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Abstract

The quantum general linear group, as defined by Dipper and Donkin, is a certain
non-commutative deformation of the coordinate algebra of the corresponding classical
group. In this thesis we study representations of this quantum group, and in particular
develop an infinitesimal theory mimicking that of the classical case.

Our first main result generalises a theorem of Erdmann. This determines, using
infinitesimal methods, precisely when a non-split extension exists between two Weyl
modules for SL(2,k), in prime characteristic. We extend this result to quantum
GL(2,k). As a corollary of this result we see that, when such extensions exist, they
are unique up to isomorphism. We determine the structure of these in certain small
cases, and consider a conjecture as to the structure of a much larger class of such.

Our particular quantum group was designed to provide a means of studying the
g-Schur algebra of Dipper and James, and the rest of the thesis is concerned with
this. In the classical case, the blocks of the Schur algebra have been determined by
Donkin, and we verify that the appropriate modification of this result holds in the
quantum case (with the same proof). This requires us to prove a quantum version of
the strong linkage principle.

Doty, Nakano and Peters have defined an infinitesimal version of the Schur al-
gebra, and we next consider a quantum analogue of this. After developing some of
the basic representation theory of this algebra, we prove an infinitesimal version of
Kostka duality. Finally, we determine the blocks of the infinitesimal Schur algebras
corresponding to GL(2, k), and conclude by verifying that a similar result also holds

in the quantum case.
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Introduction

In this thesis, we are concerned with the representation theory of quantum groups.
More precisely, we will study representations of the quantum general linear group, as
defined by Dipper and Donkin [5]. However, in order to motivate this study, we shall

begin with a brief review of the context in which they arose.

It has long been known that representations of the symmetric and general linear
groups are intimately related. This relationship was first explored by Schur in his
doctoral thesis of 1901 [42], and he later refined and simplified this approach in
[41]. In 1980, Green [29] further clarified the relationship between these two theories.
He introduced certain finite dimensional algebras, the Schur algebras, which play
an intermediate role between the general linear and symmetric groups. All of this
development took place in an essentially combinatorial framework, ignoring the more
geometric aspects of the algebraic group.

Independently of this, a much more geometric approach to the representations
of algebraic groups has been developed. This is a rather more sophisticated theory,
requiring considerably more technical machinery. From this point of view, we regard
the general linear group as a group scheme, and relate its module theory to its geo-
metry — for example, by identifying certain modules with the cohomology groups
of corresponding bundles over a quotient scheme. Using these methods, and others,
much information can be deduced about the structure of these representations.

From this standpoint, there are again certain algebras that are naturally related
to the group. The most familiar of these are the associated Lie algebra and universal
enveloping algebra, but for our purposes the coordinate algebra of the group will be of
more importance. This is the Hopf algebra of regular functions on the group, and it
can be shown to have an equivalent representation theory to that of the group itself.

There is also another important class of finite dimensional algebras related to



our group scheme, namely those arising from the finite group schemes associated to
the kernel of some power of the Frobenius morphism. These infinitesimal subgroups,
along with their infinitesimal thickenings (the Jantzen subgroups), have played an
important role in the development of the representation theory of the group in prime
characteristic.

These two approaches to the general linear group can of course be combined.
Results obtained using the more geometric approach can then be translated, via
the Schur algebra, to obtain results concerning the symmetric group. The quantum
groups studied in this thesis were introduced precisely so as to be able to generalise

this strategy to a broader class of algebras.

The Hecke algebra (of type A) can be regarded as a deformation of the group
algebra for the symmetric group. This deformation depends on one parameter, ¢ say,
and reduces to the symmetric group case when ¢ = 1. While studying the represent-
ations of these, Dipper and James [7] introduced a corresponding deformation of the
Schur algebra, which they called the ¢-Schur algebra. This was designed to parallel
the relation between Schur algebras and symmetric groups in the context of Hecke
algebras, and further provided a link to the representations of the finite general linear
group in non-defining characteristic.

It is natural to ask if there is a corresponding deformation of the general linear
group, but unfortunately such an object does not exist. However, as we have already
remarked, the representation theory of the general linear group is equivalent to that
of the corresponding coordinate algebra, and this can be appropriately deformed.
Unfortunately there exist many such deformations, and so we shall restrict our atten-
tion to that introduced by Dipper and Donkin [5]. As we shall see later, it does not
matter greatly which deformation we choose to study, as in a certain sense they are
all equivalent (as they all give rise to the same ¢-Schur algebra).

Although the geometric aspects of the group do not survive under this deforma-
tion, it transpires that analogues of most of the classical results can be proved using
purely algebraic means — as we need only verify them for the case corresponding
to the general linear group. Thus a theory similar to that for the ordinary algebraic
group can be developed. In this thesis we shall continue this development, with an

emphasis on the infinitesimal theory.



We end this introduction with a brief survey of the rest of this thesis. The first
chapter is devoted to a review of some of the basic properties of our quantum group,
and is largely based on the results in [20] and [10]. It concludes with a comparison of
the various different quantisations, and a proposition allowing us to translate results
between them.

In the second chapter, we turn our attention to a paper of Erdmann [26]. This de-
termines precisely when there exists a non-trivial extension between two Weyl modules
for SL(2, k), and we generalise this to solve the corresponding problem for ¢-GL(2, k).
To accomplish this, it is first necessary to calculate the blocks of our quantum group,
a special case of the main theorem in chapter four. With this, the proof essentially
reduces, via a standard spectral sequence argument, to a lengthy infinitesimal calcu-
lation.

By this last result, we have that when such a non-trivial extension exists, it is
unique up to isomorphism. Chapter three is devoted to determining the structure
of these extensions (in the classical case). Unfortunately, we can only describe this
structure in certain special cases, but the chapter concludes with a conjecture as to
the structure of a large class of such extensions, and a sufficient condition is given for
an extension to satisfy this.

The fourth chapter is devoted to a generalisation of a result of Donkin [18], in
which he determines the blocks of the Schur algebra. To prove this, we have to verify
that a number of other standard results also hold, most notably the strong linkage
principle. Once these are established, the rest of the chapter merely checks that the
argument of the proof in the classical case now carries over essentially unchanged.
From this result, it is then straightforward to determine the blocks of our quantum
group.

Doty, Nakano and Peters [22] have defined an infinitesimal version of the Schur
algebra. This allows infinitesimal methods to be carried over directly to the Schur
algebra setting. In chapter five we generalise this construction to produce the in-
finitesimal ¢-Schur algebras, and develop some of their basic representation theory.
Most of this chapter is based heavily on [22].

In the last chapter, we turn our attention to the blocks of the infinitesimal Schur

algebras. These are completely determined for the cases corresponding to GL(2, k),



from the corresponding blocks of both the Schur algebra and the Jantzen subgroups.
The chapter ends by verifying that, using the main theorem of chapter four, this

result also holds for the quantum case.



Chapter 1

Preliminaries

In this chapter we review some of the background theory that will be needed in this
thesis. We begin in the first section by defining the quantum general linear group
that will be our basic object of study. Just as in the classical case, we can reduce
our study to that of certain finite dimensional algebras, the ¢-Schur algebras, and
these are defined in the second section. An alternative approach is to consider certain
infinitesimal submonoids of the quantum group, and we next develop this point of
view. We leave until a later chapter the task of combining these two approaches
(which will lead us to define the infinitesimal ¢-Schur algebras).

After a quick review of induction and restriction for quantum groups, and a short
section reviewing weights and root systems, we briefly summarise some elementary
results on representations of our quantum group. In the following section we outline
how a similar theory can be developed in the infinitesimal case. After a brief survey
of block theory for our various groups and algebras, we conclude with a discussion
of some other quantisations of the general linear group, and the relationship between

them.

1.1 The quantum general linear group

In this section we begin with a brief discussion of the general notion of a quantum
group. This is motivated by the example of the classical algebraic groups discussed
in the introduction. The section ends with the definition of the particular quantum

group, ¢-GL(n, k), that will be our main object of study.

Henceforth we fix an algebraically closed field k. Unless stated otherwise, this
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will have characteristic p > 0. We define the category of quantum groups to be the
dual of the category of k-Hopf algebras. (If we restrict to the category of finitely
generated, commutative, reduced k-Hopf algebras, the corresponding category is that
of the linear algebraic groups over k — see [10, Section 0.7] for details.) The category
of modules for a quantum group will be identified with the category of comodules for
the corresponding Hopf algebra.

Thus to say that H is a quantum group means that we have in mind some Hopf
algebra over k, called the coordinate algebra of H, and denoted k[H]. If instead of
a Hopf algebra we merely have a bialgebra structure, we call H a quantum monoid.
We shall usually denote the comultipication and counit maps of a bialgebra by § and
e respectively. If further it is a Hopf algebra then we denote the antipode by o.

If H and K are quantum groups (respectively quantum monoids), then to say that
¢ H — K is a morphism of quantum groups (respectively of quantum monoids)
means that we have in mind a Hopf algebra (respectively bialgebra) map b kK] —
E[H], called the comorphism of ¢. We call K a (quantum) subgroup (respectively
submonoid) of H if there exists a Hopf ideal (respectively biideal) I of k[H] such
that k[K] = k[H]/Ix. In this case we have a morphism ¢ : K’ — H whose associated
comorphism is the natural map. We call ¢ the inclusion map and qAb the restriction
map.

Given a k-coalgebra ', we will denote by Comod(C') the category of right C-
comodules. There is a full subcategory of Comod(C') consisting of the finite di-
mensional right C-comodules, which we denote by comod(C'). For a comodule V' €
Comod(C'), we will usually denote the structure map V. — V @ C by 7. Now let H
be a quantum monoid over k. Then by a left (respectively right) H-module, we mean
a right (respectively left) k[H]-comodule. We set Mod(H) = Comod (k[H]), and
mod(H ) = comod (k[H]). If C is a subcoalgebra of k[H], we denote by Mod¢(H ) the
subcategory of objects V' in Mod(H) such that the image of the comodule structure
map V — V@ k[H] liesin V @ C.

If H is a quantum group, then for all V' € mod(H), we can define the dual
module V*. Given a basis vy,...,v, of V, consider the dual basis ay,...,a, of V* =
Hom(V, k). 1If the structure map of V is given by 7v(v;) = > ", v; @ fj; then we

i=1

give V* a comodule structure via ry«(a;) = 2?21 a; @ o(fi;). If W is another H-
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module, with basis wy,...,w, and structure map mw(w;) = E;nzl w; @ gj;, then we
give the tensor product V@ W the structure of a H-module via the structure map
Tvew (v @ w,) = Ejs v; @ ws @ fjigsr. As multiplication in k[H] is not in general

commutative, it is not necessarily the case that V@ W 2 W @ V.

The above constructions are quite general. However, for the rest of this thesis
we will mainly restrict our attention to certain very particular quantum groups and
monoids, which can be regarded as ‘deformations’ of the general linear group and
various related subgroups and monoids. We thus conclude this section by defining a

quantum general linear group, and some important subgroups.

We fix ¢ € k\{0}, and define A,(n) to be the k-algebra generated by the n?

indeterminates ¢;;, with 1 <1,5 < n, subject to the relations

CijCrs = qCrsCij for 2 > r and j < s,
CijCrs = CrsCij + (¢ — 1)crjeis for i >r and 7 > s,
CijCi = CilCyj for all ¢, 5, (.

We note that when ¢ = 1 these relations just say that the ¢;; commute; in this case
we will usually denote the ¢;; by x;;. Now consider the algebra maps ¢ and € given

on generators by

n
d: ¢y — g Cit & 5,
t=1

€. Cij — 52’]’7

where §;; is the Kronecker delta. Then it is routine to check that

Theorem 1.1.1 A,(n) is a bialgebra with comultiplication & and counit €.

Proof: See [5, 1.4.2 Theorem].

We will denote by ¢-M(n, k) (or just M) the quantum monoid associated to this
bialgebra.

We now define a g-determinant in A,(n). This is the element

d, = g sgn(7)e117C2.27 « - - Crmrrs
TEXR

where ¥, denotes the symmetric group on n symbols, and sgn denotes the sign of a

permutation. As remarked in [5, Section 4.2], it is straightforward to verify that the

12



set {d' | 1 > 0} satisfies the left and right Ore conditions. Hence we can localise at
this set, and consider the k-algebra A,(n)(d;").

q

Lemma 1.1.2 The bialgebra structure given on A,(n) above can be canonically ex-
tended to a bialgebra structure on Ay(n)(d "), by defining

S(dY)y=d' @d;!

q

and c(dq_l) =1.

Proof: See [5, 4.2.1 Lemma].

With this lemma, a rather technical calculation now gives

Theorem 1.1.3 There exists a k-algebra anti-endomorphism o which, along with &

and ¢, endows Ay(n)(d;") with a Hopf algebra structure.

Proof: See [5, 4.2.21 Theorem].

We will denote by ¢-GL(n, k) (or just (¢ where this is unambiguous) the quantum
group associated to this Hopf algebra. Note that in the case ¢ = 1 we recover the

classical group GL(n, k).

The following subgroups will also play an important role in the theory we shall
develop later. We define the torus, ¢-T(n, k), to be the subgroup of G with defining
ideal the Hopf ideal of k[(i] generated by all ¢;; with ¢ # j. Similarly, we define the
(negative) Borel subgroup corresponding to the lower triangular matrices, ¢-B(n, k),
to be the subgroup of G with defining ideal the Hopf ideal generated by all ¢;; with
1 < j. These will often be denoted just by T" and B respectively. We also define the
positive Borel subgroup corresponding to the upper triangular matrices similarly, and
denote it by ¢-B*(n, k), or just B*.

More details on the construction of these subgroups can be found in [20, Section
2]. However, the results there only show that the defining ideal is a biideal; to see
that it is in fact a Hopf ideal one can use the corresponding arguments in [39, (6.1.1)
Lemmal, replacing references to [39, (5.3.2) Theorem] and [39, (4.1.1) Lemma] by
[5, 4.2.20 Lemma] and [5, Proof of 4.2.12 Lemma] respectively. We will also need to
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consider the corresponding submonoids of M. The submonoid corresponding to T'

and B will be denoted ¢-D(n, k) and ¢-L(n, k) (or just D and L) respectively.
Finally, we note that in what follows we shall often consider sub- and quotient

algebras of k[Gi] and k[M]. We shall consistently abuse notation and write just ¢;; for

the standard generators, or their images, in these various objects.

1.2 The ¢-Schur algebra

In this section we will construct the ¢g-Schur algebras from the coordinate algebra
of the quantum monoid ¢-M(n, k). This procedure is an exact analogue of the con-
struction of the ordinary Schur algebra in [29]. However, the original definition of
the ¢-Schur algebras due to Dipper and James (see [7]) is quite different, as they are
there defined as certain centralising algebras of an action of the Hecke algebras. We

conclude this section by noting that these two approaches can be reconciled.

We begin by introducing a grading on A,(n). If we define the degree of each of the
generators ¢;; to be one (for 1 <1i,j < n), then it is clear that the defining relations
are homogeneous, and hence that A,(n) becomes a graded algebra. The subspace of
elements of degree d will be denoted A,(n,d). It is also straightforward to verify that
the A,(n,d) are in fact subcoalgebras of A,(n) for all d.

Given a finite dimensional coalgebra €, there is a natural way to give the dual
k-module Homy(C', k) the structure of an algebra, with multiplication given by the
dual of comultiplication in C (see for example [9] or [43]). Applying this to the
case above, A,(n,d)* becomes an algebra, which we denote by S,(n,d), and call the

q-Schur algebra.

Alternatively, we can consider the Hecke algebra H, = H,(X4) associated with
Y. This is the free k-module with basis {7}, | w € ¥;} and relations

T T [(sw) =l(w)+1,
U qTsw + (¢g—1)T, otherwise,
for all w,s € ¥, with [(s) = 1, where [ is the usual length function. Now if we
consider the free n-dimensional k-module E, we can define an action of H, on E%?

analogous to the action by place permutation of X3 on £®?. With this one can then

show

14



Theorem 1.2.1 S;(n,d) = Endy, (E%?).

Proof: See [5, 3.2.6 Corollary].

This allows us to identify the definition of the ¢-Schur algebra above with the

original definition in [7].

In the above we have remained deliberately vague as to the precise action of the
Hecke algebra on E®?, and we refer the reader to [5, Section 3] for a fuller discussion
of this. The quantum general linear group of the previous section was constructed
precisely so as to satisfy the above theorem — however, other non-isomorphic quant-
isations exist with the same property. These will be considered in more detail in
Section 1.9. For now we merely note that an excellent discussion of the relationship
between the two constructions of the ¢-Schur algebra (for the Manin quantisation)

can be found in [2], starting from the point of view of the Hecke algebra.

1.3 Infinitesimal subgroups

In this section we will consider generalisations of the infinitesimal subgroups to the
quantum setup. Classically, these are usually defined as the kernel of the Frobenius
map to some power. A quantum analogue of (; is defined in [10, Section 3.1], and also
of the corresponding Jantzen subgroup. These definitions can be easily generalised

to provide analogues to the higher kernels, which will be needed in later sections.

Henceforth we shall restrict our attention to the case when ¢ is a primitive [th
root of unity. Note that for such a root to exist we must have ({,p) = 1; else [ = ap
for some a, and ¢** — 1 = 0 implies that (¢* — 1)? = 1, contradicting primitivity. By
[25, (3.1) Theorem, taking o = 1 and 8 = ¢, we have

Theorem 1.3.1 There exists a Hopf algebra homomorphism

F: K[GL(n, k)] — k[g-GL(n, k)]

[

taking x;; lo c;;, where these are the usual generators from Section 1.1.

Thus we define the Frobenius morphism F : ¢-GL(n, k) — GL(n, k) to be the

morphism of quantum groups with associated comorphism F. We also have the

15



usual Frobenius map F for GL(n, k) taking x;; to ¥., and so we may consider the

(¥R
composition of these maps. Henceforth we will abuse notation and write /" for F" =1 [,

which is a morphism of quantum groups.

Following [20], we say that a quantum group H is a factor group of a quantum
group H if k[H] is a subHopf algebra of k[H]. Given a factor group H of H whose
coordinate algebra is central in k[H], we obtain a subgroup H; of H with defining

ideal Iy, = k[H].(ker(em) N k[H]).

We now return to the case G = ¢-GL(n, k). Consider the subHopf algebra of k[(]
generated by the elements ci»?r_l for 1 <1¢,7 < n, and dq_lpr_l. This is isomorphic to
K[GL(n, k)] via F". The corresponding factor group will be denoted G", or just
in the case r = 1. Then by the previous paragraph, there is a subgroup of ' with
defining ideal generated by the elements cgr_l —d;; for 1 <4,7 <n, and dq_lpr_1 — 1.
This subgroup will be denoted G, and called the rth Frobenius kernel. We also need
to consider B, = B(G,, and T, = T G,.

Finally, we introduce quantum analogues of the Jantzen subgroups, which can be
regarded as infinitesimal thickenings of the Frobenius kernels by the torus. Consider
the ideal of k[(G] generated by the elements cgr_l for 1 <1 # j < n. This is clearly a
biideal, and by the isomorphism of G with GL(n, k) above, along with the description
of the antipode in [5, Lemmas 4.2.20 and 4.2.12], it is easy to verify that it is in fact
a Hopf ideal. We denote the subgroup of G with this as defining ideal by G, T, and
the corresponding intersection with B by B,T'. Similarly one can show that the ideal
generated by the elements cgr_l for 1 <1< j < nisa Hopfideal of k£[G]; we denote
the subgroup corresponding to this by G, B.

1.4 Induction for quantum groups

In this section we review the theory of induction and restriction functors for coalgeb-
ras, as originally developed in [11, Section 3]. This is then applied to the category of
quantum groups, and we conclude with a brief summary of some basic properties of

these functors.

Let C be a k-coalgebra with comultiplication § and counit ¢, C’ be another such,

and qAb : ' — (' be a morphism of coalgebras. We first define the restriction functor

16



o : Comod(C') — Comod(C”). For V € Comod(C') with structure map 7, set qgo(V)
to be the k-space V regarded as a C’-comodule via the structure map (id @ qAb)(T)
For a morphism «a of C-comodules, we set qAbo(oz) to be the k-map « regarded as a
(’-comodule morphism.

The definition of the induction functor ¢° : Comod(C") — Comod(C) is a little
more complicated. For M € Comod(C') with structure map 7, and a vector space V,
we denote by |V| ® M the vector space V' @ M regarded as a C-comodule via the
structure map (id @ 7). Then for W € Comod(C’) with structure map 7, we define
qAbO(V) to be the C-subcomodule of |W| @ C' consisting of the elements f such that

(r 2id)(f) = (id @ (¢ @ id)8)(f).

For a morphism « of (’-comodules, we set qAbO(oz) to be the restriction of (o @ id).
It is easily verified that the map (id ® €) restricts to a C-comodule morphism v :
qAbo(qAbo(W)) — W, and that for any V € Comod(C'),and any C’-comodule homo-
morphism « : qAbo(V) — W there exists a unique C-comodule map & : V — qAbO(W)

such that va = a. Thus we have Frobenius reciprocity, that is a k-space isomorphism
Homei (¢o(V), W) = Home(V, °(W)).

Now qAbo is exact, while qAbO is left exact and takes injectives to injectives.

Now suppose that ¢ : K — H is a morphism of quantum monoids. Set ¢* = qAbo :
Mod(H) — Mod(K), and ¢. = P Mod(K) — Mod(H). In the case where ¢
is inclusion, we denote ¢* by Resf and ¢, by Indl, and call them restriction and
induction respectively. If K is a subgroup of H we may also denote Resf (V) by
Vi or just V. If ¢ : k[H] — k[K] is injective, we write ¢*(V) as Inff(V), and
call this inflation. By analogy with the classical case, when H = ¢-GL(n, k) and
K = ¢-B(n, k) we will often denote R'Indi (V') by H* (V).

The H-module k[H] is injective, and every H-module embeds into a direct sum
of copies of this (see [39, (2.4.4)]). Also, by [39, (2.8.1)], the category Mod(H) has
enough injectives. Hence for V, W € Mod(H) and ¢ > 0, we may consider the ith
derived functor of Homy(V, —) evaluated at W, which we denote by Exts (V, W). We
also write H'(H, V) for Exti(k, V), where k denotes the trivial module.

17



We conclude with some standard results on induction, that will be used in later

sections.

Theorem 1.4.1 (The generalised tensor identities) Let K be a subgroup of a
quantum group H, and let V € Mod(K) and W € Mod(H). Then for all i >0,

RInd(Vig @ W) 2V @ RIndE(W).
If further the antipode of H s bijective then for all 1 > 0,
R'Indi{(W @ V|k) & R'Indil(W) @ V.

Proof: See [20, Proposition 1.3(ii)].

