘
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non-Hermitian sine-Gordon model

Y = ﬁ [(sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? (b2]
static BPS equations
1
BPS; - Ovpy = £——— (singyy — pu+ iAsinp,) =: GIf
1+ A
1
BPSy Oxpy = im [iX(sin ¢, — ) + sinp,] =: G

3
/39‘

Andreas Fring Complex solitons in integrable system



non-Hermitian sine-Gordon model

Y = ﬁ [(sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? qb2]
static BPS equations
1
BPS; - Oxp = 1502 5 (singy — pu+ iXsing,) = G
1
BPSy Oxpy = 1502 [iX(sin ¢, — ) + sinp,] =: G

with modified CPT-symmetry
P1(x) — [¢1(_X)]T:¢2(X) - = [¢2(_X)]Ta & BPS’ — (BPSijF)*

3
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non-Hermitian sine-Gordon model

Y = ﬁ [(sin ¢y — 1) + 20X (sin ¢y — p1) sin ¢, + sin? (bQ]
static BPS equations

1 : o
BPS; - Oy = im (singy — pu+ idsing,) =: G
BPSy Oxpy = £ [iX(sin ¢y — ) + sin ¢,] =: GF

1+ )2
with modified CPT-symmetry
¢1(x) — [¢1(_X)]T:¢2(X) i [¢2(_X)]Ta < BPSii — (BPS;F)*
Thus we have

V [6.(x)] = V" [¢x(=x)] .

which guarantees the reality of the energy.

Andreas Fring Complex solitons in integrable system
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Solutions and energy
Hermitian limit A = 0:

n 1 1—p? 1
¢ "= 2 arctan o+ Mtanh 5 (1 —p2)(k1 = x)} +2mn
i
¢ =2arctan (e5F%2) +27tn
asymptotic limits:
lim ¢7(x) = lim ¢;7"(x) = 2n7 + sign(p)7 — arcsin(u)
X—00 X——00
lim 67 (x) = lim ¢;"(x) = 2n7 + sign(y) arcsin(y)
X——00 X—>00
ot i =y TET
XEQOO ¢ (x) = XEETF‘OO ¢y (x) = 2nm + >

real energy for |u| <1

-
14+ +/1— p?— parctan (%)]
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non-Hermitian case A # 0 (numerical solution)

5
/39‘
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non-Hermitian case A # 0 (numerical solution)

asymptotic limits are the same = energies are the same

5
/39‘
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vacua:

n,m . n,m .
vl( ) = (arcsin p427n, mm), v2( ) = (m—arcsin pi+2nm, mm)

36 /
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vacua:

vl(n’m) = (arcsin p+2mn, mm), Vz(n’m) = (7 —arcsin p+2nm, mn)

nature of the fixed points from eigenvalues of the Jacobian

S ( 96,67 06,Gi"
05, G5 05,65

)

6
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vacua:

vl(n’m) = (arcsin p+2mn, mm), Vz(n’m) = (7 —arcsin p+2nm, mn)

nature of the fixed points from eigenvalues of the Jacobian

S ( 96,67 06,Gi"
05, G5 05,65

)
solutions interpolate between different vacua as

(0,0) ,k+  k+  (0,1) (0,0) ja+ a+ (—1,1)
% V. , V V.
1 o1 Py vy 1 ¢1 05 vy

0,0 — — 0,—1 0,0 — £ -1,1
OO ga—gh— 07D 00 gl ga- L)

6
/39‘
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gradient flow superimposed on the coupled sine-Gordon potential

sl 0.760
L 0.684
al 0.608
0532
& 2t 0.456
=
s |
oL 0.380
or 0.304
b 0228
_al 0.152
0.076
.
2 0 2 1 [
Re(¢1)
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Conclusions and Outlook

PT-symmetric complex solitons have real energies and new
types of behaviour.
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Conclusions and Outlook

PT-symmetric complex solitons have real energies and new
types of behaviour.

Using PT conjugations we find new integrable versions of the
Hirota equation, with different types of qualitative behaviour.

The nonlocality can be systematically implemented into
solution procedures, such as Hirota's method and Darboux
transformations.

Nonlocality is inherited in gauge equivalent systems.
Complex BPS solitons have real energies.
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Thank you for your attention

In case you are interested, register for the virtual seminar series on
Pseudo-Hermitian Hamiltonians in Quantum Physics
https://vphhgp.com

9
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