Real Analysis: Solutions to Exercise Sheet 4

1. (a) Dividing top and bottom by n? we get
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We know that % — 0, n—12 — 0 and % — 0 as n — 00, so using the Combination
Theorem we see that
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as n — oQ.

(b) Dividing top and bottom by n® we get
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we know that nig — 0 as n — 00, so using the Combination Theorem we see that
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(b) Using (a) we see that for all n we have
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As 711 — 0 as n — oo, the Sandwich rule tells us that % — 0 asn — oo.

3. (a) (1,1,1,1,...) is increasing but not strictly increasing. Another example would be
(1,1,1,2,3,4,5,6,....).

(b) (

(

(¢) (1— %) is strictly increasing and bounded above (by 1), so it is convergent.

—n) is decreasing but it does not converge (as it is not bounded).
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(b) On the one hand
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(c) For all n > 1 we have
1
> 0

so for all n > 1 we have
Tnt1 > Tn

and the sequence is increasing.

(d) As the sequence is increasing and bounded above, using Theorem 2.3.1, we know
that (z,) is convergent.

5. (a) For n =1 we have 2 < x; = g < 3. Now let n > 1 and assume that 2 < z,, < 3,
we then need to prove that 2 < x,,1; < 3. We have

22 46 < 5pyy =22 +6 < 32 +6,

so we get
10 < dxpg1 < 15

and hence
2 < Tpt1 < 3

as required.



(b)

For all n > 1 we have

2 +6
Tpyl — Ty = — Ty
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Now the roots of this polynomial are 2 and 3 and the graph of this parabola
is ‘facing upwards’. Using (a) we know that 2 < z,, < 3 and so in this case
tx2 -z, +2<0.

As (z,,) is decreasing and bounded below, using Theorem 2.3.1 we know that it
converges to a limit [ say. We want to find [. First note that if z,, — [l as n — oo
we also have z,.1 — [ as n — oco. Now take the limit as n — oo on both sides of
the equation

5%pi1 = 22 + 6.

Using the Combination Theorem we have

5T 1 — Ol as n — 0o
and
2246 —1°+6 as n — o0.
So we get
51 =101*+6
and hence

I?=5l+6=(-2)(—-3)=0.

Thus either =2 or [ = 3. As 2 < z,, < 3 and the sequence is strictly decreasing
we must have [ = 2.