Theorem 1.4.2 Let H be a factor group of a quantum group H such that k[H) is
central in k[H]. Let m : H — H be the quotient map and let Hy be the corresponding
subgroup of H. Suppose further that k[H] is a faithfully flat k[H]-comodule.

i) If V€ Mod(H) then V1 is an H-submodule of V and is isomorphic to =W

for some W € Mod(H).
i) k[H)™ = E[H].
iii) I|g, is injective for any injective H-module I.

w) We have a Grothendieck spectral sequence with Ey term H'(H,H’(H,,V))
converging to H*(H,V').

v) If W is an H-module that is trivial as an Hy-module, then for all i > 0 we
have Hi(Hl, VaoW)= Hi(Hl, VoW as H-modules.

Proof: See [20, Propositions 1.5 and 1.6].

Part (iv) of the above is known as the Lyndon—Hochschild-Serre spectral sequence,
and will play a vital role in the following chapter. We conclude by noting that the
factor groups corresponding to the Frobenius kernels of the last section satisfy the

hypotheses of the last theorem (see [5, Theorem 1.3.3]).
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1.5 Weights and root systems

In this section we review the theory of weights and roots, as it applies to this setup.
This will all follow just as in the classical case, and we shall make the usual choices

for root systems etc. (compare with [34, II 1.21]).

First consider k[T]. Clearly the defining relations for k[G] imply that the gener-
ators ¢; of k[T] all commute. Thus T is just the ordinary (classical) n-dimensional
torus. We denote the character group of T by X (T'), which is isomorphic to Z™. To
define a root system in X(7'), we set ¢; = (0,...,0,1,0,...,0) (with the 1 in the ith
position) for 1 < ¢ < n. Then a root is an element of X(7T') of the form ¢; — ¢; with
1 <1 # 5 <n. We denote the set of roots by ®. A root ¢; — ¢; is called positive
(respectively negative) if i < j (respectively ¢ > j). The set of positive roots will be
denoted by ®*, and the negatives by ®~. The elements a; = ¢; —e;41 for 1 <i<n
will be called the simple roots, and the set of them will be denoted by II. We also
define the fundamental dominant weights w; = e1+...+¢;. Sometimes w, will simply
be denoted w. There is a Z-bilinear form (—, —) on X(T') satisfying (e;,¢;) = d;; for
1 <u,5 < n. We will also use the usual dominance (partial) order on X(T'), given by
A<pif p—X e NOT,

For A = (A1, A2,...,Ay) € X(T') the one-dimensional T-module with structure
map taking a basis element a to a @ ¢;} ... ¢)» will be denoted by ky. Given A € X(T)
and V € Mod(T), we set V* to be the sum of all submodules of V' isomorphic to ki,
and call this the A weight space of V. As every T-module is completely reducible,
V= @AeX(T)VA for any V € Mod(T).

Suppose that H is some quantum group containing 7" as a subgroup. Denote by
Z X (T) the ring with Z-basis consisting of the set of formal elements {¢* | A € X (T')}
and multiplication satisfying e*e# = ¢**#. Then we define the (formal) character of
V € Mod(H) by

chV = Z (dim VA> e,
AeX(T)

where for this we regard V as a T-module via restriction.

We next wish to define an analogue of the Weyl group for GG. ldentifying ¥,
with the group of permutations of {1,...,n}, we define an action of ¥, on X(T') by
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wA = (Au@), > Aw@y). In these circumstances we will denote X, by W, and the
element of ¥, corresponding to the transposition (i,7+ 1) by s,,. This natural action

of W on X(T) induces an action on ZX(T') given by

w g are | = g aye™.

AeX(T) \EX(T)

By [20, Lemma 3.1(iv)], the character of any finite dimensional G-module is W-
invariant.

Finally, we conclude this section by recording another action of W on X(T')
that will prove important. This is the ‘dot’ action w.A = w(A + p) — p, where
p=(n—1,n=2,...,0). With this we can define the affine Weyl group, W; associated
to (. This is the transformation group on X (7') generated by W with the dot action,
and the translations A — X 4 la for all @ € ®. Occasionally we will also need the
element p, which will equal half the sum of the positive roots. The main reason for

considering p instead of p is that the latter does not always lie in X (7).

1.6 The simple G-modules

Much as in the classical case, one can classify the simple GG-modules by considering
those modules induced from the one-dimensional B-modules. We give a brief outline
of this, and consider in detail the n = 2 case that will be needed later. The section

concludes with a standard result relating this theory to that of the ¢-Schur algebra.

We begin by considering the modules ky (for A € X(T')) of the last section. These
can be regarded as B-modules by inflation, and one can prove (see [20, Lemma 2.6(i)])
that they form a complete set of inequivalent irreducible B-modules. The modules
H'(ky) with i > 0 play a crucial role in what follows; we will usually denote them just
by H'()), or in the case i = 0 by V()). The V’s have the usual universal property (by
arguments as in [39, (8.3.1) Theorem]). We also set A(X) = V(X*)*, where \* = —wgA

and wy 1s the longest element of W.

Theorem 1.6.1 Let X(T)*" denote the set of N € X(T') such that V(X)) £ 0. Then
X(MT=DeX(T) | Mh=X>...>2 M)
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For each A\ € X(T)*" the induced module V() has simple socle which we denote by
L()). These satisfy dim L(A\) = 1, and p < X\ for all other weights u of L()).
Furthermore, the collection {L(\) | A € X(T)*} is a complete set of inequivalent,

wrreducible G-modules.

Proof: See [20, Theorem 2.10 and Lemma 3.2].

The set X(T')t above will be called the set of dominant weights. It is now clear
that the characters of the L(\)’s are linearly independent, so for any finite dimensional
G-module V we can define the composition multiplicity [V : L()\)] to be the number of
times that L(A) occurs in a composition series for V. On occasion it will be necessary
to consider both classical and quantum modules simultaneously; to avoid confusion
in such cases we will denote the induced and simple modules for the classical group
by V()\) and L()) respectively.

A number of vanishing theorems also hold in this context (see [20, Section 3]).

The most important of these for our purposes is

Theorem 1.6.2 (Kempf’s vanishing theorem) IfA\+p € X(T) then H'(\) =0
for all 1 > 0.
Proof: See [20, Theorem 3.4].

For A € X(T)*, the character of V(A) will be denoted by x(A). Then we have

Theorem 1.6.3 (Weyl’s character formula) For A € X(T)" we have

> wew sgn(w)e )

V=TT ()

Proof: See [20, Theorem 3.6].

In the next chapter, we will consider extensions of Weyl modules. In this context

the following result will prove useful.

Proposition 1.6.4 For all 7,7 € X(T)7F, if ExtG(A(7), A(7") # 0 then we must

have 7 < 7.
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Proof: This follows just as in the classical case (see [4, 3.2 Corollary]).

In the case n = 2 we can give a complete classification of the induced mod-
ules above. Quantum analogues, S7(F), of the symmetric powers of the natural
n-dimensional module are constructed in [5, Theorem 2.1.9]. As remarked in [20,
Remark 3.7], there is for all » > 0 an obvious isomorphism V(r,0) = S7(E). We shall
denote the analogue of the one-dimensional determinant module by g-det; then we

have for A = (A1, A2) € X(T')" that
V(A) & SH2(E) @ g-det™.

Now in general U ® V is not isomorphic to V @ U, but by the generalised tensor
identity (see (1.4.1)) we have that V(r,0) @ ¢-det” = ¢-det® @ V(r,0).

We conclude this section with some remarks on the polynomial representation
theory of GG. Following [29], we say that V € Mod((G) is a polynomial module if it is
an M-module with the same structure map. If further it is an A,(n, d)-comodule we
say that it is a homogeneous polynomial module of degree d. As in the classical case

the arguments in [28, Section 1.6] give

Theorem 1.6.5 Any polynomial G-module s a direct sum of homogeneous polyno-

maial submodules.

Thus any indecomposable polynomial module is homogeneous. Clearly, submod-
ules and quotients of homogeneous modules are homogeneous of the same degree.

Now the category of left S,(n,d) modules is naturally isomorphic to the full sub-
category of Mod((7) consisting of the homogeneous polynomial modules of degree d,
and we will identify these categories. We conclude with a classification of the irredu-
cible S;(n,d) modules. A weight A = (Aq,...,A,) € X(T') will be called polynomial
if A; >0 for all 1 <i <mn. The degree of such a weight is > " A;. We set A(n,d) to
be the set of polynomial weights of degree d. The intersection A(n,d) N X (T)* will
be denoted by A*(n,d). Then we have

Theorem 1.6.6 If X € At (n,d) then the G-modules V(\) and L(\) are homogeneous
polynomial modules of degree d. Thus

{L(N) [ X € AT(n,d)}
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is a complete set of inequivalent, irreducible ¢-S(n,d) modules.

Proof: This follows as in [39, (11.1.2)], replacing reference to [39, (10.4.1)(2)] by [20,
Section 4 (3)(ii)].

1.7 The simple infinitesimal modules

This section will review some of the basic infinitesimal theory developed in [10, Sec-
tions 3.1 and 3.2]. Unfortunately, [10] only considers the case r = 1; however the
arguments given there all still hold, mutatis mutandis, in the general case. Indeed,
when results are cited from [10, Sections 3.1 and 3.2], they will be (tacitly) assumed
to be stated there in the required generality.

We define the set of {p"~!-restricted weights

X,(M={XeX(T)|0< A <lp ' —1forl<i<n},

where we set A,41 = 0. Then by [10, 3.1(1) and (2)], we have {k\|p,7 : A € X(T)}
is a full set of irreducible B,T-modules, and {k\|p, : A € X, (T)} is a full set of
irreducible B,-modules. Setting Z,.()\) = indg:l@ and ZA,,()\) = indg:%l@, we have, by
[10, 3.1(13)(i)], that for each A € X(T') the socles of Z,(\) and 2T(A) are both simple.
These will be denoted by L,(A) and f/r(A) respectively. Then we obtain

Proposition 1.7.1 The set {L.(A) : X € X,.(T)} is a full set of inequivalent, irre-
ducible G,.-modules, and {f/r(A) : A€ X(T)} is a full set of inequivalent, irreducible
G, T-modules.

Proof: See [10, 3.1(13)(iii)].

It is straightforward to check that for all A € X(T'), the module f/r(lpr_lA) is
one-dimensional, and trivial as a (G.-module. Thus we obtain as in [10, 3.1(17)] that
for all A and u € X(T'), we have [A/,,()\ +Ip ) = [A/,,()\) @ kypr—1,,. We shall usually
just write [p" ™'y for the module kj,r-1,. The various simple modules are related by

the following result.

Proposition 1.7.2 For all A € X(T) we have L.())
L(N)|a, 2 L (X).

a = L.(N). If A € X,.(T) then
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Proof: See [10, 3.1(18)(ii) and 3.2(3)].

We conclude this brief review of infinitesimal theory with two ‘global’ results
which are proved by infinitesimal methods. Let St. denote the Steinberg module
L((Ip"~' = 1)p). Then

Proposition 1.7.3 We have St, = V((Ip"™' = 1)p), and St,|c,7 = Z,((lp""' = 1)p).

N

Proof: By [10, 3.2(8)] we have that ZA,,((lp”_1 —1p) = L.((Ip7" = 1)p). (In fact
[10, 3.2(8)] defines p to be our p + w, but this does not matter as both sides of
our isomorphism are obtained from there by tensoring with an appropriate power of
the one-dimensional module ¢-det. Similar remarks hold whenever we refer to [10]
for a result involving p.) By the last proposition this is isomorphic to St,. Now
from [10, 3.1(20)(ii)] we have that cth((lpf“—l —1)p) = x((Ip"~' — 1)p). Hence as
St. < V((Ip'~' = 1)p), and they have the same character, we must have equality as

desired.

Theorem 1.7.4 (Steinberg’s tensor product theorem) For all A € X,.(T) and
p € X(T)" we have

L+ 1" i) = L(A) @ L(p)"

Proof: See [10, 3.2(5)].

1.8 Tilting modules and blocks

In this section we give a brief review of the theory of tilting modules and of blocks.
In particular, we note several equivalent criteria for two modules to lie in the same

block that will be used throughout what follows.

Let V € Mod(G). We say that G has a good filtration if there is a G-module
filtration 0 = Vo < Vi <... with V = U;>¢V; such that each quotient V;/V;_; is either
0 or isomorphic to V(X;) for some \; € X(T)*. The multiplicity of V() in such a
filtration is independent of the choice of filtration, and we denote it by (V : V(A)). If
a module has both a good filtration and a filtration by A(X)’s then we say that it is

a tilting module.
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As noted in [20, Section 4], we have by a result of Ringel (see [40, Section 5
Proposition 2] and remarks in [17, Section 1] for the classical case), that there exists
for each A € X(T')* an indecomposable tilting module T'(\) such that dimT(A\)* = 1
and all other weights p of T'(X) satisfy ¢ < A. Furthermore, these form a complete

set of indecomposable tilting modules.

For a quantum group H, we define a relation ~ on the (set of isomorphism classes
of) irreducible H-modules to be the smallest equivalence relation such that for all
irreducible H-modules L and L', we have L ~ L' whenever Exty (L, L") # 0. The
equivalence classes under this relation are called the blocks of H. We may equivalently
say that two simple modules L(A) and L(g) lie in the same block if there exists a
chain A = gA,...,+A = u such that for all 1 < ¢ < t either [/(;A) : L(;31A)] # 0 or
[ (i41A) : LGA)] # 0.

Throughout this thesis we will tacitly make use of the following results, which give
alternative criteria for block membership. We here denote by I(A) the injective hull
of L(A) as a G-module, and by [s(A) the injective hull of L(A) as an S,(n, d)-module.

The proof of [13, Theorem 2.6] also holds in the quantum case, and so we obtain

Proposition 1.8.1 For A € X(T')*, the module I(\) has a good filtration with mul-
tiplicities given by

(L(A): V() = [V() = L(A)]
Jor p € X(T)*. Thus two elements A, u € X(T)* belong to the same block of G if,
and only if, there exists a chain A = 1\,...,:A = u of elements of X(T)* such that
for each 1 <1 <t we have either [V(;A) : L(; 4.1 A)] #£ 0 or [V(;41A) : L(;A)] # 0.

Then, as noted in [20, Section 4(6)], we obtain

Corollary 1.8.2 For A € AT (n,d), the module Is(X\) has a good filtration with mul-
tiplicities given by

(Ls(A) = V(p) = [V(p) : L(N)]
Jor p € AT(n,d). Thus two elements A\, p € At (n,d) belong to the same block
of Sy(n,d) if, and only if, there exists a chain A = 1A,....+A = u of elements of
At(n,d) such that for each 1 < i < t we have either [V(;\) : L(;:1A\)] # 0 or
[V(i41A) « LA # 0.
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Finally we note that there is an infinitesimal version of this result. Writing Qr()\)

for the injective hull of [A/,,()\) as a G, T-module we have, by [10, 3.2(11)(v)],

Theorem 1.8.3 For A € X(T'), the module Qr()\) has a filtration by Zr(M) s with
multiplicities given by

N N

(Q:(N) : Zo(u)) = [Z:(p) = Lo(V)]

for p € X(T). Thus two elements A, u € X(T') belong to the same block of G,.T if,
and only if, there exists a chain A = (X, ..., A = p of elements of X(T') such that for
each 1 <1 <t we have either [ZT(ZA) : [A/,,(H_l)\)] #0 or [ZA,,(Z'_H)\) : [A/,,(Z)\)] # 0.

1.9 Other quantisations of GL(n, k)

As remarked in Section 1.2, there exist other deformations of the general linear group
that give rise to the ¢-Schur algebra. In particular there is the Manin quantisation
(see [37] and [27]), whose representation theory has been extensively developed in
[39]. In this section we define a two-parameter quantum group, following [44], which
include both the Manin and Dipper—Donkin quantisations as special cases. The main
result of this section describes when two such quantisations have isomorphic module
categories. We then consider the infinitesimal case, and conclude this chapter with
some remarks on the advantages of the respective quantisations. This section is

largely based on [25].

We fix «, 3 € k\{0}, and define A, 5(n) to be the k-algebra generated by the n?

indeterminates X;;, with 1 <i,5 < n, subject to the relations

(¥B]

XZ']‘X” = OzXZ'lXZ']‘ fOI’j > l,
XXy = 08XiuX;; for 7 >,
XiiXes =a'8X,,X;; fore > rand j < s,

X Xos = (0™ =) XX, + X, X, fori<randj<s.

Now consider the algebra maps ¢ and ¢ given on generators by

o Xij — ZX“L ®Xt]‘,

t=1

€. Xij — 52’]’7

where §;; is the Kronecker delta. Then it is routine to check that
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Proposition 1.9.1 A, s(n) is a bialgebra with comultiplication 6 and counit €.

We will denote by M, s(n, k), or just M**  the quantum monoid associated to
this bialgebra. Setting the degree of each X;; equal to one, it is clear that the relations
above are homogeneous. Hence we can define A, 3(n, d) to be the subspace of A, s(n)
consisting of those elements of degree d. This is a subcoalgebra of A, g(n).

Next we define a quantum determinant in A, g(n). This is the element

Do =Y (=) "X - Xo e o X

TEXR

where Y, denotes the symmetric group on n symbols, and [ is the standard length
function. Just as in the first section we can then localise and consider Aaﬁ(n)(D;lﬁ).

Once again we have

Theorem 1.9.2 There exists a k-algebra anti-endomorphism o which, along with &
and €, endows Aaﬁ(n)(D;lﬁ) with a Hopf algebra structure.
Proof: See [25, Section 1] for further details.

We will denote by GL, 5(n,k) (or just G*?) the quantum group associated to
this Hopf algebra. As remarked in [44], we recover our original quantum group G by
taking @« = 1 and § = ¢. The other special case we shall wish to consider is when

a = 3 = q; we call this the Manin quantisation, and will sometimes denote G%? by

GL,(n, k).

Our next result verifies the claim in Section 1.2. Setting o = ¢ we have

Theorem 1.9.3 There is a k-algebra isomorphism
Aupln,dy” = 8,(n,d).

Proof: See [25, Theorem 5.5]

We are now in a position to state the main result of this section. For o, 3,0, 5" €

E\{0} with a8 = o'#" we define
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The generators of k[M*#] and k[M*"¥'] will be denoted by X;; and X|; respectively.
For sequences i = (i1,...,1,) and j = (j1,...,J,) we write Xj; for X, ;, ... X, . For

such an i1 we denote the number of inversions in i by 7(i). Then we have

Theorem 1.9.4 With the assumptions above there is a homogeneous coalgebra iso-

morphism ¢g : k[M*P] — k[M*"%"] given by
Xij — fT(i)_T(j)Xi’j
which determines a coalgebra isomorphism ¢ : k[G*P) — k[Go"7].

Proof: See [25, Proposition 2.1 and Theorem 2.4].

Corollary 1.9.5 Under the above assumptions, the module categories Mod(G**) and
Mod(G*"?") are isomorphic.

As observed in [25, Remark 2.7], we should note that this is not necessarily an

isomorphism of tensor categories.

Remark 1.9.6 We will often wish to use the last result to translate between the

Dipper-Donkin and Manin quantisations. By the above we have
Mod(¢*-GL(n, k)) & Mod GL,(n, k).

When translating results across that depend on the value of [, it should be noted
that these results may change. In particular, if ¢ is a primitive [th root of unity with
[ even, then ¢* is a primitive {/2th root of unity. Thus results that for ¢-GL(n,k)
depend on [ will translate across to GL,(n, k) as results that depend either on [, if [
odd, or [/2 if [ even.

Next we show that a Frobenius morphism can be defined in this setting. However,
in general it is no longer a morphism from G to GL(n, k). For the rest of this section
we assume that ¢ = o3 is a primitive [th root of unity. Let & and 3 denote a!* and 3"
respectively (and note that a3 = 1). As usual, we denote the generators of k[M*¥]
by X;;; the generators of k[M?P] will be denoted by x;;. Then
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Theorem 1.9.7 With the assumptions above, there exists a bialgebra monomorphism
F 2 E[M®F] — E[M*F] sending x;; to X/, Also, F(D&ﬁ) = D! 4. This extends to
a Hopf algebra homomorphism k[G*F] —s E[G*F].

Proof: See [25, Theorem 3.1].

This Frobenius map commutes with the earlier coalgebra isomorphisms. That is

Proposition 1.9.8 With the assumptions above, let o', 3" € k satisfy o' 3' = af3. Let
a = (o/)l2, p = ([3’)12 and € = €. Then the following diagram commutes:

kG*P] s  Ek[G™F]

Qbél lﬁbé
k(G0
Proof: See [25, Proposition 3.6].

If further we assume that o = 8! = 1 then we have

Theorem 1.9.9 With the assumptions above, the image F(k[GL(n,k)]) in k[G*7] is
a factor group satisfying the assumptions of (1.4.2). In this case we can define the
first (and higher) Frobenius kernels, and the corresponding Jantzen subgroups, just as

in Section 1.5.

Proof: See [25, Proposition 3.8].

When the hypotheses of the last theorem hold, we will denote by G2 (respect-
ively G>T) the rth Frobenius kernel (respectively Jantzen subgroup).

Remark 1.9.10 Clearly the quantisation of Dipper and Donkin satisfies the last
proposition whenever a Frobenius morphism can be defined. However, in the case of
the Manin quantisation, this is not always so. In this case we require a (and hence
also ¢) to be a primitive [th root of unity with [ odd in order for the last result to
hold. A discussion of the other possible cases can be found in [25, Examples 3.7].

Suppose now that ¢ is an odd root of unity, and that & contains a square root «
of q. Then by the last theorem and the remarks above, we can define infinitesimal
and Jantzen subgroups of both GG and G*®. From the explicit description of the

isomorphism in (1.9.4) we obtain immediately
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Theorem 1.9.11 There is a coalgebra isomorphism ¢¢ : k[G,] — k[G>?] determ-

ined by
Xij — fT(i)_T(j)Xi’j

and similarly a coalgebra isomorphism ¢¢ : k|G, T] — k[GS°T).

Corollary 1.9.12 [n this case the module categories Mod(G,) and Mod(G2®) are

isomorphic. A similar result holds for the corresponding Jantzen subgroups.

There are a number of advantages to the Manin quantisation. Most notably
for our purposes, these are precisely the two-parameter groups in which a quantum
SL(n,k) can be constructed (see [25, Remark 1.10]). There are also certain tech-
nical simplifications in the theory as compared to the Dipper-Donkin quantisation,
for example when discussing contravariant duality or the symmetric powers of the
natural module. The representation theory of this quantisation has been extensively
developed in [39].

