
Solutions to ẋ = Ax

Let λ1, λ2 be the eigenvalues of A with eigenvectors E1, E2, then

Type I If λ1 6= λ2 and λ1, λ2 ∈ R:

A = PJP−1 with J =

(
λ1 0
0 λ2

)
and P = (E1, E2)

The solution to ẏ = Jy is y = C1e
λ1t

(
1
0

)
+ C2e

λ2t

(
0
1

)

The solution to ẋ = Ax is x = C1e
λ1tE1 + C2e

λ2tE2

Type II If λ1 = λ2 and λ1 ∈ R:

A = PJP−1 with J =

(
λ1 1
0 λ1

)
and P = (E1, J1)

with
(A− λ1I)J1 = E1

The solution to ẏ = Jy is y = (C1 + C2t)e
λ1t

(
1
0

)
+ C2e

λ1t

(
0
1

)

The solution to ẋ = Ax is x = (C1 + C2t)e
λ1tE1 + C2e

λ1tJ1

Type III If λ1 = α + iβ, λ2 = α− iβ and α, β ∈ R with, β > 0:

A = PJP−1 with J =

(
α β
−β α

)
and P = (e1, e2)

with
e1 = Re(E1) and e2 = Im(E1)

The solution to ẏ = Jy is y = r0e
αt cos(−βt + θ0)

(
1
0

)
+ r0e

αt sin(−βt + θ0)

(
0
1

)

The solution to ẋ = Ax is x = r0e
αt cos(−βt + θ0)e1 + r0e

αt sin(−βt + θ0)e2

Type IV If A = λI, proportional to the identity, then

The solution to ẋ = Ax is x = C1e
λt

(
1
0

)
+ C2e

λt

(
0
1

)

1


