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Section A

1. (a) Sketch the region of integration in the double integral

w/2 y
I= / dy/ (cos 2y)\/1 — k2sin? x dx,
0 0

where £ is a constant.
By changing the order of integration, evaluate I.

(b) Find the Jacobian of the transformation # = v/u and y = v. Using the variables

u, v evaluate the double integral
2
// y—Qey/xd;vdy,
ST

where S is the region defined by 0 < x < 1,0 <y < .

2. (a) Use Taylor’s theorem to expand the function
flx,y) = e (82° — 6xy + 3y°)

up to second-order terms in the components h, k of the displacements around the
origin (0,0). What can you conclude from the form of the expansion about the
nature of the point (0,0)7

(b) Using the method of Lagrange’s multipliers, determine the maximum of the
function

flx.y,2) = wyz
subject to the condition

2?4yt =1,
with z >0,y > 0,2 > 0.

Turn over ...



3. Determine functions y;(x) and ys(x) in order that y(z) = Ay (x) + Bya(z) is the
general solution of the second-order differential equation

L L

dz2  dx YT
where A, B are arbitrary constants. Show that the Wronskian of the functions y; ()
and y,(x) is nowhere zero.

Use the method of variation of constants to find a particular solution of the inho-
mogeneous differential equation

d?y dy 26T
—2 42 + 5y = )
dx? dx + oy sin x

Hence determine the general solution of this inhomogeneous equation.

4. Assuming that the solution of the differential equation

d2y 2

can be expressed as a power series
[o.¢]
>_ant",
0

show that the coefficients a,, satisfy the recurrence relation

—Un—2
(079 - ;
2T (n+1)(n+2)

n=213,..

Hence determine the first four non-zero terms of a general series solution of the
differential equation.

Turn over ...



D.

(a)
(b)

Section B

What are the properties required for a matrix to be in echelon
form?

Two matrices are row equivalent if there is a sequence of elemen-
tary row operations which transforms one into the other. Show
that every matrix may be transformed into echelon form using
only two types of elementary row operation.

Let M’ be the (not necessarily unique) transform of a matrix M
into echelon form using the two types of operation in (b). If M
is square, show that its determinant is given, up to sign, by the
product of the diagonal entries in any such M’.

Recall that an orthogonal matriz is a matrix P such that P'P = 1.
Showing all your calculations explicitly, determine an orthogonal
matrix P such that P71 AP is diagonal, where

A:

(o)) o))
(o)) o))
(o> o) o))

Make three separate observations on the matrix A above, each
of which is on its own enough to demonstrate that the matrix is
singular.

Turn over...



7. Let

4 -1 6
M=1|2 16
2 -1 8

Determine the eigenvalues of this matrix, and determine a basis for
each of the corresponding eigenspaces.

8. Let P; denote the price of a certain commodity on the j day of com-
modity trading in some market. You are given the prices Py, Ps, ..., P,,
i.e. the prices on days 1 through n. Prove in case n = 5 that there
exists a polynomial f(z) of degree at most n — 1 such that f(j) = F;
for each given P;. Note that it is NOT necessary to determine f(x).

Having performed such an analysis on data for each of two separate
commodities an analyst finds that the polynomial for commodity A,
let us call it fga, is of degree n — 1, while there is a polynomial fz of
degree m < n — 1 fitting the data for commodity B. Which of these
polynomials would you expect to be likely to give a better prediction
of the corresponding commodity’s price on day j + 17 Give reasons for
your answer.
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