In certain respects however, the Dipper—Donkin quantisation is preferable. First,
the statement of many results for the Manin quantisation can be more complicated
than for the Dipper—Donkin case, for the reason outlined in (1.9.10). However, the
main disadvantage of the Manin quantisation is the necessity to restrict to the case
of an odd root of unity in order to develop an infinitesimal theory. Although one can
work round this problem, this tends to introduce new complications (see [3] for an
example of this). For this reason we will work with the Dipper—Donkin quantisation,

occasionally translating results between quantisations using (1.9.5).
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Chapter 2

Existence of extensions

In [26], Erdmann has calculated Exty between Weyl modules for SL(2, k). In this
chapter we generalise this result to solve the corresponding problem for ¢-GL(2, k).
We also show that our result also holds for the Manin quantisation. To apply the
methods of [26], it is necessary to first determine the block structure of ¢-GL(2, k). In
Chapter 4 we will determine these blocks for general n; however in the case n = 2 it
is easy to derive the result directly, and as this will be needed for the general case we
include it here. The result is derived from the analysis of the subcomodule structure
of the symmetric powers in [46].

We also need a quantum analogue of two short exact sequences from [47], which
we give in the second section. With these results, the argument now follows much as
in [26]; we consider the infinitesimal case, and then use the Lyndon-Hochschild-Serre
spectral sequence to obtain the desired result. Finally we show how the result also
holds for the Manin quantisation.

It should be noted that the result here uses the classical case, so is not independent
of that in [26]. In particular we shall assume that [ > 1. Our standing assumption
that ¢ is a root of unity is no great restriction here, as we already know from [20, 4(8)]
that non-trivial extensions do not exist in the non-root of unity case. The only real
difference in the arguments used here as compared with those in [26] occurs in (2.3.8)
where the original methods do not generalise, so we use a more direct argument.

There is also an unfortunate typographical error in the statement of the main result

in [26].
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2.1 The blocks of ¢-GL(2, k)

The first part of this section depends on the submodule structure of the symmetric
powers as described in [46]. We begin by recalling some notation from that paper. Let
E be the quantum analogue of the natural module for GL(2, k), with basis {eq, e2}.

Given a basis element e® = e%'e2? € S7(L) we write
1 -2 q

a; = afl +af with 0 <af <[ and a}zzjai’jpj With0§a3’j<p Vi, 7,
r=rl+rg with0<ry<! andrlzzjr{pj with 0 <r{ <p Vj.

Set m = max{0, j | r{ > 0}. We define the carry pattern c(e®) = (co(€®), ..., cn(e”))

recursively using

Cl(lJ + Clg = Co(ea)l +ro } (2 1)

1,t—-1 1,t—-1 —
’ ’ — ct(ea)p_l_ri 1

ci1(e”) + a3 + a;

Let C(r) = {c(e?) | e* € S;(E)}. The submodules of 5(E) correspond to order
closed subsets of C(r), where ¢ < ¢ if ¢; < ¢ for all «. The results of [46], along with
[21, Lemma 3], give (co,...,¢n) € C(r) if, and only if,

Co € {07"'7M}7

0<er <Y spmp ™ for 1 <k <m, (2.2)
0§T!f+pck+1 —cp <2p—2 for0<k<m,

0 ifr<i—1,
where we set ¢,,41 =0 and M = 1 ifr>0{—1 androg#1—-1,
0 otherwise.
From (2.1) it is easy to determine the highest weight « = (a1,az) such that

c(e*) = ¢; call this the highest weight in ¢. We obtain

al = min{l —1,rg +lco},
a}’t_l = min{p— 1, ri_l — ¢i—1 + pet

(2.3)

Theorem 2.1.1 A weight a = (a1, az2) is linked to (r + d,d) if, and only if, the
following conditions hold.

i) a1+ ay =1+ 2d.

ii) a =+ (mod 21).

ii) If @a=0 (mod l) then a = £lp'(rl +1) (mod ptt),

where a :==ay —as+ 1, r:=r+ 1 and t := max{0,s | ¥ =0 (mod p*)}.
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Proof: The statement of the linkage condition in terms of equivalence classes under

the relation generated by

A~ it [V(N) £ L{w)] £ 0,

implies that i) must hold. Note that i) impliesi’) @ =7 (mod 2). For the necessity of
ii) and iii), we show that [V(r +d,d) : L(a)] # 0 implies both ii) and iii), as then this
must clearly be true for every element of the equivalence class generated by (r + d, d)
under ~. Further we may assume that d = 0 as we can tensor with an appropriate
power of the g-determinant to get the general result.

Necessity of ii): Let ¢ € C(r), and a be the highest weight in ¢. We have

0 __ To ifCOZO,
W=V 11 ife=1.

. . 0 lf Cog = 0
_ 0 _ ”
But ay + a3 = r implies a5 = { ro b1 ifeg =1 Hence we have
0 0 _ o if Co = 0,
“ @2 = { [ — o — 2 if Cog = 1. (24)

If [ is odd then (2.4) implies that @ = +7 (mod ) , and this together with i’) gives
the necessity of ii). If [ is even then p is odd (as ({,p) = 1). Now by (2.1) we have

aj—as+1 =af —ad+1 <E;n:0pj(a}’j — a%’j)> +1
=aj —ay+1+1 <Z}n=o Pleip+ri—¢— 2a§’j)>
:Cl(l)—ag+1—|-l¢,
where ¢ = 3" p/(¢jap + rl — ¢; —2ay’). So using (2.4) we obtain

aQ = T0—|—1—|—l¢ ifCOZO,
|l —(ro+ D)4+ lo+1) ifeo=1.

Also we have that

_{ ro+ 141 (mod 2l) ifr; odd,

"= ro+1 (mod 2[) if ry even.
So it is enough to show that ¢ satisfies

= { 1 (mod 2) if ¢o + 71 odd,

0 (mod 2) if ¢g + ry even. (2.5)
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As we are only interested in ¢ mod 2, and p is odd, we can replace ¢ by qAb where

m

m
_ J —
= ZCJ-H—I_TI j)—zr1‘|‘cm+1—co—r1—coa
=0

7=0
which satisfies (2.5). So ii) is necessary.

Necessity of iii): If 1 = [ — 1 then we have ¢g = 0. From (2.2) we have 0 <
p—14pcsiy —es <2p—2forall s <t—1. So by induction we have ¢; = 0 for all
s <t. Hence for a the highest weight in ¢ we have

a;® =p—1 Vs <t—1,

; .
1t . ot _Jn if ¢1 =0, (2.6)
ay” =min{p —1,r{ + peip1} = { p—1 otherwise.

Note that this implies that a%’s =0 for all s <t —1. Now a; + ay = r implies that

ay + as Ero—l-l(r?+pr%—|----_|_ptr7i) (mod pt-l—l)
=l(l+p—14p*— - +p —p +pr]) =1 (mod p*!)
=lp'(ri+1)—1 (mod p'*tt).
Similarly we have
a+ay =a) +ay+lay” + a4 4 play + pta% ) (mod p't1h)
E“1+p—1+P =P () ay)) =1 (mod ptY)
= Ip'(ay" + ay" + 1) —1 (mod ptt).
These give
Iptrt 4+ 1) =1 =lp(a;" +as" +1) —1 (mod ptth)
Ip'rf = Ip'(ay" + ay) (mod p'*1)
ry = G} "+ a%’t (mod p).

and hence we get

. i |0 (mod p) if ;41 =0,
Then (2.6) implies that ay" = { 41 (mod p) if cor # 0,

o — ay Ea(l)_ag_l_l(a} _a%0_|_..._|_p(a} a%t)) (mOde—l)
=l 4p—14p =4y =y (@ — @) — 1 (mod p)
= lp'lay’ —ay'+1) =1 (mod %)
_ +Ip' (rl + 1) —1 if 41 =0, (mod pH—l)

—lp'(ri+1)—1 ifeyr #0
as required. So i)-iii) are necessary.

For sufficiency: Consider V(a,b) = V(a—b,0)® (g-det)’. If this is not irreducible
then its submodule structure is determined by that of V(a — b,0). This must have
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a composition factor with highest weight (¢, d) such that 0 < ¢—d < a —b. Thus
(a,b) is linked to whatever (¢ + b,d + b) is; so it is enough to consider (¢,d) and
tensor up with an appropriate power of the g-determinant. Continuing this descent,
the sequence must terminate in an irreducible module. Hence it is sufficient to show
that there is a unique irreducible V(ay, ay) satisfying the conditions. In fact, we need
only consider V(a; — az,0) with i) replaced by i’), as if this is unique then tensoring
up will give the result.

Let r = a; —ay = rg + l(r? + - 4 pTr"). It is necessary to determine which
S;(E) are irreducible. By Steinberg’s Tensor Product Theorem, we have

dimL(r,0) =(ro+ 1) +1)---(r +1)

=1+ ro+(ro+ DI+ (F + D + -+ (T (5 + 1) o7,

As socV(A) = L(A) we require that dim S (E) = dim L(r, 0) = r+1. Hence we require
that

m—1
r+l=147r0+ (ro+ D[+ Y+ 1) (H r1—|—1>r1
That is
m—1
ro+ 1)+ 4 p"rP] = 14710+ (ro + [ + (H r1—|—1>r1
=0

This holds if, and only if, either r{ = 0 for all i, or 7o + 1 =l and r{ + 1 = p for 0 <
i <m—1. Hence S/(E) is irreducible precisely when r <[/ —1or r = [p™(r* +1) — 1.
Amongst these r there is a unique one satisfying the required conditions, and so we

are done.

We record from the above proof the following fact:

Corollary 2.1.2 For all ¥ > 0, we have S} (E) is irreducible if, and only if, r <1 —1
orr=Ip™(ry+1)—1.

We also use the results of [46] to prove the following lemma, which will be needed

later.

Lemma 2.1.3 [f A\ + Ay = 2s then we have
{ Eif My — X =2(lp" —1) or 0,

0 otherwise.

12

Homeg(A(s, s), A(XN))
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Proof: Since A(Aq, Ay) = V*(—Xg, — A1), this will follow from
V(s,s) occurs in hdV () if, and only if, Ay — Ay = 2(Ip™ — 1) or 0,

once we have shown that V(A) has a simple head. Clearly, it is enough to show this
when Ay = 0, as then the result follows by tensoring up with an appropriate power
of the g-determinant. Hence we will work with V(r,0). By the last proposition we
have 1 = £(r 4+ 1) (mod 2[); that is r = 2lm or 2lm — 2 for some m. We first find
a ¢ maximal in C, say ¢max = (Coy...,¢n). From (2.2) we have ¢y € {0,1} unless
r <[ —1, in which case we must have r = 0.

By induction on ¢ we have that if » # 0 then ¢; € {0,1} for all ¢ < m. This
follows as for 1 < ¢t < m the first condition of (2.2) is clearly satisfied by 0 and 1,
while the second gives 0 < peryy < 2p — 2+ ¢ —rl < 2p — 1, by induction. Hence
0 < ¢ < 2, as claimed. Suppose ¢; = 1; then 0 < pciy1 < p+(p—1)—r! = p+¢ with
€ > 0. So ¢; = 1 implies that ¢;41 can equal 1 (for t < m). Hence ¢pay is unique, and
is either 0 or 1= (1,...,1), which implies that V(r,0) has a simple head. The zero
case corresponds to r = 0.

Suppose that ¢pmax = 1, and let a be the highest weight in ¢pax. Then (2.3) implies

o_ 1 _ 1t ) p—1 ift <m—1
that ) =1 —1, and a, —{r;ﬂ_1 if t = m.

Y

We require that

ro=2a; =24} 43", QG}’tptl
=20 — 2420 (7 (pH = pt) + (e = 1))
=2(lrPp™ —1).
Thus ro = [—2, and Y /L, rip’ = 2r7'p™ —1, which implies that Y ;25" rip! = rf'p™ —1.

t=0 r
This forces
‘ p—1 if0<t<m-—1,
T prnd
! 1 if t =m,

which gives r = 2[p™ — 2 as required.
2.2 Two short exact sequences

This section, largely based on results in [47], will produce two short exact sequences
of G-modules which are essential to our later results. We first fix some notation that

shall be used henceforth in this chapter.
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We set A = (A1, A2) = (4 6,0), where 0 < p < [ —2, and put |A| = Ay + As.
Then g is defined to be the unique integer such that g + i = [ — 2. Recall that in
this case p = (1,0) and w = (1,1). Finally, we define A= (i+6,0)+(p—1l+1)w =
(s — 1, A + 1 —I). Note that A = A — [

Proposition 2.2.1 i) For n > 0 there exists a (non-split) short exact sequence of
G-modules:

0=V @V(np) = VA +Inp) = VA +1w) @ V((n—1)p)* = 0.
i) There is an isomorphism of G-modules:
V(iln—=1406,6)=V(I—-1+636)@V((n—1)p)".
Proof: Part i): It is enough to show that we have the short exact sequence:
0— V(p,0)@V(npg)" = V(g+n0)=>V({I—1p+1)@V((n—1)p)" =0,

as the result follows on tensoring up with an appropriate power of the g-determinant.
Now we use the isomorphism noted in [20, 3.7] of V (1, 0) with k-span{cjjci} | ri+r2 =
p}. This gives the first injection via the multiplication map.

Now consider

V(g +nl,0)
V(p,0) @ V(n, 0)"’

b1 V(41,000 V(n—1,07 2 V(u+nl,0) 2

where m is multiplication of polynomials and p is the natural projection. We first
show that ¢ is surjective. Let c%,cb, + V(i,0) @ V(n,0)" be a non-zero element
of V(i +nl,0)/(V(r,0) @ V(n,0)F). Suppose a = ay + lag, b = by + lby, where
0 < ay,by <1 —1. Then In + pu = a+ b implies that a; + by = p or [ + u. The
former is impossible as then c‘flcgz + V(1,0) @ V(n,0)" = 0. Hence ay + by =1+ p.
Then, under ¢, the element ¢{1cly @ %22 € V(u +1,0) @ V((n — 1)p)" has image
cdh, 4+ V(p, 0) @ V(n,0)". Hence ¢ is surjective as claimed.
Clearly V(i,0) @ V(1,0)" @ V(n —1,0)" C ker ¢. But then

Vig+1,0)@ V(n—1,0)" N ( V(g +1,0)

V(,0) @ V(LOF @ V(n— 1,008~ \V(1,0) V(LO)F> @ V(n—1,0)
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has dimension n(g + 1). Also

V(g +nl,0)

y
N (1, 0) @ V(n, 0)F

=n(g+1).

Hence ker¢p = V(1,0) @ V(1,0)" @ V(n — 1,0)". So

V(g +nl,0)
I o~
Mo = G070 V(n,0F
L V(u41,0)© V(n—1,0)

112

( Vip+1,0)
V(

0) @ V(l,O)F> @ V(n —1,0)".

V(p,0) @ V(1,0)F @ V(n—1,0)F
So it remains to show that

V(u+1,0)
V(p,0) @ V(1,0)*

112

V(Ii—1,p+1) [=V(g0)©gdet't .

As the right-hand side is simple, it is enough to show that these have the same
character, which is a straightforward calculation.

Part ii): The map is injective as in i), and the result then follows by dimension.

We will need the following properties, shown in [10, 3.3-3.4], of the modules
there denoted (). These are certain tilting modules whose restrictions to (¢ are the
injective envelopes of the corresponding simples. There Q(A) is defined to be T(S\—I—l,o),
which is the indecomposable tilting module of highest weight A + {p. Further, from
the character formula for the Q(A)’s we obtain that chQ(X) = y(}) —I—X(S\—I— lp). From
[46] we see that th(S\ +1p) = L(X) and SOCV(S\ +1lp) = radV(S\ +1p) = L(S\ + lp).
We also have that socQ(A) = L(A) and Q(A)* =2 Q(N) @ g-det™ . We first prove

Lemma 2.2.2 For all n > 0, the module Q(X) @ V(n,0)" has a good filtration.

Proof: By the above remarks, Q(A) = T (g + 1)p + d'w) for some ¢’ € Z. We may
assume that 6’ = 0, as the general case will follow by tensoring up with an appropriate

power of g-det. Now St; @ V(i + 1,0) is a tilting module by [20, 4(3)(i)], and hence
St @V(p+1,0) =2 T+ p,0) @ other terms. (2.7)

For n > 0 consider V(n,0)"®St, @V (ji+1,0). This is isomorphic to V(p—1+4pn, 0)@
V(ii41,0), and hence has a good filtration. As any direct summand of a module with
a good filtration has a good filtration [20, Appendix A2 Proposition 1(vi)], we see from
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(2.7) that V(n,0)"" @ T(I+ [,0) has a good filtration. Now by (1.9.9) along with [39,
Remarks before (2.4.1)], we have that V(n,0)" @ T(I +p,0) = T(l+,0) @ V(n,0)F

which gives the result.

With this we can now show

Proposition 2.2.3 For n > 0 there exists a non-split short exact sequence of G-

modules:
0= VA4 lnp) = QN @ V(np)" = V(A +1(n+1)p) — 0.

Proof: Using [10, 3.3(5)] we have that Q(A) @ V(np)" is indecomposable. So, as
we have from (1.6.4) that Exti(V(a), V(3)) # 0 implies that a > 3, it is enough to
prove the above at the level of characters. We use induction on n. The case n = 0 is
clear from the remarks above, while n = 1 follows by direct calculation.

For n > 1 recall that

chV(n,0) =-e(n,0)+---+¢€(0,n)
=e(n,0) +e(0,n) + chV(n —2,0)x(1,1).

Hence we have
ch (Q(A\) @ V(n,0)") = ch (Q(N) @ V(n —2,0)7) x(I,1) + chQ(N)(e(In,0) + ¢(0,In))

= chV(A+ (n = 2)lp)x(1,]) + ChV(S\ + (n — D)lp)x(L,1) + chQ(M)(e(ln,0) + €(0,In))

pt(n—2)1 20—2—p+(n—-2)!
= Y elp+d+n—Dl—id+l+D)+ D> elln—1—i+dput+l+i+d)
=0 =0

H
+> (elp+8—it+nl,d+i)+e(u+8—i,0+i+nl))
1=0
20—-2—p

+ > (eld+(n+ 1) —1—i p+d+1+i—l)+e(d+1—1—i p+5+1+i+(n—1))).
=0

Taking the second and third terms we get ¢chV (A 4 Inp), and the rest give chV (X +
[(n 4 1)p), so the result follows by induction.

After dualising, and tensoring with appropriate powers of the ¢g-determinant, we

may rewrite the last two propositions in terms of A’s as
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Proposition 2.2.4 i) For n > 0 there exists a (non-split) short exact sequence of
G-modules:

0—=A(n—1)p) @ A(S\ +lw) = A(A + Inp) = A(np)" @ A(X) — 0.
ii) There is an isomorphism of G'-modules:

Alln—146,0)Z A((n—1)p)" @ A(l —1+4,6).

Proposition 2.2.5 For n > 0 there exists a non-split short exact sequence of G-

modules:

0= AMN+In+1)p) = Anp)" @ Q) — A\ + Inp) — 0.

Corollary 2.2.6 Considered as Gy-modules, the central term of the above sequence
is the projective cover (respectively injective envelope) of the right (respectively left)

term.

Proof: As G-modules, the Q(A)’s are projective by [10, 3.3(2)], and hence also
injective (as Q@A) Z QM) @ q—det_m). Thus Q(N) @ A(np)F is also both projective
and injective. To show that Q(A) @ A(np)" is the projective cover (respectively
injective envelope) of the appropriate module in the last proposition, it thus suffices

to prove:
) hde, (Q() @ A(mp)) 2 hd, A\ + ),
i) socq, (QA) @ A(np)") = soce, A(A+1(n+1)p).

In both cases the previous proposition gives one inclusion.

Consider i): As A(np)" has trivial (G; action we have

hdg, (Q(X) @ A(np))

R IR
=
jom
8
S
R
®
k.
=S
b
=

B~ D~

[
N TN
S >

and

hdg, A(A + Inp) > hdg, (A(N)
= hdg, (A(N)) @ A(np)F
= L1(A) @ A(
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Consider ii). By a similar argument we have

soca, (Q(A) @ A(np)")

and
socGlA(S\ +Iln+1)p) Zsoce, A((Aa— 1, A —1+1)+1(n+1)p)
> socg, (AN @ A(np)*)  (by (1.1)(i))
= socc, (A(N)) © Alnp)”

These give the reverse inclusions.

2.3 Calculations for G,

If M is an indecomposable, non-projective (Gi-module, we denote the kernel of the
projective cover by Q(M), and the cokernel of the injective hull by Q' (M). We have
QO Y M) = M = Q'Q(M), and Extgl(A, B) = Extél(ﬂ_lA,Q_lB) for arbitrary
Gi-modules A,B. From (2.2.5), along with the remark that N= - lw, we can
determine Q"(A())). We obtain

AN — UL nlp) if n even
Q" (A(N)) = ~ 2 ’
(AR) { A= 4 nlp)  if noodd.

2

(2.8)

Lemma 2.3.1 for m > n > 0 we have

A(S\ + %lw +(m+1—=n)lp) if n even,

O "AN+1 1)p) =

Proof: We have

) N Qm-l-lA()\ 4 m_lw) if m even,
A()\ + l(m + 1),0) = { Qm+1A(5\ + @w) if m odd.

QmH=RA (N + m?lw) if m even,
QrH-n A+ EE )i odd.

2

QAN+ I(m+1)p) = {
The result now follows from (2.8), replacing A by A for the case m odd.

The rest of this section is devoted to calculating Homg, and Extg1 between various

Weyl modules, for use in the next section. We write =

. for an isomorphism of G-
1

modules, and use ¢t to denote an integer.
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Lemma 2.3.2 forn > 0 we have

A(np) @ q—det_“>F if t =0 (mod 1),

0 otherwise,

Home, (A(X + tw), A\ + I(n + 1)p)) = { (

where lu = 1.

Proof: As A(X + tw) is simple, and (2.2.5) gives the injective envelopes, we have

Homg, (A(X + tw), A(S\ +1I(n+1)p))
= Homg, (A(A 4 tw), A(np)" @ Q(N))
=~ A(np)" @ Homeg, (A(XA + tw), Q(XN)).

Ly(A + tw), and soce, Q(N) =, Ly(A). Writing ¢ = s + lu with

G1

Now A(A + tw) =
0 <s <, we have

G1

Li(A+tw) =, Li(N) @ g-det’ %GlLl()\) ® g-det® %’GlLl()\ + sw).

G1

Hence Li(A) =2, Li(A 4 sw) if, and only if, s = 0. If s =0 then

" @ Homg, (A(X + tw), Q()\))

np)" @ Homg, (g-det’ @ L(A), Q(N))
p)" @ Home, (L(X), Q(})) @ (g-det™)"
np) @ q-det”™ )

P e

~~
DA/—\
AS

R IR R

as required.

Lemma 2.3.3 Forn > 0 we have

Home, (A(A + tw), A(A + Inp))

(g-det™™)" ifn=0 andt=0 (mod ),
=~ (gdet™ @ A((n—=1)p))F ifn>1, 2u=1-2 andt= % (mod 1),
0 otherwise,

where lu =1 andlv:t—%.

Proof: Suppose n = 0, and consider Homg, (A(X 4 tw), A(A)). Then for this to be
non-zero we require A(A + tw) %GlsOCGlA(A). That is Li1(A + tw) %GlLl()\). As in

the previous lemma, this requires t =0 (mod (), say ¢t = lu. The rest follows as in

the previous lemma.
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Suppose n > 1. The injective envelope of A(X 4+ nlp) is A((n — 1)p)" @ Q(7),
where A = 7 by (2.2.5). This implies that 7 = A+ lw. Then as in the previous lemma

we have

Home, (A(A + tw), A(A + Inp)) i
= Homg, (A(A+tw), A((n — 1)p)F @ Q(%\ + lw))
= A((n —1)p)" @ Homg, (A + tw), QA + [w)).
As before we require Ly (A+tw) %GlLl(S\—I—lw). That is L1 (s, O)@q—det&‘” ’EGlLl(l—
2—u,0)@q-det . This holds if, and only if, [ =2 = 2y and Ay 4+t = Ay +1  (mod [).
When these conditions hold, set [v = Ay +¢t — XA —1 =t — p— 1, and then as before

we obtain the required result.

Lemma 2.3.4 We have
Extg, (AN + tw), A(N)) = Home, (AN + tww + 1p), A(N))

g{ (¢-det™ @ A*(p))" ift=0 (mod 1),

0 otherwise,
and
Extg, (AA + tw), A(N)) 2 Homg, (A(X + tw + Ip), A(N))
~ { (q—det_v ® A*(,o))F if2u=1-2 andt= % (mod 1),

0 otherwise,

where lu =1 andlv:t—%.

Proof: Applying Homg, (—, A(7)) to the sequence in (2.2.5) gives:
0 — Homg, (A(A + tw), A(7)) = Homg, (Q(A + tw), A(T))

— Homyg;, (A(S\ +lp+tw),A(T)) — Extg1 (A(A+tw), A1) — 0.

Taking 7 = X or 7 = A we have that the first two terms are isomorphic, and hence

the last two are. We have
0= AN+ (t+Dw) = AN+ lp+tw) = A(p)" @ AN +tw) — 0,

and this restricts to a Loewy series, as (Gy-modules, for A(S\ +lp + tw). Hence

Homg, (A(S\ +lp+tw),A(r)) = Homg, (A(,?)F ® A(S\ +tw), A(T))
=~ Homg, (A(A +tw), A(7)) @ A*(p)F.
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Applying (2.3.3) with 7 = A gives the first result. For the second, take 7 = A and
then the right-hand side above becomes

Homg, (A(S\ +tw), A(N)) @ A*(p)" = Homg, (Ll(S\) @ g-det’, L1 (\)) @ A*(p)*.

For this to be non-zero we must have u = pu, that is 2u = [ — 2, which implies that
Ll(S\) @ g-det’ 2Li(\) @ g-det™'"* which gives the rest of the condition, and the

result.

Lemma 2.3.5 for m > n > 0 we have

Extg1 (AA+Inp +tw), A(X+ Imp))

EXtél(A()‘ + (t + %l> @), A(A + %lw + (m —n)lp)) if n even,
EXtél(A(S‘ + <t + w> @), A(X + WW + (m —n)lp)) if n odd.

112

Extg1 (A + Inp + tw), A(S\ + Imp))

Ethl(A()‘ + (t + %) @), A(S\ + %lw + (m —n)lp)) if n even,
EXtél(A(S‘ + <t + w> @), A(X + @w + (m —n)lp)) if n odd.

112

Proof: Writing 7 for A or A, we have

Extg, (A + Inp + t@), A(T + Imp))
o Extg1 (Q"AN+ Inp + tw), Q_”A(T + Imp))
EXtél(A()‘ + (t + nl) @), V" A(T -I- w@)) if m,n even,
EXtél(A()‘ + t‘|‘ nl @), Q" TPA(T m+1) ?D)) if m odd, n even,
EXtél(A()‘ + T+ nH ; ), nA (1 -I- w@)) if m even, n odd,
(A(

112

Extl (A4 (¢ + ) o) QA7 + @w)) if m,n odd,
using the results of Lemma (2.3.1). The result now follows using (2.8).

Lemma 2.3.6 forn > 0 we have

Extg1 (A(X + tw), A(S\ + Inp))

(q—dlet_CY ® A*(p))F ifn=0 andt=0 (mod]/),

~ (q—det_a>F ifn=1 andt=0 (mod/),
B (q—det_ﬁ @ A((n — 2),0)>F ifn>2, 2u=101-2 andt= % (mod 1),
0 otherwise,

where la =1, lﬁ:t—%.
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Proof: The case n =0 is done in (2.3.4). For n > 1 apply Homg, (A(A + tw), —) to
0= AN +1Inp) = A((n—1)p)F @QN) = AN +1(n—1)p) =0
to obtain
0 — Homg, (A(A + tw@), A(A + Inp)) — Home, (A(X + tw), A((n—1)p)" @ Q(N))

— Homeg, (A(X + tw), AN+ 1(n—1)p)) — Extél(A()\ + tw), A(S\ + Inp)) — 0.

As in earlier lemmas, the first two terms are isomorphic. Hence the next two are, and

the result follows from (2.3.3).

Lemma 2.3.7 Forn > 0 we have

Extg1 (AX+tw), A(X + Inp))

(q—det_a ® A*(p))F ifn=0, 2u=0—2 andt= % (mod 1),
~ (q—det_a>F ifn=1, 2u=[01-2 andt= % (mod 1),
B (q—det_w @ A((n — 2),0)>F ifn>2 andt=0 (mod/),
0 otherwise,

wherela:t—%, ly=t-1.

Proof: The case n =0 is done in (2.3.4). For n > 1 apply Homg, (A(A + tw), —) to
0= AN+Inp) = A((n —1)p)F @ QN +1w) = AN+ 1w +1(n—1)p) — 0.

As in the previous lemma, the first two terms are isomorphic, and hence the next two

are also; that is
Homg, (A(A + tw), A(S\ +lw+1ln—1)p)) = Extg1 (A(A+tw), A(X + Inp)).

For the case n > 2 write N = A+ [ew and ¢/ = { —[. Then the left-hand side
equals Homg, (AN +t'w), A():’ +1(n—1)p)), and the result follows from (2.3.2). For
the case n = 1 consider Homg, (A(X + tw),A(S\ + [w)). This is clearly zero unless
(= fi, in which case it is isomorphic to Homeg, (A(A + tw), A(A + %w)), when the
result follows from (2.3.3).

For the next two lemmas, it is necessary to restrict to a specific value of .
However, as this condition will always hold in the cases of interest, this is of no

great consequence.
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Lemma 2.3.8 Form >n >0 and t = z(m — n) we have

Home, (A(X + Inp + tw), A(S\ +1I(m+1)p))
~ { (q—det_“ @ A(mp) @ A*(n,o))F ift=0 (mod ),

0 otherwise,

where lu = 1.

Proof: Applying Homg, (—, A(S\ +1I(m+1)p)) to (2.2.4(i)) we obtain

0 — Homg, (A(np)" @ A(X+ tw)lA(S\ +1I(m+1)p))

—  Homg, (A(A+ Inp + tw), A(A + {(m + 1)p)).

— Homg, (A((n = 1)p)" @ A+ (L + )=), A(A + I(m + 1)p))

— Extg, (A(np)" @ AN+ tw), AN+ 1(m +1)p))

— Extgl(A()\ +Inp+tw), A(A+1(m+ 1)p)).
We claim that the first two terms are isomorphic. With this we are done, as the first
term is isomorphic to Home, (A(X + tw), A(S\ +I(m+1)p)) @ A*(np)" and hence the
result follows from (2.3.2).

Proof of the claim: Consider the third term. Setting A" = Nand ¢/ =t + [, this is

isomorphic to Homg, (AN +t'@), AN +I(m+1)p)) @ A*((n—1)p)". By (2 3.3), this
is zero unless 2y = [—2and ¢’ =L (mod (), that is 2y ={—2and t =% (mod [).

Further, if it is non-zero then it has dimension (m + 1)n. If this term is zero we are

done, so we may assume that 2u =1 — 2, ¢t = (mod /). Hence m —n is odd, and

3
som > 1.

Term four is isomorphic to Extg1 (A(A+tw), A(S\ +Il(m+1)p)) @ A*(np)", which
is isomorphic to (g-det™ @ A((m — 1)p)) @ A*(np)* by (2.3.6). By (2.3.5) term five
is isomorphic to

Extél(A()\ +(t+ ”l) ), A()\ + ”lw + (m+1—=n)lp)) if n even,

{ Extl (A4 (¢ + 5y AN+ E e 1 (m 41— n)lp)) if n odd.

For appropriate A"’s, both cases are isomorphic to
Extél(A()\' + tw), A():’ +(m+1—=n)lp)) = (q—det_ﬁ QA((m—n—1)p))"

by (2.3.6), as m+ 1 —n > 2 (since m — n is odd). So the fourth and fifth terms have
dimension m(n + 1) and m — n respectively. Thus the dimension of the fourth term
is the sum of the dimensions of the terms on either side; hence the map into it must

be injective. This implies that the first two terms are isomorphic as required.
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Lemma 2.3.9 Form >n >0 andt = 3(m — n) we have

1
2
Home, (A(A + Inp + tw), A(A 4 Imp))

{ (g-det™ @ A((m—1)p) @ A*(n,o))F if2u=10-2 andt=1% (modl),

0 otherwise,

12

where lv =1 — %

Proof: If 2 = [ — 2 then

Homg, (A(A + Inp + tw), A(X + Imp))
=~ Homg, (AN + Inp + tw), A(A + %w + Imp))
= Homg, (A(N + Inp + (t — %) @), A():’ + Imp)),
where X = X + %w, and the result follows from the previous lemma. So we may
assume that p # . Applying Homg, (A(A + Inp + tw), —) to (2.2.5) we obtain
0 — Homg, (A(A+ Inp + tw), ()\ + l(m + 1)p))
— HomGl(A()‘ + ln,o + tw)v ( ) ( ))
— Home, (A(X + Inp + tw), A(XA + Imp))
— Extél(A()\ +Inp+tw), A(A+1(m+1)p)) — 0.
As p # i, any map A(A + Inp + tw) — A(mp)" @ Q(A) has image in the socle.

Hence the first two terms are isomorphic, and so the next two are also. By (2.3.5) we

then have
Homg, (A(A + Inp + tw), A(X + Imp))
N Extél(A()\ + (t + l”) @), A(A + l”w + (m+1—=n)lp)) if n even,
~ ) Ext, (A + <t—|— <”+1>> =), AN+ 4 (41— n)lp)) if 1 odd.

N

Let M = A+ %lw (respectively (A + @w)) for n even (respectively n odd). Then in
both cases this is isomorphic to Extg1 (AN +tw), A():’ +{(m+1—n)p)). Repeating
the argument above, with n = 0, m = m — n, this is isomorphic to Homg, (A(X +

@), A(X + l(m —n)p)), and now (as p # i) the result follows from (2.3.3).

Lemma 2.3.10 For m,n > 1 we have

Home, (A(ln —14+d64+t,5+1),Allm—1446,6))

~ { (g-det™ @ A((m —1)p) @ A*((n — 1),0)>F ift=0 (mod ),

- 0 otherwise,

where lu = 1.
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Proof: By (2.2.4)(ii) applied twice we have

Home, (A(In =1+ 64+t 5+1),A(lm—1+4,0))
= Homg, (A((n —1)p)" @Al —-14+5+t,5+1),A((m—1)p)" @ A(l =1+ 4,9))
= A((m —1)p)" @ Homg, (Al —14+6+¢,04+1),A(l—=1+06,0)) @ A*((n —1)p)".

Let 7= ([ —1+4,0); then

Home, (A((I=1)p+ (6 +t)w), A(l =14 6,6))
= Homg, (A(7 4 tw), A(7)) = Homg, (L1 (7 + tw), L1(7)),

and the result now clearly follows.

2.4 Ext;, for Weyl Modules

In this section we calculate Exts(A, A’) for all possible A,A”s. This uses the results
of the previous section, along with the Lyndon—Hochschild-Serre spectral sequence

(see (1.4.2)), which gives rise to the five term exact sequence
0 — HYG, VD) = HY(G, V) — H (G, V)" = H*G, V) = HYG,V)

which will form the basis of the calculations in this section. From the isomorphism

between GL(2,k) and G from Section 1.3 it follows that
HY (G, V") = H(GL(2,k), V).

This will allow us to use the existing result in [26] for the classical case.

Lemma 2.4.1 For all X\, X such that 0 < p, p' <1 —1 we have
Exts(A(N), A(N)) = 0.

Proof: This is clear, as for all A’ such that 0 < ¢/ <[ —1 we have
AN)Z LX) = V(N),

and by [20, 4(2)] we have that

Exth(A(M), V(V)) = 0.
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In the rest of this section we will frequently make use of the fact that ExtGL2
can be easily determined from ExtSL2. To be more precise, ExtGL2(A(oz),A(ﬁ)) =
Extl (A(a; — az), A(B1 — 32)) provided that a; 4+ ay = 31 + [9; else it is zero.

SLo
Lemma 2.4.2 Forn, m > 0 we have

Exti(A(ln —14+6+t,6+1),Allm —146,9))

%(m - n)v

~ { Extl, (A(n—1),A(m—1)) if m—n even and t =

0 otherwise.

Proof: We may assume that 1 <n < m. Set V.=A(lm —1+46,0) @ A*(Iln — 1 +
d+1t,6+1t). Then we have

0— HY(G,VH) = HY(G, V) = H' (G, V)C.

The third term is isomorphic to Extgl(A(ln —14+5+t0+t),Alm—1+49, 5))G
which equals zero by (2.2.4(ii)) applied twice and (2.4.1). Hence the first two terms
must be isomorphic. Now, by (2.3.10)

Vo~ Home, (A(ln —14+d64+t,5+1),Allm—1446,6))
~ { (A((m —=1)p) @ A*((n—1)p))F @ g-det’ if m — n even,

N 0 otherwise
~ ) (Am=1—=t, =)@ A*((n—1)p))" if m —n even,
- 0 otherwise,
where [t' = 1. So
ExtG(A(ln —14+d4+t5+1),Allm—1+4,0))
Extl (A((n—1)p), A((m — 1)p — t'w)) if m —n even,
0 otherwise,

which, by the remark above, implies the result.

Lemma 2.4.3 For 0 < n < m we have

Exté(A()\ + lnp + tw), A(S\ + Imp))

k ifm—n=2p* a>0, 2u=1[0-2
andt:%(m—n—l),
= k ifm—n=1and t=L(m—n-1),
Extim(A(n),A(m— 1)) ifm—nodd,m—n#1andt= %( —n—1),
0 otherwise.
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Proof: First note that in the first three cases ¢ is an integer, as required. Let

V = A(S\ + Imp) @ A*(A + Inp + tw). Now

VG = Homg, (AN + Inp + tw), A(X + lmp))
~ { (g-det™ @ A((m —1)p) @ A*(np))* if m —n odd,

- 0 otherwise,
where (u = ¢, by (2.3.8). By (2.3.5) we have

HY (G, V) = Extg1 (A(X+Inp + th) A()\ + Imp))
o Extél(A()\’ +tw), A(XN 4+ (m —n)lp))

A+ if
where \ = { 5\1 (Zn:;)lw ;Z z\(;z% Now by (2.3.6) this is isomorphic to
k ifm—n=1,
(g-det™ @ A((m —n—2)p))" ifm—n>2 2u=I[1-2 and m —n even,
0 otherwise,

where 3 = 1(m —n —2).
Consider the five term exact sequence. If m — n is even then the first and fourth

terms are zero by above. Hence

HYG, V) = HY(G ,V)G )

{( (= ))G it =12,
0

otherwise.

Now the first case is isomorphic to Homg,, (A(O), A (m_TH(l, —1))) which, by (2.1.3)
with { = 1, is isomorphic to

{k ifm—n—-2=2(p>"-1), a>0,

0 otherwise,

which gives the result for m —n even. If m —n is odd, and m —n # 1, then H'(G,,V)
(and hence H'(G1,V)%)= 0. Hence

HY(G,V) = HY(G, V)
> Extl,, (A(np — ), A((m — 1)p))

GLo

>~ Fxt! L, (A), A(m —1)).

If m=n+1then V& = (A(np) @ A*(np))". Now for i > 0,
H'(G, V) 2 Extqy, (A(np), A(np)) = 0.

GLo

Thus HY(G,V) = HY(G,, V)G = k., and we are done.
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Lemma 2.4.4 For 0 < n < m we have

Exté(A()\ +Inp +tw), A(X + Imp))

k ifm—n=2p* a>0 andt—%( —n),
k ifm—-—n=1, ZM:l—Zandt—%( —n),
> Extl (A(n),A(m—1)) if m—nodd, m—n#1, 2u=1-2
and ¢ = %(m—n),

0 otherwise.

Proof: Again note that in the first three cases ¢ is an integer as required. Let

V =AW+ 1Imp) @ A*(A+ Inp + tw). Now

VG~ Home, (A(A + Inp + tw), A(A 4 Imp))
~ Jg-det™ @ A((m = 1)p) @ A*(np))* if2u=1—-2 and m —n odd,
- 0 otherwise,
by (2.3.9). First consider the case when this is zero. Then by the five term exact
sequence we must have H'(G, V) = H' (G4, V).
HY (G, V) = Extg1 (A(X+Inp + tw), AN+ lmp))
> Bxthy (AQY + 4(m — n)), AV + (m — n)lp)),
where M = X + %lw (respectively N = A+ @w) for n even (respectively n odd),
by (2.3.5). This, by (2.3.7), is isomorphic to

(q—det_a>F ifm=n+1 andt=px'+1 (modl),
(g-det™ @ A((m —n —2)p))" ifm—n>2 andt=0 (mod ),
0 otherwise,

where [ =t —p/ — 1 and [ = t — . But m = n + 1 implies that ¢ = % So
t=u'+1 (mod!) implies that ' = p/, that is u = ji, so the first case is impossible.

Thus for g # & or m — n even we have

Hl(Gl,V)g{A<m_§_2(17—1)>F ifm—n>2 andt=0 (mod]I),

0 otherwise.

In the zero case we are done; if non-zero then

Hl(Gl,V)G o~ [0 <G7A<m—;—2 1,— 1)>F>
= [0 (GL(2, k), A (2222 (1, 1)
= Homey, (A(D), A (2=2=2(1, —]

{k ifm—n—-2=2(p>—-1)

0 otherwise,

3

~
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by (2.1.3), with [ = 1. Now if g = g and m — n odd then we have
VO 2 (g-det™ @ A((m — 1)p) @ A(np))"
where [u =t — %, by our earlier calculation. In this case

HY (G, V) = o AA+ Inp 4+ tw), A(X+ Imp))

Ext}
{ qdetﬁ ifm=n+1,
d (2.3

12

otherwise,

where [ =1 — L by (2.3.5) an 7). Soif m # n+1 then from the five term exact
sequence we have
HY(G, V) = HY(G, V™)
= I(GL(2, k), A((m — 1)p — u) © A*(np)
= Extey, (A(np), A((m — 1)p — uw))

GLo

>~ Fixt! L, (A), A(m —1)).
If m=n-+1 then V& (A(np) @ A*(np))". Hence, for i > 1,

HY(GL(2,k), V) 2 Exty,, (A(np), Alnp)) = 0,
and so H'(G, V) = H'(Gy,V)% = k& = k, and this completes the proof.

By (1.6.4), and the characterisation of blocks calculated earlier, we see that these
lemmas have exhausted all possible cases where a non-trivial extension could exist.
Thus these results, in conjunction with the results of [26], complete the calculation.

The final result of this section merely combines these into a more manageable form.
Suppose that [ = 1. Then for an integer a with 0 < a < p — 1 we define a by
a+a=p—1 Ifr= E'>o ript with 0 < r; < p— 1 then, as in [26], we define

Azp' —I—p“"'“ Fo 0,0 > 1,u > 0}
U{Ez oTip' 1w # 0,u >0},

Now suppose that [ > 1. Then if r = r_y +1) ., rip' with 0 < r; < p—1, for

1> 0and 0 <r_; <[ —1, we define 7; as before for_i > 0, while r#_; is defined by

W)= () = Dm0 (2.9)

r_1+7_1 =1{—1. With this we can now define a quantum version of the above set
by

b(r)(= G _ Al >+lp“+“:m¢o,az1,u2_1}

U(r)(= W ,(r)) U {E B(1) < o £ 0,0 > _1}
Ipt ifi>0,
1 ifi=-1

drop our long-standing restriction on .

where (1) =

We can now state the main result. Note that we now
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Theorem 2.4.5 Let A = (r +6,9) and 7 = (s +6',8"). Then

k ifr+26=s+2, and5:r—|—2€witheeql(r),

0 otherwise.

Exty(AN), A(T)) {

Proof: It is clear that we require r + 26 = s + 26’ by consideration of blocks. So we
only need consider the cases that arise from (2.4.1-2.4.4). We consider when each of
these could give a non-zero Ext{,(A(X), A(7)) in turn.

First, suppose that r =1 —1+In,s = — 1+ Im. By (2.4.2) and [26] we must
have s = r 4 2dl with d € ¥(n). Second, suppose that r = g + In and s = p + Im.
By (2.4.4) and [26] we must have

r+ 2(p® ifa >0,

s=2% r+l if p=p,
r+l(2d+1) ifp=p andd e ¥(n).

Finally, suppose that r = g+ In and s = g + Im. By (2.4.3) and [26] we must have

r+ 2p* ifp=p anda >0,
s= r+l+p—p,
r+l2d4+ 1)+ ag—p ifde V(n).
Further, if r, s satisfy any of the above conditions then Exts(A(M), A(7)) is non-
zero. Thus, if we allow y = [ — 1, we can state the above results as Exts(A(X), A(T))

is non-zero if, and only if,

r + 2dl ifu=101—1 and de ¥(n),
) o+ 2ptl ifp#l—1 and a >0,
ST r42a+2 il —1,

r+2n+242d fp#l—1 andde€ ¥(n).

So in the form of the statement of the theorem we have that Exti(A(N), A(7)) is

non-zero if, and only if,

ld ifu=10—-1 and de€ ¥(n),
Ip* ifpu#l—1 and a >0,
“TY a4+t i1,

p+1+1ld ifu#l—1 and de ¥(n).

It is now straightforward to see that these give rise to the required result.
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2.5 The Manin quantisation

As noted in the first chapter, most of the theory we have developed also holds for
the Manin quantisation. In particular there is an analogue of the Borel subgroup,
so we can again consider the modules induced up from the one-dimensional Borel
modules (see [39, 8.3]). As before, the non-zero induced modules correspond to the
dominant weights, and can again be described explicitly (see [39, (8.6.1)]). Again,
we can define the Weyl modules as duals of appropriate induced modules (see [39,
(8.10.1-2)]). Thus one can ask if a result corresponding to that in the last section
holds.

Corollary 2.5.1 The previous theorem also holds for GL,(2,k), when q is a primitive
[th root of unity (with the appropriate modifications — see 1.9.6).

Proof: By the explicit description of the coalgebra isomorphism in (1.9.4), along
with the universal property of the induced modules, the module category isomorphism
(1.9.5) takes Weyl modules to Weyl modules of the same weight. The result is now

immediate from the previous theorem and the isomorphism in (1.9.5).

Note that this result holds even for { not an odd root of unity, despite the lack
in this case of a satisfactory infinitesimal theory. This is just one of a number of
results we shall give whose proofs would, without recourse to the Dipper—Donkin

quantisation, only hold in the odd [ case.
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Chapter 3

Constructing extensions

By the results of the preceding chapter, if a non-split extension exists between two in-
duced modules for ¢-GL(2, k), then it is unique (up to isomorphism). In this chapter
we consider the structure of such extensions. It will prove convenient to divide these
into two classes: the elementary and non-elementary extensions. After a brief section
in which we determine the simplest non-elementary extensions, we restrict our atten-
tion to the elementary ones. For these, we give a conjecture as to their structure, and
verify this in some easy cases. Finally we conclude with a necessary condition for an
extension to satisfy the conjecture. To make the various results more transparent, we

will restrict attention throughout to the classical case.

3.1 Elementary and non-elementary extensions

As noted above, we now restrict our attention to the classical case, and work with
SL(2,k) or GL(2, k). We use the usual notation in these cases (see for example [26]).
Recall that, from [26], the extensions in these cases are parameterised by a certain
set, U(r) (see (2.9)). In the following it will be convenient to divide this into two
subsets; we shall call extensions corresponding to elements in
{Zﬂpi Dy £ O u > 0}
i=0

elementary extensions, and the remainder non-elementary extensions.

In considering such extensions, the following easy generalisation of [12, Section 2,
Lemma] will prove useful. For convenience we state the quantum version, which will

also be used later.
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Lemma 3.1.1 Let V, Z € mod G be such that resg, V' is absolutely indecomposable,
G, acts trivially on Z, and Z is absolutely indecomposable as a G"-module. Then

V & Z is an absolutely indecomposable G-module.

Proof: This follows by the same arguments as in [10, 3.3(5)] (or [12, Section 2,

Lemma] in the classical case).

We conclude this section with a proposition taking care of the simplest non-

elementary case.

Proposition 3.1.2 For alln >0, m > 1 and r > 0 we have
Vir+p™,0)@V(n,0"" = V(r+nm+1)p™,0) =0

and forn =1, r £ p — 1 (mod p) this can be extended to a non-split short exact

sequence
0—=V(r+p”,p") = V(r+p",0) @ V(l,O)Fm — V(r+2p™,0) — 0.

Proof: We begin by constructing the desired surjection. First note that V(r +
p™,0) @ V(n,0)F" and V(r + (n + 1)p™, 0) have bases

{efes™" " @gigr |0<a<r+pT, 0<i<n}

and
{efe;™ T 0 < a <t (n 4 1)p")
respectively.
Consider g = ( ?; ? ) € GL(2,k). The action of GL(2,%) on these bases is
given by

gleies™ T 0gigs ™) = (aertyes) (Ber+bes) T @ (0 g1+ g0) (871467 g2) "
and

g(e(fe;—l_(n-l'l)pm_a) = (cer + ve)"(Ber + 562)7’+(n+1)pm—a
respectively. The required map, ¢, is defined on basis elements by

a r+pM—a i n—iy ___at+ip™ r+p"+(n—i)p"—a
¢(€1€2 © 919, ) =€ €9 .
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It is enough to show that this is a module homomorphism, as it is clearly a surjection.

This, however, is a routine calculation.
Now take n = 1. Recall that V(r 4+ p™, p™) has basis {efe}, ™ |0 < a < r}. Also,
g € GL(2,k) acts by g(efes ™) = (aey + vea)*(Ber + Sex) % (detg)?™. Set

a r—ay _ a+p™ _r—a 0 1 a _r+pT—a 1.0
Plefey™™) = € €y @919, — €16 © G195 -

Another routine calculation gives that ¢ is a module homomorphism. Clearly 1) is an
injection, and Imy C ker ¢. Hence by dimensions the required sequence exists.

To show that the sequence does not split, we note that for r £ p—1 (mod p), [47,
7.1.4 Corollary] gives that the restriction of V(r + p”,0) to (1 is indecomposable.

Hence by the last lemma we obtain the required result.

This proposition gives the extension corresponding to the non-elementary case

d=pm.

3.2 A conjecture on elementary extensions

In this section we restrict our attention to the elementary extensions. In certain spe-
cial cases these can be described, and we also give a conjecture as to the general result
in terms of so-called elementary generators. Finally we give a sufficient condition for

an extension to be an elementary generator.

Given R = > .o mp' € N, with 0 < r; < p—1forall i and r, # p — 1, we set
R(u) = Y1 rip'. We define fx’(u) by R(u) + ]%(u) = p**! — 1. Then there exists, by

the main result in [26], a non-split short exact sequence
0 — V(R(u)) = E(R(u)) = V(R(u) + p*T — 1) =0,
with dim E(R(u)) = 2p***. With this we can now formulate

Conjecture 3.2.1 Foralln >0, u >0 and R(u) as above there is a non-split short

exacl sequence

0 = V(R(u) +np"t') = E(R(u)) @ V(n)"™™" = V(R(u) + (n+ 1)p*+' —1) = 0.
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If this holds, then all the elementary extensions can be obtained from the F(R(u))
as above — that is, it is enough to determine for each w a finite family of modules,
each of dimension 2p“t*. We say that F(R(u)) is an elementary generator if for all
n > 0 there is a (non-split) sequence as above.

A simple modification of the proof of [47, 7.1.1 Lemma] gives that the conjecture

is at least true on the level of characters:

Proposition 3.2.2 For alln >0, u > 0 and R(u) as above we have
ch (E(R(w) © V(n)"™ ") = hV(R(u) + np"*) + chV(R(w) = 1+ (0 + 1p*).

Proof: Compare with [47, 7.1.1 Lemma], or (2.2.3).

While we have no general proof of the conjecture, there do at least exist some
families of elementary generators. Indeed, the proof of the main theorem in [26] has

already used one such family:

Proposition 3.2.3 All the E(R(0)) with R(0) as above are elementary generators.

Proof: For all R(0), the Pg( defined in [47, 5.1] are elementary generators by [47,
7.1.2 Proposition].

We can also construct new examples of elementary generators from old by the

following proposition, which we can apply to the family above.

Proposition 3.2.4 For all w > 0 and R(u) as above, if E(R(u)) is an elementary
generator then so is E((p? — 1 + p?R(u))(u + d)).

Proof: Set R'(u+d) = pl— 1+ de(u). Then we have R'(u + d) = Eu+d ript with

0<ri<p-—1foralliandr, ; #p—1. So define ]%’(u + d) as before, and observe
that ]%’(u +d) = pd]%(u). Now, by [34, 11 3.19],

Sty @ V(S)" = V(p' —1 4 5p?),

where St; is the dth Steinberg module. Applying F'¢ to the defining sequence for
FE(R(u)), and then tensoring up with St;, we obtain

d

0= Sty @ V(Ru)™ = Sty @ E(R(w)™ = Sty @ V(E(u) + p“t = 1) =0,
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which, as Sty is indecomposable as a Gg-module, is non-split by (3.1.1). Hence
E(R(u+d)) = St; @ E(R(u))Fd. It now follows that for all n > 0, the short exact

sequence
0= V(R'(u+d) +np*t™) o E(R(u+ d)) @ V(n)"™ "

— V(R'(u+d) + (n+ p ™t — 1) = 0.

exists, as it may be obtained from the corresponding one for F(R(u)) @ V(n)!™ by

again applying F'? and tensoring up with St,, and is non-split just as above.

Corollary 3.2.5 For allu >0 and 0 <r, < p—1, the module E((p"* —1+r,p")(u))

is an elementary generator.

Proof: This follows immediately from the previous two propositions.

The rest of this section will be devoted to giving a sufficient condition for F(R(u))
to be an elementary generator. We begin with an easy (G; calculation, for which we
adopt the notational conventions of [26]. In particular, we fix integers 7,7 > 0 such

that 1 + 5 =p — 2.

Lemma 3.2.6 for all n > 0 we have
Home, (A(i), ¥ (pn +1)) = V(n)" .

If further p > 2 then
Homg, (A(2), V(pn + 7)) = 0.

Proof: This follows just as in [26, (2.2)(3)(a) and (b)], but using the duals of the
short exact sequences considered there. (Compare also with (2.3.2) and (2.3.3).)

Lemma 3.2.7 For alln > 1, u >0 and R(u) as above we have

i) soc(V(R(u) @ V(n)"™") = L(R(u) + np"+');

ii) soc(V(R(u) = 1+ p™*) @ V(n)"™™) < @ L(R(w) = 1+ (n+ (=1))p"H).

=0
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Proof: i) Let s = so + p“t's; where 0 < sy < p*t' — 1. Then

Homeg(L(s), V(R) @ v(n)le)

= Homgi,, (L) Home,, (L(s0). V(R) & ¥ (n)"™"))
(Ls2)™*" Home,y, (L(sa). V(R)) & V(™)

utl

o { HOmG/GuH (L(Sl)Fu-H ) v(n)Fu-H) if s = R,
0 otherwise

~ | Homg(L(s1),V(n)) if so = R,

- 0 otherwise

112

(0 otherwise.

{k if s= R+ np*t!

Hence the first part follows.

ii) For the second part we will consider

Homg(L(s), V(r 4 p') @ V(n)™),

m—
1=

1 <t —1. First we define

where r = o rp and s = Eﬁgl 5ip' 4 spp™ with 0 < 7y, < p — 1 for all

m—1

rt = Z ipi_av st = Z sz a‘I'Smp .

i=a

Then for 1 < m — 1 we have

Homg(L(s'), V(r' + p" ™) @ V(n)""™)

%HMWQ@W“ﬂHmm@@>wr+p>®vmwmw
=~ Homg/Gl(L(32+1)F7Homgl(L(S ) V(T + p™ )) gn) ’)

~ { Homg q, (L(s)F, V(r+! 4 pm == @ V(n)*" if s; =1y,
N 0 otherwise
~ [ Homg(L(s*), V(i 4+ pm==Ha V(n)™" ™) ifs; =r,
- { 0 otherwise,

using the previous lemma for the penultimate step.

So by induction we have

Homeg(L(s), V(r+p™) @ V(n)Fm)

~ | Homg(L(s™),V(r™ 4+ 1)@ V(n)) if s; =r; for 0 <7 < m,
o { otherwise

| Homg(L(s™),V(1)@V(n)) ifr=s—s,p™,

- { 0 otherwise.
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Now V(1) ® V(n) has a good filtration (by [15, Proposition 4.2.2]) with terms
V(n+1). Hence for the above to be non-zero must have s,, = n+1. Taking m = u+1

and r = R(u) — 1 gives the desired result.

Consider the short exact sequence defining E(R(u)). Tensoring this withV(n )"

we obtain an exact sequence

E(R(w) @ V(n)"™" = V(R(u) =1+ pt) o V()" =o.

N

Combining this with the surjection from (3.1.2) (taking r = R(u) — 1 and m = u+1)

we obtain a short exact sequence
0 = X(R(u),n) = E(R(u)) @ V(n)""" = V(B(u) — 1+ (n + 1)p"+') — 0,

where X (R(u),n) is the kernel of the surjection. By the character lemma, we have
that chX(R(u),n) = chV(R + np“t!). Now V’s have the usual universal property
(as noted in Section 1.6), so to show that X(R(u),n) = V(R + np“*t!) it is enough
to show that socX(R(u),n) = L(R + np“th).

Lemma 3.2.8 For alln >0, u >0 and R(u) as above we have
L(R(w) + mp™) < soc(X(R(w),m)) < L(R(w) + np™) & L(R(u) — 1+ (n — 1pt*).
Proof: From the definition of X (R(u),n), along with the previous lemma, we have

soc X (R(u),n) <soc(E(R(u))® V(n)Fqu) A 1
< soc(V(R(u)) © V(n)F*") + soc(V(R(u) — 1+ p+) eV (n)™*)

C L(R(u) + np™) @ BLoL(R(u) — L+ (n + (=1 )p*),

As V(R(u)) @ V(n)Fqul < X(R(u),n), we have L(R(u) + np“t') < soc(X(R(u),n))
by the previous lemma. From the character of X(R(u),n) we see that L(]%(u) — 14
(n + 1)p*tt) £ X(R(u),n), and the result now follows.

We can now give a sufficient condition for E(R(u)) to be an elementary generator.

Proposition 3.2.9 For all w > 0, if E(R(u)) has a simple socle then it is an ele-

mentary generator.
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Proof: By the previous lemma, we have that soc(E(R(u))) = L(R(u)). Let s =

50 4 s1p*tt with 0 < 50 < p**L. Now

u+1

Home (L(s), B(R(u))) = Homgyc,,, (L(s1)"" " Homg,,, (L(s0), E(R(u)))).

If Home,,, (L(so), E(R(u))) # 0 then it is isomorphic to VI for some V. In

this case Homg(L(s), F(R(u))) = Homg(L(s1),V) # 0 for some s;. By the above
remarks, Homg(L(s), E(R(w))) # 0 implies that s = R(u), and in particular that
so = R. So Homg,,, (L(so), E(R(u))) # 0 if, and only if, so = R(u). Consider

Home(L(s), E(R(uw)) @ V(n)"™™)

> Homg/c,,, (L(s1)""", Homa,, (L(s0), E(R(u))) © V(n)"™).

By the last remark this is zero unless s = R(u) (mod p“t'). We already have an
upper bound for soc(F(R(u)) @ V(n)FuH) from the proof of the previous lemma,
and combining these results gives soc(E(R(u)) @ V(n)FuH) ~ [(R(u) +np*tt). This
implies that X (R(u),n) has the desired socle, and that the sequence does not split,

as required.
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Chapter 4

The blocks of the ¢-Schur algebras

The main result in this chapter is a description of the blocks of the ¢g-Schur algebra.
We have already considered the case n = 2 in Chapter 2, and the result has been
proved for d < n in [32, 4.24]. Our argument will proceed just as in the proof of the
classical result in [18].

To do this however, we will first need to prove some quantum analogues of various
standard classical group results. These are of independent interest, and we devote the
first section to a brief review of them. The main result there is the Strong Linkage
Principle, and the proof of this is ultimately just that of the classical result given
in [1]. Our arguments merely verify that the proofs given for the Manin quantisa-
tion (for [ odd) in [39, Chapter 10] also hold for the Dipper-Donkin quantisation
(without restriction on [). The usual category isomorphism (1.9.5) will then give the
corresponding results for the Manin quantisation without restriction to odd .

The second section is devoted to showing that the various technical results used
to determine the blocks for the classical case also hold in our setting. With these,
the proof of the main result is identical to that in [18]. Finally we conclude with a

simple corollary of this result, which gives the blocks of the quantum group.

4.1 The strong linkage principle

In this section we will prove the strong linkage principle for ¢-GL(n, k). This is
proved for the Manin quantisation (for ¢ a primitive [th root of unity with [ odd) in
[39, (10.3.5)] and hence, by the isomorphism of module categories in (1.9.5), for our

chosen quantisation (for odd [). However we will show that the restriction on [ is
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unnecessary in both cases.

Just as in [39], we first define a strong linkage relation on X(7') with respect
to the dot action of the affine Weyl group. In particular, a weight A is strongly
linked to p, written A 1 p, if A = p or there exists a finite sequence of weights
= oMy 1fty .- ¢ft = A such that for e =0,...,¢ -1,

i1t = Sapapt + muloy

for a; a positive root and m; a non-negative integer with (;t+p, ;) > m;l. The main

result in this section is

Theorem 4.1.1 (The strong linkage principle) Let A € X(T)" and p € X(T)
with u+p € X(T)*. If L(\) is a composition factor of H (w.u) for some w € W and
r € N then AT u.

Proof: As noted in [39], the result follows just as in [1] provided certain preliminary
results hold. We merely verify that each of these results holds just as for the Manin
quantisation. The result will follow from Serre duality, the Borel-Weil-Bott theorem
for small dominant weights, and two technical lemmas, [39, (10.2.1-2)]. As the proof
of [39, (10.2.1)] given there is valid for all [, the isomorphism in (1.9.5) gives the result
for our quantisation. With this, and [20, Lemma 3.2], we obtain [39, (10.2.2)] just as

in [39]. So we will be done if we can prove the two theorems below.

A dominant weight A is called small if either A = Y7

. n—1
ig Tt with Y <

[+1—mn,or Ais a minimal dominant weight. We have the following result (compare

with [20, Theorem 3.9]).

Theorem 4.1.2 (Borel-Weil-Bott) Let A € X(T') be a small dominant weight.
Then

H (w.)) = { V(())\) if r = Il(w),

otherwise.

Proof: As we have the Grothendieck vanishing theorem (see [20, Proposition 3.10]),
this follows just as in [39, (10.2.3)], noting that the other results used there have

already been verified above.

So it remains to prove that Serre duality holds. We define N = %(n — 1).
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Theorem 4.1.3 (Serre duality) For any finite dimensional rational B-module V,
HY™ (=2p @ V) = (H' (V)"

Proof: This will follow just as in [39, (10.3.4)] once we have shown that [39, (10.1.1),
(10.3.1-3) and the definition of pairing before (10.3.4)] all hold in this case, as we
have the generalised tensor identities (see 1.4.1). Now [39, (10.3.1)] and [39, (10.3.2)]
clearly hold here which, together with the last theorem, gives the desired pairing. So
it remains to check [39, (10.1.1) and (10.3.3)].

We first observe that analogous results to those in [39, Sections 7.3-4] hold here,
by similar arguments. Also, the results of [39, Sections 9.1-3] all hold in this setting
with the same proofs, along with the usual isomorphism (1.9.5) which allows us to
quote the required results from [39, Chapter 8]. With these preliminaries, plus the
generalised tensor identities, the proof of [39, (10.1.1)] also holds in this setting.

So it just remains to verify [39, (10.3.3)]. The results in [39, (9.1.1),(9.5.1),(9.6.1)
and (9.6.2-4)] all follow just as there (as they do not require [ to be odd), replacing
reference to [39, (3.5.1)] by [5, 1.1.5 Corollary]. Then we obtain [39, (9.6.5)] by the
arguments given there. The proof of [39, (10.3.3)] now also follows just as in [39].

This concludes the proof of the strong linkage principle. Note that, via our usual
isomorphism (1.9.5) this also gives the result for the Manin quantisation without

restriction on [ (with the usual modifications — see (1.9.6)).

4.2 The blocks of the ¢-Schur algebra

The main result in this section is a determination of the block structure of the ¢-
Schur algebra, and hence of ¢-GL(n,k). The blocks of S,(n,d) have already been
determined by James and Mathas [32, 4.24] in the case d < n. We first consider the
blocks of (&, using an easy argument based on the strong linkage principle and the

following lemma.

Lemma 4.2.1 For any dominant weight A\ and r > 1,

St, @ VN = V((Ipr™ = Dp+1p ). (4.1)
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Proof: Set N = (Ip"~* —1)p+Ip"~'A. As both sides of (4.1) have the same character,
by the universal property of V’s it is enough to show that

soc(St, @ v()\)FT) >~ L(XN).
For 0 < a < Ip'!, consider
Homg(L(a) @ L(B)"", St, @ V(A)) = Homg, (L(a) @ L(8)", St @ V(1))

As L(B)F" and V(M) are both trivial as G,-modules, the terms in the right-hand
side are isomorphic to direct sums of L(a)’s and St,’s. But S, and L(«) are simple
as (i,-modules, so for a non-zero homomorphism to exist we must have L(«) = St,.

By Schur’s lemma, Homg, (St,, 5t,) = k, and we have an injection
Homy (L(B)", V(M) — Homg, (St, @ L(B)", St, @ VN,

taking 6 to 1 @ §. By dimensions this is an isomorphism. Hence

Homg(St, @ L(B)T", St, @ V()T = Homy(L(3)", V(M)
= Home, (L(3)", Y (V)")
=~ Hom,, (L(3), V()
~ k3=,
10 otherwise.
Hence soc(St, @ V(A)!") consists of copies of St, @ L(A) = L(X). But dim V(\), = 1
and all other weights are less than A, so only one such copy can occur, which gives

the result.

Recall the 6 notation from Section 2.4. For A € X(T'), not equal to —p, we

define m(A) to be the least positive integer such that there exists an o € ®* with
(A +p,a) ¢ (m(X))Z. Our first partial result on the blocks of G is

Proposition 4.2.2 [f A € X(T')*", then (WA + 0(m(XN)Z®)N X(T)T is a union of
blocks for .

Proof: First consider the case m(A) = 0. It is enough to check that if 7, v are
dominant, with 7 € W.A 4+ [Z® and L(rv) a composition factor of V(X), then v €
W.X+1Z®. But this is an easy consequence of the strong linkage principle (4.1.1).
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Now suppose that A is any dominant weight, with m(A) = m. Again, it is enough
to show that if 7, v are dominant, with 7 € W.A + [p™~'Z® and L(v) a composition
factor of V(7) then v € W.A + [p™~'Z®. We first note that we have

T=p" ' = Dp+aw+ ",

with 7/ € X and 0 < a < [p™~! (cA. the definition of normal form in [18, Section
1]). So by the preceding lemma, V(7 — aw) = St,, @ V(r)f", and hence V(1) =
(g-det)* @ St,, @ ?(H)F’" (as both sides have a simple socle and the same character).
It is easy to see, by Steinberg’s Tensor Product Theorem, that any composition factor
of this module is of the form L(v) = (g-det)* @ St,, @ L(+')f™", and (decomposing
A in the same way as for 7) that 7/ € WX + pZ®. So it is enough to show that
v € WX 4 pZ®. But this follows from the Strong Linkage Principle for GL(n, k) ([1,
Theorem 1]).

We will show later that the sets described in the theorem are in fact precisely
the blocks of &, which will follow from our description of the blocks of the ¢-Schur
algebra. It should also be noted that in [45] Thams has already determined the blocks
of the quantum enveloping algebra (from which the blocks of ¢ could be derived) but
under the additional assumptions that [ is odd and greater than the Coxeter number

for ®.

Most of the rest of this section is taken up with proving

Theorem 4.2.3 For any A € At(n,d), the S,(n,d)-block containing X is
(WA +0(m(N)ZO)N At (n,d).

In what follows, it will be convenient to call a weight A primitive if m(A) = 0. By
the last result, it makes sense to define a primitive block as one consisting of primitive
elements. We first deal with the non-primitive blocks, as for these the result can be

easily deduced from the classical case.

Proposition 4.2.4 Ford >0, m >0, 0 < a < 0(m) and B a block of S(n,d), the
set

B'={(0(m) —1)p+ aw + 0(m)p : pu € B}
is a block of S,(n,e), where e = (0(m) — 1)|p| + na + 6(m)d.
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Proof: Define ¢ : mod GL(n, k) — mod G by

O(V) = (g-det)* @ Stppq @ VI

) =1010.
Now (g-det)® @ St,41 = V(o) where o = ((m) — 1)p + aw, as both sides have a
simple socle and the same character. The result now follows just as in [18, Section 4,

Theorem], noting that if V' is indecomposable then so is V(o) @ VETT by (3.1.1).

With the above proposition, the main theorem now follows for A non-primitive
from the description of the blocks for S(n,d) given in [18, Section 4, Corollary].

So it remains to prove the theorem when A is a primitive weight. We first note
that the remarks in [18, page 405] concerning p-cores all hold when p is replaced by

[, and so (given our partial result on the blocks of () we have the following result.

Lemma 4.2.5 For primitive dominant weights A =(A1,..., A\n) and pt = (i1, -+, fin),
if X and p belong to the same G-block then there exists a m € X, such that

Ai — 1 = iy — m(2)  (mod [)
Jor all 1 <i <mn. If further A\, p € A*(n,d) then they have the same [-core.

The remainder of this section is essentially devoted to verifying that the proof
give in the classical case for primitive blocks in [18, Section 3, Theorem] holds (with
the obvious modifications) in this setting. Examination of the proof given there gives
that this will be the case provided [18, Section 3 (1-6), Section 1 (5,8) and Section 2
(3, Proposition)] all hold.

The six results in Section 3 are all straightforward. A quantum Carter’s criterion
(1) is proved in [32, 4.15], whilst the criterion for A to be a p-core in (2) can be
seen from [31, 2.7.40] not to require p prime (provided we replace “coprime to p”
by “not divisible by p”). The result on core classes (3) follows directly from the
previous lemma and proposition, whereas (4) is immediate. The final two results,
both consequences of James’ results on row and column removal and decomposition
numbers, hold with the same proofs as given, but replacing references to [14, Theorems
1 and 2] by [10, 4.2(9) and 4.2(15)] respectively.

The next result is an analogue of [18, Section 1(5)].
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Proposition 4.2.6 Let A € X(T)*. Suppose that X is primitive and V() is irredu-
cible. Then we have (X, o) < for all o € 1I.

Proof: Consider the Manin quantisation. Now Steinberg’s tensor product theorem
holds for [ odd by [39, (9.4.1)], and for [ even by [3, Theorem, and concluding remarks]
(but replacing [ in this case by [/2 as remarked in (1.9.6)). Hence it also holds for
SL,(n, k). Now [30, Section 2.5 Theorem]| clearly holds with [ or [/2 replacing p, and
hence we have [30, Section 2.5 Corollary], possibly with [ modified. The result now
follows just as in [18] (possibly with modified /). Again, tensoring with det, will not
affect reducibility, giving the result for GL,(n, k). The usual category isomorphism
(1.9.5) now gives the result for our quantisation, and corrects any modifications to [

introduced during the Manin stage.

To start the induction off in the proof of the main theorem, we need to check
some small cases. It will be convenient for this to define, as in [34, 11 5.7], an Euler
characteristic for any given finite dimensional B-module M by

X(M) = (=1)'chH'(M).
i>0

As usual, we write x(A) for x(ky), and then Kempf’s vanishing theorem (1.6.2) gives
X(A) = chV(X) for all X € X(T)*,

so this notation is compatible with that in Section 1.6. Just as in the classical case

we have

Lemma 4.2.7 i) The characters chL(\) with A € X(T)F form a basis of Z|X]".
it) For all A € X and ) a(u)e(n) € Z X7,
XY alple(p) =Y a()x(A + p).

Iz Iz

iii) For all w € W and X € X we have x(w.\) = (sgn w)x(A).

Proof: The first two parts follow just as in [34, II 5.8 Lemmal, using [20, Theorem
2.10 and Lemma 3.1], while the last part follows just as in [34, II 5.9] from [20,
Lemmas 2.12 and 3.1].

We are now able to check the necessary small cases, corresponding to those in

[18, Section 1(8)].
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Proposition 4.2.8 Let n =1,2 or 3, and A € X(T')" be primitive. Then
i) the module V(X) is irreducible if, and only if, X is minimal in its block;

ii) each primitive G-block contains a unique minimal element.

Proof: The case n = 1 is clear, while n = 2 follows from (2.1.1) and (2.1.2). Consider
A = (A, B,C) primitive. Without loss of generality we may assume that C' = 0 (as
tensoring up with an appropriate power of g-det will give the general case in what
follows). By (4.2.6), if A is primitive and V() is irreducible then 0 < A— B, B <[—1
and (A— B,B) # (I — 1,1l —1). Suppose (A — B)+ B = [+ m with m > 0, and
A—B, B < [—1 (this cannot arise when [ = 2). Then A—B =[—1—aand B=1—1-b
with a, b > 0and a+b < [—2. Consider V([—2—b,l—1—a—15,0). This is minimal
in its block, and hence simple, so by Steinberg’s Tensor Product Theorem we see that
V(10,00 @ V(I—=2—b,l—1—a—b,0) is also simple, isomorphic to L(7) for some
T.

Now, using the previous proposition, we have

chL(r)

~—

= (e(1,0,0) 4+ €(0,1,0) + e(0,0,))x({ =2 —=b,l =1 —a —1b,0)
N+ x(l—2-02l—-1—a—-0b,0)+x({—-2-bl—-1—a—=0b,1)
)= x2l=2—=a—=b1—-1=05,0)+x({—-2,1—1—=0b,l—a—0).

After rearranging, and noting that the central term on the right is just chV (A, B, (),
we see that

chV (1) = chL(r)+ chV(A) = chV( =2, —1—-b,l —a — ),
which implies that V(A) is not simple. After tensoring with ¢-det we see that the
primitive weights A with V(X) simple are a subset of

{(A,B,C)e X(Tht:0< A-C<[-2}
WHl—-14+a+C,a+C,C),(I-14+a+Cl-14+C,C):0<a <[ —2}.

But all these elements are minimal in their corresponding blocks, and as any minimal

element must be simple this gives the result.

Proposition 4.2.9 If A\, u € At (n,d) belong to the same block of S,(n,d) then they
are in the same block of Sy(m,d) for all m > n.

70



Proof: This is clear from [10, 4.2(6)].

As this last result corresponds to [18, Section 2(3)], it just remains to check the
proposition in [18, Section 2]. To verify this we need to consider the Schur functor
f = foq:mod S,(n,d) — mod H,(d), defined when d < n. This is analogous to the
usual Schur functor defined in [29, Chapter 6], and its basic properties are outlined
in [10, Section 2.1]. For the rest of this section we assume that d < n.

We say that A € AT(n,d) is column l-reqular if \; — A\jy1 < { for all 1 < i < n,
and denote the set of these by A*(n,d).,. Further, A is called row [-regular if there
does not exist an ¢ with 0 < ¢ < n — [ such that A\;y;y = N1 =+ = X5y > 0. The
set of row [-regular elements in AT (n,d) is denoted A*(n,d),,,. With this notation

we have the following result from [10, 4.4(4)(ii)].

Lemma 4.2.10 Suppose that d < n. Then {fL(A) : X € AT (n,d)..} is a complete

set of inequivalent irreducible H,(d)-modules.

As noted in [10, 4.3(10)(ii)], there is a bijection i : AT(n,d)ww —> AT (n,d).q
such that, for A € AT (n,d),.., we have Is(A) = T'(i())), the indecomposable tilting
module of highest weight ¢(A). This, along with (1.8.2), gives

Lemma 4.2.11 Suppose d <n and X € AT (n,d)i0n. Then i(N) is the unique highest
element in the set D(X) = {u € At(n,d) : [V(p) : L(A)] # 0}, and further [V(i())) :
LA =1.

We also have a notion of contravariant duality (see [10, Remarks before 4.1d]),
and this, combined with the results above, allows us to prove an analogue of [18,
2(5)]. For we have that £ is injective by [10, 2.1(8)], and the rest of part i) follows
just as in the classical case, using [10, 4.3(9)] instead of [29, (6.4b)]. Part ii) follows
from the arguments above and [10, 4.3(10)(i)]. Finally part iii) follows much as in
the original case, but replacing reduction to characteristic zero by reduction to the
case ¢ a non-root of unity, and then using that the corresponding ¢-Schur algebra is
semi-simple (see [10, 4.3(7)(i)]).

We are now almost in a position to verify the proof of the desired proposition.
The one outstanding fact needed is an analogue of [29, (6.4c) Theorem] giving a basis

of fV(A). But, using the identification given in [10, 4.5h] of fV(A) with the Specht
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module of Dipper and James, this follows from [8, 8.1], as noted in [24, Remark after
Theorem 1.5]. The required proposition now follows just as in [18], which then gives

the main result.

Finally in this section, we use the above result to determine precisely the blocks

of 4.

Theorem 4.2.12 For A € X (1), the G-block containing X is
(WA 4+ 0(m(N)ZP)N X(T)*.

Proof: Clearly, by (4.2.2), it is enough to show that any two elements of the above
set are in the same block. So suppose that 7, u € (WA + 0(m(MN)Z®)Nn X(T)*.
If these lie in A*(n,d) for some d then we are done, as they are then in the same
Sy(n, d) block, and the result follows from [20, 4(5)]. Otherwise there exists an e such
that 7/ = 7+ ew and ¢ = p + ew lie in A"’(n,d) for some d. As these then lie
in the same block of G by the above argument, there exists a sequence of weights,
say 7' = 47, o7 = 4, with [V(r') 2 L(iga7)] # 0 or [V(ipa7") @ L7 # 0
for 1 < i < t. Setting ;7 = ;7" — ew, we note that V(;7') = V(;7) @ (¢-det)" and
L(;7") 2 L(;7) @ (g-det)®. So the sequence 7 = i7,...,;7 = p satisfies the conditions
of (1.8.1), and hence the two weights lie in the same G-block.
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Chapter 5

Infinitesimal ¢-Schur algebras

In this section we introduce the infinitesimal ¢g-Schur algebras — quantum analogues
of the infinitesimal Schur algebras introduced in [22]. These allow us to combine
both the infinitesimal and polynomial theories introduced earlier. The first section
is devoted to the construction of these algebras, and a classification of their simple
modules.

Next we define two truncation functors, following [16]. The main result of this
section shows that they are equal, at least when n = 2. This result will be used in
the following chapter to determine the blocks of these algebras. After considering
two bases for the ¢-Schur algebra, and their restriction to the infinitesimal case, the

chapter concludes with a brief survey of induction for infinitesimal monoids.

5.1 Definition and basic properties

In this first section we will define the infinitesimal ¢g-Schur algebras, and develop some
of their basic representation theory. Most of this follows closely the development of

the corresponding classical theory in [22, Sections 1-3].

Recall that in Section 1.1 we defined M to be the object with coordinate algebra
E[M] = A,(n). Let J,. be the ideal in A,(n) generated by all cgr_l for1 <i#£j5<n.
This is in fact a coideal — €(.J,) = 0 is clear, while 5(ci»§r_l) = ci»ir_l ® cg_l by
25, 3.1] and the centrality of ¢, (see [5, 1.3.2]). Thus A,(n)/J, is also a bialgebra,

and gives rise to a quantum monoid which we denote by M, D.
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Just as in the classical case we have the following commutative diagram:

kIM] — k[M,D] — kD]
I 3 3
klG] — K[G.T] — K[T].
Indeed, k[M, D] is the subbialgebra of k[, T] generated by the ¢;;, and k[G,.T] is the
localisation of k[M, D] at the quantum determinant. Thus k[M, D] is the polynomial
part of k[G.T]. We call objects in Modys, p)(G-T) polynomial G, T modules.

Now A,(n)/J, is graded; in particular we have A,(n)/J, = @55 Aq(n,d),, where
A,(n,d), is the subspace consisting of the homogeneous polynom_ials of degree d in
the ¢;;. This subspace is clearly also a subcoalgebra of A,(n)/.J., for all d. Hence we
may define the infinitesimal g-Schur algebra S,(n,d), = A,(n,d)s. We will say that
objects in Mod 4, (s,q), (G- T) are homogeneous of degree d.

As A,(n,d), is a quotient of A,(n,d), we have that S,(n,d), is a subalgebra of
Sy(n,d). In fact

Sy(n,d)y C--- C Sy(n,d), C--- C S(n,d)

and S,y(n,d) = lim, o, Sy(n, d), for each n,d.

Remark 5.1.1 Before proceeding further, we note that for [ odd a similar theory
can be developed for the Manin quantisation, and gives rise to the same algebra

by (1.9.11). Indeed, in certain respects this is easier to work with (see for example

(5.3.8)).
The first result of this section is an infinitesimal analogue of (1.6.5).

Proposition 5.1.2 i) The category of polynomial G\, T-modules is equivalent to the
category of M, D-modules.

i) Every polynomial G,T-module V' has a direct sum decomposition V = € 5, Va
where Vy is homogeneous of degree d.

iii) The category of finite-dimensional Sy(n,d),-modules is equivalent to the category
of homogeneous polynomial G, T-modules of degree d.

Proof: This follows just as in the ordinary case (see [28, Section 1.6] and [29, pages
3-11]) as noted in [22, 2.1 Proposition].
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We next classify the simple M, D-modules, and hence the simple polynomial G, T-
modules. The result also classifies the simple S,(n,d),-modules. First we fix some
notation. Corresponding to the character group for T', we have the character monoid
P(D), which is isomorphic to N*. This consists of the polynomial weights. We set
PD)Yr = PD)NX(T)t ={XA e N : )\ > -+ > ).}, and elements of this set

are called dominant polynomial weights. As our definition of {p"~!

-restricted weights,
X, (T), is more restricted than classically (we impose the extra restriction that 0 <
A, <Ip~t —1), it coincides with the definition of [p"~!-restricted polynomial weights
P.(D) in [22]. The notation we use for this set will depend on the context in which
it arises.

Any A € X(T) can be uniquely written in the form A = X + Ip"~'), with
A € P.(D)and X' € X(T). By the remarks in Section 1.7, this corresponds to the
tensor decomposition

L.(A) =2 L)@ lp ™'\,

We now obtain

Theorem 5.1.3 Let V be a simple G T'-module with all its weights polynomial. Then
V is of the form L(X) @ lp"='X" with \' € P.(D) and X' € P(D).

Proof: This follows just as in the classical case (see [22, 3.2 Theorem]), using the fact
that the character of a G-module is invariant under the Weyl group (see [20, Lemma

3.1(v)]).

By (1.7.1) we have the following corollary, as in [22].

Corollary 5.1.4 A complete set of non-isomorphic simple modules in Mod(M, D) is
given by {L.(\) : X\ € T'.(D)}, where (D) = P.(D) + lpr='P(D).

From this it follows that every simple M, D-module has a unique tensor product

decomposition of the form

N

L(A) = LX) @ '),

for N € P.(D) and X" € P(D). Further, if we set TY(D) = {\ € '.(D) : |\| = d},
then it is clear that the set of simple S, (n, d),-modules is in one-to-one correspondence
with T'%(D). Henceforth, we will denote by f/r(A) both the simple M, D- and G,T-
modules corresponding to A € I',.(D).
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5.2 Truncation functors

Our first remarks are quite general, and based on [16, Section 1]. Let C be any
coalgebra, and B be a subcoalgebra of C'. For a C-comodule V', we denote by Vg the
unique maximal subcomodule of V' belonging to B. Now this may be regarded as a
B-comodule, and the corresponding functor Fg : V. — Vg from Mod(C') to Mod(B)
is left exact and takes injectives to injectives. In what follows we will sometimes wish
to consider Infg]:B, that is consider Vg as a C-comodule.

Let m be a set of simple C-comodules. For V' a C-comodule, set O,(V) equal
to the unique maximal C'-subcomodule all of whose composition factors lie in 7. Set
C(m) = O,(C). In [16], C(m) is shown to be a subcoalgebra of C', and it is also shown
that O-(V) = Feo) (V). We regard O, as a functor from Mod(C') to Mod(C') (taking
morphisms to their restrictions).

Now consider the case when C' = k[G,T] and B = k[M,D]. If V is a G, T-
module, one can view Fys, p(V') as the maximal GG, T-submodule of V' that lifts to an
M, D-module. Similarly, for = = {f/r(A) : A € I'.(D)}, we may regard O,(V) as the
maximal G.T-submodule of V. all of whose composition factors lie in 7.

Most of this section is devoted to considering the following conjecture.

Conjecture 5.2.1 We have an equivalence of functors between Fay p and Oy; that

is for all G, T-modules V', we have
Infyr D Fann(V) 2 OL(V).

If this holds, then any G, T-module, all of whose composition factors lift to M,. D,
will itself lift. The conjecture has been proved in the case ¢ = 1 by Jantzen [35].
Unfortunately, we are not able to generalise this proof to the quantum case, as it
relies on an action of the symmetric group on the coordinate algebra (which does not
exist in our setting). However, similar methods will at least give the result in the case

n = 2.

We begin with a result relating the injective modules for M, D and G, T. For each
A € I'.(D), we denote the injective hull of f/,,()\) in Mod(M, D) by [;(A). By (5.1.4)
we have

socar, pFum,p(V') =2 Fua,pl(soca, V),
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as M, D-modules, for every . T-module V.

12

Proposition 5.2.2 For A € I'.(D) we have fMTD(Q,,()\)) [;(A).

Proof: This is immediate as Fy; p takes injectives to injectives, and Qr()\) has the

appropriate simple socle.

Returning to our conjecture, we first note that we have an inclusion k[M,. D] C
Ox(k[G,T]). Equivalence will follow if we can show this is in fact an equality, by the

following lemma.

Lemma 5.2.3 With = = {f/r(A) : A€ .(D)}, the following are equivalent:

i) O is equivalent to Fa,p;
ii) OL(k|G,T)|) = k[M,.D];

iii) for all d, if my is the set of simple S,(n,d),-modules then O, (k[G,T]) =
A,(n,d),;

iv) OQ,(N) = 1.()) for all X € T'.(D).

Proof: The equivalence of i) and ii) is clear, as every i.T-module embeds into a
direct sum of copies of k|G, T], by [39, 2.4.4]. The equivalence of ii) and iii) is also
immediate. For the equivalence of ii) and iv) we use that
EM.Dl = @B [dim L, (\]L(A).
NET'(D)

This follows (as k[M, D] is injective [39, 2.8.2(1)] and Mod(M, D) has enough inject-
ives [39, 2.8.1]) by the usual arguments (see [34, 1.3.14-17]). From (5.1.4) and the
definition of O,, we see that OW(QT(A)) # 0 if, and only if, A € I'.(D). There is a
similar decomposition to that of k[M, D] above for k|G, T], so applying O, to each
side gives

O (kG T)) = @ [dim L, (A]O(Q.(N)).
el (D)

A N N

As I,(N) = Fau,p(Q- (X)) € OL(Q,(X)), the result now follows.

The following pair of lemmas will allow us to prove the result for the case n = 2.
The former is a modification of the main lemma used by Jantzen in his proof for the

classical case.
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In order to be able to state the first result we need another description of k|G, T].
By [25, 3.1], we have that

lpr 1 lpr 1 lpr 1 lpr_l
d €11 Gz G
and hence for all 7,
1 . lpr 1 lpr—l lpr—l_l lpr—l lpr_l _lpr_l
Ci —Cn1 " C11G Civtiv1” " Can dq
On the other hand,
r—1 lpr 1

—1 _ glpm—1-1 —Ip
d;” =d| c1q

nn

Hence

r—1

K[GT) = kleg, et o1 <d,j <n) /(™ i #j),

with the usual relations.

Lemma 5.2.4 Let V be a k[G,T]-module with all weights polynomial. Then the
coefficient space of V' lies in

k[cij,ct_tl:1§i,j§n,1§t§n—1]/<2] N
Proof: Consider the natural map
¢ : k|G, T] — k[B,T] @ k[T] @ k[BIT].

This is injective (by standard arguments — compare with [39, (8.1.1) Theorem]), and

writing ¢;; for the generators of all four quantum groups we see that
o(cij) = Z Cit @ Cpp D ¢y (5.1)
t<i,j
In particular, the only case in which any of the middle factors can contain a ¢, is
when 1 = 57 = n.
Now take a basis of weight vectors for V, say {v; : 1 < ¢ < ¢}, with the corres-

ponding set of coefficient functions { fi;;}. By assumption, the f; are polynomial for

all 2. As V' is a comodule, we have that

(id @ 8)3(fi)) =Y fis ® fur @ fij.

s,
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and as €(f;;) = d;; this implies that
D= fu® fu® fi,
t
where the bars denote the appropriate restrictions. Thus we see that
&(fi;) C k[B,T) @ k[D] @ k[BIT]. (5.2)

Suppose now that there exists some f;; involving ¢ ;. We have that f;; = d; "

with @ € k[M, D], and hence

o(fis) Z(dm”)() )
=d T @ d7T @ d7T ¢la).

Writing ¢ for the projection of ¢ onto the central factor of the tensor product we
thus have that

— r—1 r—1
ba( fij) = Cnﬂp o ”p Pa(a).
By assumption, a = ¢!?"~ 'b+ ¢, where ¢ is non-zero and no term of e contains '™
So, again by [25, 3.1],

$la) = ("7 @ " @ T o(b) + ¢le),

with ¢(e) non-zero by the injectivity of ¢. However, by (5.1), no term of ¢1(€) contains
7 and so ¢y(a) ¢ ¢ k[D]. Thus ¢y(fi;) ¢ k[D], which contradicts (5.2).

nn

In the classical case, Jantzen now uses the invariance of the coefficient space under
the action of the symmetric group to obtain the desired result. This action does not

exist for non-trivial ¢, but we can at least prove the result for the case n = 2.

Lemma 5.2.5 Let V' be a k[G,T]-module with all weights polynomial. Then the
coefficient space of V' lies in

Fleg,ent 11 <i,5 <2 <t <m— /(™ i # ).

Proof: Consider k[¢-GL(n, k)] with the usual generators, and k[¢~'-GL(n, k)] with

generators z;; and d,—1. We define a map
qb : k[q_M(nv k)] — k[q_l_M(nv k)]
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by ¢(¢ij) = Tpt1—int1—;. It is easy to check that this is a well-defined bialgebra
homomorphism, and that it extends to a map of the corresponding quantum groups.
Furthermore, it is also clear that it restricts to a map between the corresponding
Jantzen subgroups, and so induces a map ® from Mod(¢-G,.T) to Mod(¢~*-G,T).
If V is a ¢-G,T-module with polynomial weights, and its coefficient space contains
terms involving ¢, then ®(V) is a ¢~ '-G, T-module with polynomial weights whose

-1

coefficient space contains terms involving x_ . This gives a contradiction, as the

previous lemma also holds for Mod(¢~!-G,. T).

5.3 Two bases for the ¢-Schur algebra

In this section we describe two bases of the g-Schur algebra, and consider how they
give rise to bases for the infinitesimal case. The first of these, due to Dipper and
Donkin, is easily obtained as the dual basis of a basis for A,(n). This will be used to
determine the dimensions of the infinitesimal ¢-Schur algebras, and to construct an
infinitesimal version of the Schur functor.

The second basis, due to Dipper and James, arises from regarding the ¢-Schur
algebra as the endomorphism ring of some action of the Hecke algebra. We will relate
these two bases, so as to be able to translate results expressed in terms of the latter to
the former. In particular, this will allow us to describe an algebra anti-automorphism
on Sy(n,d), and show that it restricts to an anti-automorphism of S,(n,d),. Hence

we will be able to define a theory of contravariant duality in this setting.

We first construct the Dipper—Donkin basis. Let I(n,d) denote the set of maps
{1,...,d} = {1,...,n}, and write i = (¢1,...,14) for an element of this set. Then
I3(n,d) is defined to be the subset of I(n,d) X I(n,d) consisting of all elements (i, )
such that iy < -+ <44 and ji < jryq if 1 = igy1. Now, by [5, 1.1.5], we have that

A,(n,d) has a basis
{aij: (i,d) € Ig(n, )},
where ¢i5 = ¢y, €y - - - Ciyj- We shall also denote ¢ 5 by = 1<ii<n cf;], where

B e Mn,d) = {(Bi;) | 225,85 = d and Bij > 0 Vi, j} satisfies 8;; = #{r | ¢;,j, =

¢;j}, and the product is in lexicographic order. So our basis of A,(n,d) can be written
{3 € M(n,d)}.

80



Now let M(n,d), denote {3 € M(n,d) | Bi; < Ip" ' forall 1 <i# j <n}. Then a
basis of A,(n,d), is given by

{f:p e M(n,d),}.

Given the bijection between M(n,d) and I3(n,d) just described, we will let I3(n,d),
be the subset of I3(n,d) corresponding to M(n,d),.
For (1,j) € I3(n,d), let &; denote the element of S,(n,d) such that for all (k,1) €

13(n, d),
- o 1 if (I,J) - (k,l),
Gijlay) = { 0 otherwise.

More generally, for 1,j € I(n,d), we write & for the element of S,(n,d) dual to ¢j.

After the above discussion, the following proposition is clear.

Proposition 5.3.1 The set {&: (1,]) € I3(n,d)} is a basis of Sy(n,d), dual to that
of Ay(n,d) above. Furthermore, the set {&: (1,]) € 13(n,d),} is a basis of Sy(n,d),,
dual to that of A,(n,d),.

Having constructed our basis, we can now determine the dimension of the infin-

itesimal ¢g-Schur algebras.

Theorem 5.3.2 For alln>1,d >0 andr >0, we have

. s n?—n nt4+d—slp=t—1
dimy, S,(n,d), = Y (—1) ( . ) ( L )

520

Proof: This follows just as in the classical case (see [22, 2.2 Theorem]), given the

last proposition.

For i € I(n,d), we let ct(i) = (aq,...,q,) denote the content of i, where o; =
#{l € [1,d] | 7 = u}. The set of contents is in one-to-one correspondence with the
set of ¥, -orbits for the left action of ¥, on I(n,d) given by mi = (7(i1),...,7(iq)).
We identify this set with A(n,d).

For all i such that ¢; < --- < iy, we write &) for &4, when 1 has content A € A(n, d).
As noted in [38, pgs 168 and 183], the £, for A € A(n,d), form a set of mutually

orthogonal idempotents in S,(n,d), whose sum is the identity element. Clearly &,
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lies in Sy(n,d), for all r > 0 and A € A(n,d), so this idempotent decomposition also
holds in S,(n,d),.

We now define an infinitesimal version of the Schur functor in [10, Section 2.1].
This is done for the classical case in [22, Section 5]. Following [29, Section 6.2], let
S be any k-algebra containing a non-zero idempotent e. Then eSe is a subalgebra of
S with unit e, and we may define a functor f(e) : mod(S) — mod(eSe) as follows.
For V € mod(95), f(e)V is the eSe-module eV. If ¢ is a morphism in mod(S), then
f(e)¢ is its restriction. It is well-known that f(e) is exact.

Take S = S;(n,d), and e = &, and suppose that d < n. Then on taking
A = @ = (19), represented by u = (1,2,...,d) € I(n,d), we get an infinitesimal

version of the Schur functor.

Proposition 5.3.3 Withd < n, the algebra £,5,(n,d) £ is isomorphic to the Hecke
algebra H, = H,(Xq).

Proof: Clearly £,.5,(n,d) £ is a subalgebra of £,.5,(n,d)¢é,. By [10, 2.1(6)], we have
that £, 9,(n, d)s has k-basis {&uur : ™ € X4}, and by [10, 2.1(10)'] is isomorphic to
H,. So the result will follow if we can show that our subalgebra is actually the whole
of £59,(n,d)¢s. But for m € ¥y we have that &y ur € Sy(n,d), for all r > 1, as the

corresponding ¢’ in A,(n,d), has no 3;; greater than 1. So the result now follows.

Hence we may identify mod(&5.5,(n, d), £ ) and mod(H,). With this identification

we obtain the infinitesimal Schur functor
fr i mod(S,(n,d),) — mod(H,),

by defining f, = f(¢z).

Next we turn our attention to the Dipper—James basis for the ¢-Schur algebra. In
order to describe this we need to introduce some more notation. For A € A(n,d), we
define the Young subgroup ¥, of 3, to consist of those permutations of {1,2,... d}
which leave invariant the sets {1,2,... M} { A+ 1L, A +2,. ... 0+ A}, o0, {1+
oo+ Ao+ 1. d}. In each coset of Xy in Xy, there is a unique element of min-
imal length, called the distinguished coset representative. The set of distinguished
coset representatives for right (respectively left) cosets will be denoted D) (respect-
ively Di'). Given X and u € A(n,d), we define Dy, to equal Dy N D;', the set of

distinguished ¥, — X, double coset representatives.
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We are now in a position to describe the Dipper—James basis. However, we will
introduce this merely as a set of formal symbols — the interested reader should refer
to [8, Section 1] or [38, Section 6.6] for details. As we are about to give an explicit

isomorphism relating our two bases, this will suffice for our purposes.

Proposition 5.3.4 The set {¢5, | A\, it € A(n,d),e € Dy,} forms a basis for Sy(n,d),

where the ¢, are certain elements of Endy, (E%7).

Proof: As noted in [8], this is just [6, 3.4 Lemmal, though expressed there rather
differently.

These two bases are related by

Theorem 5.3.5 The isomorphism given in (1.2.1) maps the Dipper—Donkin basis
elements to the Dipper—James basis elements above. Furthermore, we may give an

explicit description of this correspondence.

Proof: We will just give the explicit description of the map here. A full proof of the
result can be found in [5, 3.2.5 Theorem]| or [38, Theorem 6.6.6]. Let (i,j) € I3(n,d)
be such that ct(i) = X and ct(j) = p. Define u, to be the element of I(n,d) with
content p, whose components are in increasing order. Then we may define € to be
the element satisfying

Ye={oce¥;|u0o=j}

Take e to be the distinguished double coset representative in ¥,€X,. Then the desired
map takes &; to &5,

Our main reason for introducing the Dipper—James basis here is so as to be
able to describe an algebra anti-automorphism J of S,(n,d). Given such an anti-
automorphism, we can construct the contravariant dual of a (left) S,(n, d)-module V,

by giving the dual space V* the structure of a left S,(n, d)-module via the action

for all s € Sy(n,d),, feV*andv e V.
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Theorem 5.3.6 There exists an algebra anti-automorphism J of S,(n,d) satisfying

1

J(P5,) = D -
Proof: See [8, 1.11 Theorem].

Our next result will allow us to define contravariant duals in the category of
Sy(n, d),-modules. It will be convenient to define for A € A(n,d) the element u, =
(1,...,1,2,...,2,3,...), consisting of Ay “17s, Ay “2”s etc.

Corollary 5.3.7 The map J above restricts to an anti-automorphism of Sy(n,d),.

Proof: It is enough to show that the image of any basis element for S,(n,d), is
another such basis element. So suppose (i,j) € I3(n,d),, and consider the element
& j. This is the element of S,(n, d), dual to ¢ = ¢ ;, which satisfies 8 < [p"~! for all
1 <s#t < n. Now under the isomorphism of (5.3.5), & corresponds to ¢5 ,, where
1 has content A, j has content y, and e satisfies u,e = j. Under J, this is mapped to
the element qbf;, which corresponds to the element & j. Herei’ = u, and j’ = uye™'.
From this we see that (i'e,j'e) = (j,1). Letting ¢® = ¢y jie, we have ay < Ip"™!, as
ast = (s (here we are abusing notation as ¢ is not being expanded in lexicographic
order, but as we are about to correct for this it does not matter). Defining e ETRT

we see that (as 3, corresponds to Q(se)(te) and these are now in lexicographic order)

the corresponding element & 5 lies in S,(n, d),, as required.

Remark 5.3.8 If we are prepared to restrict to the case of [ being an odd root of
unity, then using the Manin quantisation greatly simplifies the above discussion. In
this case we have a coalgebra anti-automorphism (see [39, (3.7.1)]) sending X;; to

Xj;, and the above corollary becomes trivial.

5.4 Induced modules

In this section we define analogues for the monoid case of the induced modules 2T(A)
of Section 1.7. Using truncation functors, we are then able to deduce some basic
properties of these induced modules. By considering the contravariant duals of certain

modules we then prove an infinitesimal version of Kostka duality.
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Recall that we have defined the monoid corresponding to the lower triangular
matrices, so we may define k[L, D] = k[¢g-L(n,k)]/J!, where J' = J. N Ek[¢-L(n, k)]
Hence for A € P(D), we can consider the induced module A,,()\) = indﬁrgl@. Here
k) denotes the one-dimensional D-module of weight A, which can be regarded as a

module for L in the usual way.

Proposition 5.4.1 Let A € P(D). Then
i) A(\) =0 unless A € T.(D);

i) if N € T.(D), then A.(N) 2 Farp(Z.(\)).

Proof: Let A € P(D). There exists an embedding A,(X) —s k[, T], the composition
of the natural inclusion of A, () in k[ M, D] with the injection ¢ : k[M, D] — k[G, T).
Consider induction from L,.D to M,D. We have the obvious map qAb : k[M,.D] —
k[L,D] and, by definition,

A ={f €NOIMD] | f=erogand rle) @ =3 ex @ dlgh) @ g},

K3

where §(g) = 32, gl @ ¢’ and ey is a basis element for \. Now 7(ey) = ex @ ¢l ...en,
S0

AN 2 {gekMD]|}}..cnwg=> olg) @4}
Similarly,

2\ = {g € kG, T e} ... chn@wg =Y d(d) ® g},

where b : k[G,T] — k[B,T] is the obvious map and &(g) = > 9. @ gl Clearly
77/A)L = qAb, and ¢’c = 4, so by the embedding above we have that if f € k[M, D] lies in
A,,()\), then f lies in ZA,,()\). Hence A,,()\) injects into ZA,,()\). The proof now proceeds

just as in the classical case (see [22, 5.1 Proposition]).

The following corollary is now an immediate consequence of the result above,

along with the known structure of Z,(1) and the classification in (5.1.4).

Corollary 5.4.2 Let A€ I'.(D).
i) Let Ar()\) = Eﬂep(D) A,,()\)“ be a D-weight space decomposition. Then we
have dlimzzl,,()\)A =1 and dimA,,()\)“ # 0 implies that p < X for all p € P(D).
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ii) The module A,,()\) has simple socle f/,,()\).

Proof: See [10, 3.1(13)(i) and (20)(ii)].

Consider the symmetric powers Sj(E) of the natural module for M. Choosing a

basis {X1,..., X, } for F, we have by [5, 2.1.9 Theorem] the isomorphism S,(F) =
D.oo SUE) = K[X1,- -+, X,]. The image of SH(E) in k[Xy, -, X, /(X 1 j #4)
will be denoted by Sj(E)i.

Lemma 5.4.3 The ideal <X;p :J # 1y is an M, D-submodule of k[ X1, -+, X,], and
hence Sj(E)Z» is an M, D-module.

Proof: We use the explicit description of the structure map 7 of S/ (L) as a k[G]-
modules given in [46], and note that this gives the structure map as an M, D-module

by composing with the usual quotient map. By [46, Lemma 2.3],

(XY =Y XP XD @ dyely (5.3)
b
where
d — Ip =" [lp=" = b Ipr=' —by —by—...— b,y
b= b, by - b, 7

5] is the

and the sum ranges over all n-tuples b such that > 7 b, = [p"~'. Here [t

Gaussian polynomial (see for example [36, IV.2]). By [46, Lemma 2.1}, if s = &' + [s"”
and t =t + [t", with 0 < &', ¢/ <[ —1, then

s S// S/
u - (t”) [t'] ’
where <j,/,/> is the usual binomial coefficient, and
!
E/} #0 implies that s> (5.4)

Consider the term in (5.3) corresponding to some fixed b, and assume that d;, # 0.
Now Ip"~* = 0 (mod ), and so (5.4) implies that by = 0 (mod [). By induction we

see that the same is true for all the b;. Hence

0 pr—l pT—l — [;1 pr_l — [;1 — [;2 — ... [;n—l
b= _ - Ce 7 )
bl 62 bn
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where for all ¢ we have (b, = b;. As char k = p, we must have (for d, non-zero) that
by = 0 or p"~!. Hence as >_b; = p"~', we have by induction that precisely one of
the b; is non-zero, and equals p"~. Thus the only non-zero terms in (5.3) correspond
to b of the form (0,...,0,lp"*,0,...,0). Suppose the non-zero term occurs in the
tth place. Then the corresponding term equals X,fpr_l ® dbcgr_l and, by the defining
relations for k[M, D], this equals zero unless t = j. So (5.3) above reduces to

r—1 r—1

T(XP )= XP

J J

l r—1
® dcf; , (5.5)

and the result follows.

With the last result, we can now give an explicit description of certain induced

modules.

Proposition 5.4.4 Let A € A(n,d). Then
i) indp"PA = SM(E) @ 5)2(E)y @S2 (E);

ii) Sy(n,d), is isomorphic to the contravariant dual of Ay(n,d),;

iii) Sy(n,d).&y is isomorphic to the contravariant dual of ind}™P X,

Proof: (i) From the definition of induction we have

ind}""(\) = {f € M @k[M,.D] | f =ex@gand r(e) @ g =Y ex@ (g} @ g/},

K3

where 7 is the structure map for the D-module A, ¢ : k[M, D] —s k[D] is the natural
map, and §(g) = 32, 9! @ g7 Now 7(ey) = ex @ ¢}l cr3 ... e, so for f € ind) ()
we must have §(g) = ¢}1¢;2 ... ¢ @ g 4 terms of the form h @ A/, where h contains
some ¢;; with 7 # 7. So ind]\D4TD()\) corresponds to the space of D-weight vectors of
weight A in k[M, D] (regarded as a right module). Clearly, as a right module, the

D-weight vectors in A,(n,d), of weight A are the span of those monomials ¢’ whose

B € M(n,d), satisfy
Zﬁij:)\i forizl,---n.
7=1

It is now routine to check that the map sending ¢” to

X0 XPmg X XPng o X X P
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gives the required isomorphism (using [20, Remark 3.7] for each factor, and noting
that the result is clear for A € X,.(7T'), and follows for general A from (5.5)).

(ii) We define a bilinear form
(_7 _) : Sq(nvd)f’ X Aq(nvd)f’ — k

by (&, ¢) = J(€)(¢), where J is the algebra anti-automorphism of the previous section.
As J permutes the basis elements, it is clear that (—, —) is non-singular. Now, just
as in the classical case, A,(n,d), is an S,(n,d).-bimodule (see [29, pg 35]), and as
there it is easy to verify that the form is contravariant. The result now follows from
[38, 3.4.5].

(iii) By [38, remarks following 6.6.4], we see that S,(n,d).£, is spanned by the
elements & k& 5, where ctk = cti = A and (§, k), (i,1) € I3(n,d),. The elements &; and
& x correspond, under our usual isomorphism, to the Dipper—James basis elements
Py, and ¢, (for some p, €) respectively.

Consider the restriction of the form in (i) to S,(n,d).& x ind}™PX. As noted
in [38, remarks after 6.6.4], we have that qbiAqbb equals some linear combination of
terms of the form Qbim for appropriate f’s. Hence (qbqubb,v) equals some linear
combination of terms of the form qbﬁ;l(v), by the explicit description of J in (5.3.6).
Now by (i), the v range over the span of all ¢; with cti = A. Further, the qbg;l form
a basis for S,(n,d), as 8,7, g run over appropriate sets, and gbg;l(cihi) =0 if wti # 0.
Hence there must exist some v € ind]\gTD)\ for which (qbqubb,v) # 0, as otherwise
the unrestricted form is singular, contradicting (ii). Thus the restricted form is also

non-singular, which by [38, 3.4.5] gives the result.

For p € I'.(D), let pr(/,c) denote the projective cover of f/,,(/,c) in Mod(M,. D). If
P is a projective module, and P(S) is the projective cover of a simple module S,
then we denote by [P : P(5)] the multiplicity of P(S) as a summand of P. We use a

similar notation for injectives. Then we have the following infinitesimal analogue of

Kostka duality.

Proposition 5.4.5 For A € A(n,d), we have the equalities
ind307 20+ £ (o)) = dirng L (1) =[5, 0, ), 5 B,
for all p e I'.(D).
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Proof: This follows just as in the classical case (see [22, Theorem 5.4]).

Hence computing the multiplicities of the indecomposable summands of either
ind¥PX or S,(n,d),£, for all A € P(D), would determine the characters of the

simple M, D-modules.
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Chapter 6

The blocks of the infinitesimal
Schur algebras

To conclude, we turn our attention to the blocks of the infinitesimal Schur and ¢-
Schur algebras. In the classical case these have been calculated for n =2 and r =1
in [23]. Although we cannot yet give a complete description, we are at least able
to completely determine the blocks in the case n = 2 for arbitrary r. The general
strategy is to start from the known blocks of the Schur (and ¢-Schur) algebras, along
with those of the Jantzen subgroups. Then we proceed by increasing induction on d,
and descending induction on r.

The first section reviews the classical results that we shall need, and then proceeds
to calculate the blocks for n = 2 in the classical case. The argument given there will
also hold for the quantum case, so the concluding section merely checks that the
necessary classical results carry across to this setting. It should be noted that we are
able to translate the methods to the quantum case only because of the restriction on
n, as the proof makes frequent use of the equivalence of the two truncation functors

from the last chapter.

6.1 Infinitesimal blocks

In this section we begin to determine the blocks of the infinitesimal Schur algebras.
This will use the description of the blocks of G, T implicit in [33]. We will denote

the block of G, containing A by B,()), and the block of G, T containing A by [;’,,()\).
Blocks will be identified with subsets of Z" in the usual way, thus allowing us to
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consider the intersection of blocks for different categories of modules.

We begin by recalling various results from [34]. Define m (=m(X)) to be the least
integer such that there exists an o € ® with (A + p,a) ¢ Zp™ (compare with the
definition in Chapter 4). Then, by [34, 11 9.19(1)], we have

B.(X) = WA+ p"Zd + pr X(T). (6.1)

By [34, I1 9.16 Lemma (a)] we also have that

N

B.(A) C WA+ pZ9. (6.2)
We can relate the blocks of G, and G T using

Extg, (Lr(N), Le(n) = @D Extl o (LA +p'v), Lo(1)) (6.3)
veX(T)
(see [34, 11 9.16(3)]). This, along with (6.1) and (6.2), gives that BT(A) C B.(A), and
hence

B,(\) C WA+ pmin(m7,¢, (6.4)

Proposition 6.1.1 For all r > 0 and A € X(T'), we have

R m i <
Br()\):{ WA+ pmZ® if m <r,

{7} if m>r,

where m is defined as above.

Proof: We first consider the case m > r. By [34, II 11.8], we have that for all
w € WA+ p"Z®, the module ZA,,()\) is simple. So the result in this case follows from
the usual characterisation of blocks (see [34, IT 11.4]). Now suppose that m < r, and
w € WA+ p"Z®. Then A and p are in the same G, block, and so there exists a
sequence A = oA, 1A, ...,;A = p such that Extér(ljr(i)\)7ljr(i+1)\)) # 0. So by (6.3)
there exist ov, ..., ;-1 € X(T') such that

Exty (Lo (A + p'iv), Lo(i040)) # 0.

Thus ;A + p";v is in the same G, T block as ;4 1A for 0 <7 <t —1. As f/r(r +pv) =

L.(7) @ p'v by [34, I 9.5 Proposition], this implies that oA 4+ p"(ov + ... + 111/ is

in the same G, T block as ;A = . So we will be done if we can show that A is in
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the same G, T block as oA + p (o + ... 4+ 1—1v). But g € WA 4 p”Z® implies that
oA+ o+ ... +-1v) € WA+ p"ZP by (6.4), and hence that p"(ov + ... +_1v) €
p"Z®. The result now follows by repeated use of the short exact sequence in [33,

Section 5.5 before (2)].

For the polynomial case we will need the following lemma, which will enable us

to proceed by induction on r.
Lemma 6.1.2 For all X' € P.(D) and X' € P(D), we have

resMD[,,_H)\ +p" N @[ (AN +p'v),

where the sum runs over the set of polynomial weights of Ql()\”), counted with mul-

tiplicities.
Proof: We first note that for any G,11T-module X, it is clear that
resps, pFa, . p(X) < Fupresy, ., p(X).
We also have, from [34, II 11.15 Lemmal, that
Qrir(N +p"N) 2,1 Qr(N) @ QX))
which implies, by [34, I 11.3 (2)], that

Qs (N + 97X 6.0 @D QN + ),

where the sum runs over the set of weights of O1 (X (A"). The result nows follows from

[22, 4.1 Proposition], which gives that fMTD(Q,,()\)) I, (N).

We will denote the block of S(n,d) containing A by B4()\) and the corresponding
block of S(n,d), by BY(\). We also use the notation from [22, Section 3] for various
subsets of X (7). We first note that, by [18, Theorem], we have

BY\) = (WA +p™Z®)N At (n, d). (6.5)

The main conjecture of this section is
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Conjecture 6.1.3 For all v > 0 and A € T*(D), we have
BY(\) = B.(\) N T4(D).

r

This is already known to hold in the case n = 2 and r = 1, as shown in [23]. As a

first step we can at least prove one of the inclusions.

Proposition 6.1.4 For all r > 0 and A € T%(D) we have
BY(\) € B,(A\) nTH(D).

Proof: To show that our block is contained in this intersection, we first note that
by [22, 4.1 Proposition] we have that fMTD(Q,,()\)) = [;(A). But then if f/r(u) is a

composition factor of [;(A), it is also one of Qr()\), and so the result now follows.

TSp

4p

3p

2p

p (] (] (] o o (] (] (] (] (] (] ] ] ]
(] (] (] o o (] (] [ ] (] (] ] ] ] ]
(] (] (] o o (] (] (] (] (] (] (] (] (]
(] (] (] o o (] (] (] (] (] (] ] (] (]
(] (] (] o o (] (] (] (] (] (] (] (]

0 .

3p 4p 5p

p1 I M Cn —=A

Figure 1: The case n=2, p=5, and r=1.
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For convenience we will set C4(\) = BT(A) N T4(D) (and we hope ultimately to
show that this equals B%()\)). The rest of this section will be devoted to proving the
conjecture for the case n = 2. In this case there is one simple root a = (1, —1). For

the rest of this section we will write A ~ g if A and p are linked as M, D-weights.

We will also need to define various regions of the plane, for which the reader may

find it helpful to refer to Figure 1. We first set
! ={xe P(D)|\ >p —1}.

Writing A € I',(D) in the form A = X 4 p" X with X' € P.(D) and X" € P(D) we also
define
2 ={Ae (D)X + X, <p —1and X =0}

Then our main result is

Theorem 6.1.5 Forn =2 and d > 0 we have that, for all X € T*(D),
BI(N) = €A,

The rest of this section is devoted to proving this result.

We will fix d and assume that we have proved the result for all d' < d. We first
note that for r >> 0, we have S(n,d), = S(n,d) (see [22, Section 2.3 Remark (2)]),
so we will proceed by descending induction on r. So assume the result holds for r+1,
that d > p” (as otherwise we are done by (6.5)) and that m < r (as otherwise the
result is clear from (6.1.4)). We first show

Lemma 6.1.6 All weights in the set 112 N C4(N\) are linked.

Proof: Suppose A and p lie in this set. Then (using the usual notation) A\’ = pu”.
Now ) is linked to u" as these both have weight d’ < p”, for which the result is known
from (6.5). So there is a chain of weights X' =X, ..., N =g in 12N B (X) such that,
for each 7, we have ExtMTD([A/,,(i)\’), f/,,(H_l)\’)) # 0 or ExtMTD([A/,,(iH)\’), zr(i)\’)) # 0.
Now as tensoring up with a one-dimensional module does not cause an extension

to split, we get, in the category of G.T-modules, a chain of non-trivial extensions

by tensoring up with p"A” . But as these are all M, D-modules by restriction, the
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equivalence of F and O, (see [35]) gives that this is still a chain of non-trivial

extensions for M, D (see [22, Section 6.2, Remark]). The result now follows, as

ﬁr(iA) @ p A" = ﬁr(i)\ + p" ") for all 1.
We will also need the following pair of lemmas.

Lemma 6.1.7 For A € T'.(D), if \y € 11} then

N

infe, 7 Far,p(Zr(N) 2 Z.(N).

Proof: By [34, 11 9.2 (6)], all weights u of ZA,,()\) satisfy A — (p" = 1)(1,—1) < p < A
So if Ay > p” — 1, then all these weights are polynomial, and so, as Fas, p is equivalent

to O, the result follows.
Lemma 6.1.8 [f A, p € IY(D)NIIL and X — pu € p"Za, then X ~ p.

Proof: The argument follows just as in [33, Section 5.5] as the exact sequence con-

structed there remains non-trivial when we apply Fas p, by the last result.

Figure 2: The case n=2, p=5, and r=1.

We now consider the case when p” < d < 2p” —1. In this case it will be convenient
to divide I',(D) into three regions; we set A =1I>NT,.(D), B = P.(D)NT,(D), and
C' to be the remainder (see Figure 2). Then
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Lemma 6.1.9 All the weights in C*(\) N B are linked.

Proof: Consider d' € {p" —1,p" — 2} such that d — d' is even. Then we know that all

weights in C¥'(\ — d_zd/ (1,1)) are linked, as this reduces to the ordinary Schur algebra

case. So for any two weights in this set there is a chain of simple modules with non-
trivial extensions between consecutive terms. Tensoring up with det =" then gives

the result as above.

As T (D) C I'Y(D), we now consider the case where A € 'Y, (D) and p €
B2, (A). Then B (X)) = (WA+ p"Z®)N T, (D), and there exists a chain A =
oA 1A, .. A = in Ff_H(D) such that either [[A,,H(i)\) : f,,,+1(2»+1)\)] # 0 or [[A,,H(Hl)\) :
[A/,,_|_1(i)\)] # 0 for 1 <i¢<t—1. Now for all ¢ set ;A = ;X 4 p"; A", where ;X € P.(D)
and ;A" € P(D). By (6.1.2), and as [A/,,_H(i)\) 0D [A/,,(i)\’) ® [Ajl(i)\”)Fr, we have that

for 2 < <t there exists v, ;0" € P(D) such that either
(X +p7v) : Le(ipaM)] # 0,

or
(i N+ p i) Lo(GN)] # 0.
Hence either ;A is linked to ;41X + p"i1 10/ or ;41 A is linked to ;A + p";v. With this

W€ Can now prove

Lemma 6.1.10 For p" < d < 2p" — 1 we have that either C*(\) is a single block, or
it is the union of the two blocks C4(N\) N TI2 and CH(A)\II2.

Proof: First note that if C4(\) C B then we are done by the previous lemma,
so we may assume that this does not hold. Thus, as CH(A\) N (AU C) # 0, and
C ={a+palae A}, we must have CH(A) N C # 0, and hence CZ (X)) N C # 0.
Consider the sequence of linked weights introduced above, and assume — as by the
last remark we may — that A € C'. Suppose that p € B. Now as the only weight
equal to g modulo p"a is p, and the only weights equal to those in C' modulo p"« lie
in AUC, there exists some weight 7 such that 7 € AUC and p ~ 7. We will consider

the following two sets of weights:
By ={p € Bl (\)NB|3reAwith u~ 7},
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and

By ={p€e Bl (N)NB|3reC with u~r7}

By (6.1.6), all the weights in BZ,_,(A)NA are linked, and by tensoring up with p"(1, —1)
we see that all the weights in Bf,l_l_l()\) N C are linked also. So if By = By = () we are
done. Otherwise there are two possibilities: By = By = B, or B; N By = ().

Choose a minimal weight 7 € B, (A) N C (this exists by our initial assumption).
By (6.1.7), ZA,,(T) has polynomial weights, and so (as it is not simple by [34, II 11.8
Lemmal]) we see by [34, 119.1 (6)] that 7 is linked to some lower weight. By minimality
this weight lies in B or A. If it is in A then By = By, = B, while if it is in B then
By # 0. So by the previous lemma we either have By = By = B, or By = () as

required.

Now we consider the case when 2p” < d < 3p” — 1. Once again it will be
convenient to divide our weights into regions. For a set of weights X, we will set X’ =
{z4+p"(0,1)]z € X}, and X" = {a+p"(1,0)|x € X}. We also denote by D the set of
weights with 2p” < d < 3p” — 1 that are not contained in (AUBUC)U(AUBUC)".

Lemma 6.1.11 For 2p" < d < 3p" — 1 we have that either C()\) is a single block, or
it is the union of the two blocks C4(N\) N TI2 and CA(A\II2.

Proof: First consider CH(A\) N (B'UB"UC"UD). Let d' € {2p" —1,2p" — 2} be such
that d — d’ is even. Then as all the weights in AU B U C' are linked by the induction

a—d’

hypothesis, we see by tensoring up by det 2~ that all of these weights are linked also.
If C4(A) N C" # O then these weights can be linked to those in C’ by (6.1.8).

We now show that C#()) is in fact a single block for p < 3p” — 1. For this we will
need to define two further regions of the plane. Decomposing A = X + p" A" as usual,

we set
Hfz{)\—l—((),l) er(D) | N =>p —1, Xy+ X, <2p" —1, and ] =0}

and

I = A+ p'(1,0) | A € IT2).

We can now show
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Lemma 6.1.12 For d < 3p" — 1 and X € I'? we have CH(X\) = BY(\).

Proof: First suppose that A € II}. By (6.1.7), the lowest weight in Ar()\) is A —
(p" — 1)(1,=1). Now for 7 = 7'+ p'7", with 7/ € P.(D) and 7" € P(D), we have
f/r(r) &~ [A/,,(T’)®p7’7'”, and by [34, 11 3.15 Proposition] f/r(T’) = L(7"). Now the lowest
weight in L(7') is wot’ (where wy is the non-trivial element of the Weyl group), and
hence the lowest weight in f/r(r) is wer’ + p"7". Clearly f/r(r) and f/r(u) have the
same lowest weight if, and only if, 7 = u, and so Ar()\) has a composition factor
f/r(T), where wor’ + p't" = A = (p" — 1)(1,—1).

Now we may assume that C4(A\) N 112 # ) (else the result holds by our earlier
calculations). Then, as I = {u + p"a | ¢ € 112}, we have that C*(A) N 11 £ 0.
Modulo p"a, we have that 11! = w112, and so C¥(A) N II2 # . So we may assume

that A € TI2. Then, by considering Figure 1, along with the above remarks, we see
that 7 € 112, and we are done (by (6.1.6), (6.1.10) and (6.1.11)).

To complete the proof we require

Lemma 6.1.13 If d > 2p" — 1 then, for all X € Ffﬂ and w € W, there is some
element of the form w. A+ p"za in Ff_l_l NI

Proof: For each w € W there is one such representative in any chain of p” consecutive
weights in I'?, ;. So it is enough to show that such a chain exists. But all (1, ft2) with
p1+ pe = d and py > po liein Ff_l_l N1II!, so such a chain always exists if d > 2p™ — 1.

To conclude we suppose that d > 3p” — 1. Then there exists integers a and d’
such that 2p” < d < 3p" — 1 and d = d' + p"a. By the previous lemma, there is a
representative of each w.A class in CH(A) NI N {u + p'(0,a) | p € T¥}, and all the
weights in CH(A\)N{u+p"(0,a) | p € I'Y'} are linked by tensoring up the corresponding
chains from I'Y. All other weights in C%()\) are linked to these, as they are linked to

their corresponding w.) class representative by (6.1.8).

6.2 The quantum case

In this section we will verify that the results of the previous section, appropriately

modified, also hold in the quantum case. Most of the work is devoted to determining
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the blocks of the quantum Jantzen subgroups, at least in the cases of interest to us.

To begin, we give an alternative description of induced modules.

Given K a subgroup of a quantum group H, and V a K-module, we define a map
O:VKH] —V®EK]®k[H]

as follows. We will use the convention that we suppress certain summations, indicated
by primes, in a similar manner to Sweedler’s notation (see [43]). Thus we shall
write the structure map 7 of V as v — v’ ® ¢”, and comultiplication § in k[H] by
f— f'@f". Denoting the antipode in k[K] by o, and the image of f € k[H] in k[K]
by f, we define © on elements of the form v @ f by v @ f = v’ @ ¢"o(f) @ f", and
extend by linearity. We define the fixed points under this map to be those elements
Yo v @ fiosatisfying ©(> v, @ f;) = >, v; ® 1 @ f;, and denote the set of these by
(V @ k[H])X. Then we have

Proposition 6.2.1 Given H, K and V' as above, we have
indf (V)= (v @ kH)" .
Proof: We first show indg(V) C(Ve k[H])B Consider > . v; @ f; € indg(\/). Now

@(Zm@ﬁ) :(id®m®id)(id®id®a®id)(id®id®5)(Zv§®g£’®ﬁ),

K3 K3

where § = (@ id)d and m is the usual multiplication map. By the definition of

induction (see Section 1.4) we have

Yvogefi=> vwoflofl

K3

and so by applying our alternative description of © to this we obtain

@(Zvi ® f2> = Zvi @ flo(f"y @ f.

K3 K3

As 0(f) = 0(f), we have by the axioms for a coalgebra that this equals >, v; @1 ® f;
as required.
Next we consider the reverse inclusion. As

(id®m®5)<zvi®1®fi> =Y waflof,

K3 K3
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we have by our alternative description of © above that it is enough to show that
(id@m®d)(id@m®@id)(id ®id ® ¢ @id)(id @ id @ 6) = id.
So consider the left-hand side acting on some element v @ a @ b. The image of this is
v@ac(b)W Q" =v2a@b
as required, and the result now follows.

With this last result we can now prove
Lemma 6.2.2 For all « > 0, B(n,k)-modules M and G-modules V', we have

Rind z(V oM™y =V o (R indZ "9,

B(n,k)

Proof: By the generalised tensor identity (1.4.1), it is enough to show that

R'indG g(M"") = (R ind "9 Ayt

B(n,k)
We first consider the case 1 = 0. Let us denote GG, B by H. Now G, is a subgroup
of H, and we shall denote the corresponding factor group by H”. Then by the last

proposition we have

ind%(MF")

212 1 1R

using for the penultimate step (1.4.2(ii)). Now we have H" = B(n,k) and G" =
GL(n, k), both via F". Hence ind5 (M) = (indgzﬁf)M)Fr as required.

The argument for the general case now proceeds much as in [34, 1 6.11]. We
replace appeals to [34, I 4.5(c)] by [20, Proposition 1.2], and note that induction is

exact where required by the results in [20, Section 1].

With this lemma, we can now prove the following important proposition, relating

filtrations of ZA,,()\) and V().

Proposition 6.2.3 Given A € X(T)", suppose that each composition factor ofjr(A)
has the form f/r(u’+lpr_lu”), with ¢ € P(D) and p" € X(T), such that {(u"+p, a) >
0 for all « € 1. Then V(X) has a filtration with factors of the form L(y') @ V(u")t",
with ¢’ € P(D) and ¢ € X(T)". Fach such module occurs as often as f/r(u’ +

Ip"='u"") occurs in a composition series of ZA,,()\).
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Proof: We first note that H°()\) = indgrBzr(A), as in [34, 9.8 Lemma]. The result
now follows, by the previous lemma and Kempf’s Vanishing Theorem (1.6.2) just as

in the classical case (see [34, I1 9.11 Proposition]).

Recall the definition of m(= m(\)) from Chapter 4. With this we now have

Corollary 6.2.4 Let A\, up € X(T),
i) if f/r(u) is a composition factor of ZA,,()\), then € WA + [pmin(mr)=17.¢

i) if L.(p) is a composition factor of Z,.(X\) then p € WA+Ip™ 1 ZO+1p 1 X (T).

Proof: This is a strengthened version of the classical result [34, 11 9.12 Corollary],
and follows from the previous proposition just as there, but replacing the appeal to
the strong linkage principle with an application of the description of the blocks of &G
in (4.2.12).

Lemma 6.2.5 For all \, p € X(T),
Exte, (Lo(A), Lo(1) = @D Exti (LA +1p"7'7), Lo(p)).
TeX(T)

Proof: This follows just as in [34, [ 6.9(5)], once we note that (by the remarks before
[10, 3.1(9)]) G, and G, T satisfy the hypotheses of (1.4.2), giving the required spectral

sequence.

We can now give one of the desired inclusion of blocks.

Lemma 6.2.6 For A, u € X(T),

i) if Bxth o(Lo(N), Lo (1) # 0, then p € WA+ [p™™(m1)-17,0;

it) if Extg (Lo(A), L () # 0, then p € WA+ Ip™ ' Z® + Ipr~' X(T).
Proof: To define a contravariant duality as described before [39, (11.1.3)], we note
that the coalgebra anti-automorphism used there translates via (1.9.4) to one for the
Dipper—Donkin quantisation. By considering the explicit description of this, it is

clear that it now restricts to an anti-automorphism of G, 7. Then arguing as in [34,

IT 2.12] we see that for all t € N and A, p € X(7T') we have

Ext, p(Lr(A), L (1)) = Extiy p(Lo (1), L (V).
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With this, the lemma now follows from the previous two results just as in [34, 1 9.16

Lemmal].

For the reverse inclusion we will need a few technical lemmas. The first of these

is a straightforward adaptation of the corresponding calculation in [34, page 329].

Lemma 6.2.7 For all A € X(T) and w € W, there exists a 7 € X(T) such that
A —Ip i1 and w.\ — lp"~twr are linked as G, T-weights.

Proof: By [10, 3.1(20)ii)] we have

A

chZ,(A) = e(A = (Ip"™ = Dp)x((lp"™" = 1)p).

Hence, as x((Ip"~! — 1)p) € Z[X(T)]"", we have

e(w(A+ p))chZ,(Ip"~p)
wle(A + p)chZ(Ip"~p)],

Cth(w.A +1p"tp)

and so

Chzr(w.A + Il p) = wchzr(A + 1" p). (6.6)

Now any p € X(T') can be written uniquely in the form g = p' + {p"~'u”, with
' € P.(D) and " € X(T), so for any finite dimensional module M we have

chM = > Y [M:L(w)]e(lp ™ 1")chL(1).

W EP (D) u"€X (T)

Taking M = 2T(A + Ip"~'p) and applying w, we see from (6.6) that

chZ(wA+1p ™ p)= > Z CA 1) s Lo(p)]e(lp” ™ wp )eh ().

WEP(D) weX (T

Comparing coefficients for M = 2r(w.A + Ip"~tp) we see that

2417 p) Lol = [Ze(wd + 07 p) s Lo + 0 ). (6.7)

Hence, by tensoring up with suitable one-dimensional modules, we obtain that

(ZeA =17 ") s Lo = 17 )] = [Zo(w. h = 1p" ™ op”) < Lo(u' — 1p7 " p)].

Now taking 7 = p” for some p for which the left hand side of (6.7) is non-zero gives
the result.
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Lemma 6.2.8 For A € X(T), if (A + p,a) € Zip"™" for all o € 11 then ZA,,()\) is

simple.

Proof: This follows just as in [34, I 11.8 Lemma], using [10, 3.1(22), 3.1(13)(i), and
3.1(20)(ii)].

For our next lemma, it is necessary to restrict to the case when n = 2. However,
as the results in the previous section only hold in this case, this will be sufficient for
our needs. Recall that we denote the unique simple root in this case by a. We will

also use the #(m) notation from Section 2.4.

Lemma 6.2.9 For A € X(T), if (A\+p,a) = alp™ ' +b0(m—2) for some 1 <m <r,
a€Z and0<b<p (or0<b<lifm=1), then

[Z.(A) : Lo(A = bO(m — 2)a)] 0.

Proof: We first note that, by [10, 3.1(20)(ii)], we have

A

chZ,(A) =eM)[l +e(—a)+---+ e(—(lpr_l — Da)).

First assume that m > 1. Then we have

e(A, A2) = e(Ag +1p™ 2 — 1, Xy)e(alp™ ! + blp™=* — 1,0)
=e(Aa +1p™? =1, \)e(ap+b— l,O)Fm_l.

Similarly,
[14- - +e(=(lp ™ =1)a)] = [14- - +e(=(lp"=1)a)|[14- - Fe(—(p " =1)a)) ",
and hence we obtain that

chZ, () = [chZp_1(Ag + Ip™ 2 = 1, X)) [ch Zypy o (ap + b — 1,0))7" 7,

where Z, (1) is the classical induced module for the sth Jantzen subgroup of G L(2, k).
Now f/m_l(Ag +Ip™? —1,\) Za,, 17 L(A2 4+ Ip™ % — 1, )3), which has dimension
[p™=% by Steinberg’s Tensor Product Theorem. Hence 2m_1(A2 +IpmT =1, Ay)

Lyo1(A2 + 1p™™% — 1, X2). Again by Steinberg’s Tensor Product Theorem, the result

will now follow in this case if we can show that

Zr1m(ap+b—1,0): Lision((a— Dp+p—b—1)] £0,
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where L(p) is the usual simple module for GL(2, k). But this follows from the calcu-
lations in [33, Section 5.5].

We now consider the case m = 1. Now [Z,()) : L.(A\)] = 1 by [10, 3.1(13)(i) and
(20)(ii)], so we consider Cth(A)—Chf/r(A). Writing @ = ¢'+p " ta” with 0 < o' < p~!

we have that

N

Ly(N) Za,r Lda +b—1,X) @ L(d)" @ p'~"d",

and so, as b < [, the highest remaining weight in chZ(A) — Chj/r()\) is
M+ (a—=1)+1—=1,A+b) =X —ba

as required.

We are now able to determine the desired blocks. As in the previous section, we

denote the blocks of G, T and G, containing A by BT(A) and B, () respectively.

Theorem 6.2.10 forn =2, r >0 and A € X(T'), we have

5 WA 2O ifm <,
B.(M) = { o) itm >

and

B.(A) = WA+ Ip" " Z& + 1y X (T).

Proof: We first consider the G, T case. For m > r the result follows from (6.2.8).
For m < r, one inclusion comes from (6.2.6). For the reverse inclusion, given two
weights in WA + [p™ 1 Z®, we use (6.2.7) and (6.2.9) to construct a chain of weights
linking them in the G, T case. Finally we deduce the G, case from the G, T result
using (6.2.5).

The determination of the blocks of the infinitesimal ¢-Schur algebras (in the case
n = 2) will now follow just as in the classical case described earlier, once we have
verified a few remaining technical results. We first collect together those results whose

proofs are just appropriate modifications of the GG 7' results obtained in [10].

Lemma 6.2.11 For A = X + [p"~ '\ € X(T), with X' € P,(D) and X' € X(T), we

have

N N

i) Qr(A) = Q(N) @ Ip A,

104



i) all weights of ZT(A) satisfy A —2(lp" " = 1)p < pu < .

Proof: See [10, 3.2(10)(ii) and 3.1(20)(ii)] respectively.

It now only remains to check

Lemma 6.2.12 For A = X + Ip" ' € X(T) with X' € P.(D) and N € X(T) we

have

N

Qri1(N) Zaor Q. (N) @ Qu(N).
Proof: This follows just as in [34, [ 11.15 Lemma], once we have shown that Q,,_H()\)

is injective as a G,.T module, and that the appropriate spectral sequence exists.

Set H = G411, and denote by H the factor group generated by dq_lp and the

r—1

r—1

cﬁ? , for all 1 < e,5 < n. It is routine to check that this is a sub-Hopf algebra,
indeed H = GL(n,k);T under the map taking ci»?r_l — x;; and dq_lpr_1 — d71L
The corresponding subgroup H; (in the notation of Section 1.3) has defining ideal
— 1, for all 1 <4,5 < n. Hence

r—1

generated by the elements ci»?r_l — 6;; and dq_lp
H, = G,.
Arguing as in [5, (1.3.3)], we see that k[H] is free (so certainly faithfully flat)

as a k[H]-module. So by (1.4.2(iv)) we get the spectral sequence required in the
proof of the lemma. Now by (1.4.2(iii)), or the main theorem in [19], Q,,_H()\) is
an injective G,-module. Also, by [10, 3.1(9)], Indg:T is exact so, as oy and op,
are anti-automorphisms (see [20, Remark 2.2]), we have that Q,,_H()\) is an injective

G, T-module by [39, (2.9.1)].

Now the argument of the previous section, along with the above results, gives
Theorem 6.2.13 For n =2 and d > 0 we have for all A € I'4(D) that

B\ = B.(\) NnT4(D).

r
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