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Section A

1. (a) Sketch the region of integration in the double integral

I =
∫ 1

0
dx
∫ √1−x2

0
e−(x2+y2)dy.

By transforming to polar coordinates, evaluate I.

(b) The region R in the positive octant (x ≥ 0, y ≥ 0, z ≥ 0) is bounded by the
surface y = 4x2 and by the planes x = 0, y = 4, z = 0 and z = 2. Evaluate the
volume integral ∫ ∫ ∫

R
2x dxdydz.

2. (a) Find and classify the stationary points of the function

f(x, y) = x3 + xy2 − 12x2 − 2y2 + 21x.

(b) Use Taylor’s theorem to expand the function f(x, y) = (x+y)e(x−y) up to second-
order terms in the components h, k of the displacements around the point (−1,−1).
Hence estimate the value of the function f at the point (−0.9,−1.05).
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3. Determine functions y1(x) and y2(x) in order that y(x) = Ay1(x) +By2(x) is the
general solution of the second-order differential equation

d2y

dx2
+ y = 0,

where A, B are arbitrary constants. Show that the Wronskian of the functions y1(x)
and y2(x) is nowhere zero.

Use the method of variation of constants to find a particular solution of the inho-
mogeneous differential equation

d2y

dx2
+ y = x+

1

cos(x)
.

Hence determine the general solution of this inhomogeneous equation.

4. (a) A change of variables (u, v) 7−→ (x, y) is defined by

x =
1

2
(u+ v), y =

1

4
(u2 + v2).

If f(x, y) is a twice differentiable function and f(x(u, v), y(u, v)) = F (u, v), show
that

∂F

∂u
+
∂F

∂v
=
∂f

∂x
+ x

∂f

∂y
.

Show also that

∂2F

∂u2
+
∂2F

∂v2
=

1

2

∂2f

∂x2
+ x

∂2f

∂x∂y
+ y

∂2f

∂y2
+
∂f

∂y
.

(b) Given that F (x, y, z) = 0 defines z implicitly as a function of x and y, derive
formulae for ∂z/∂x and ∂z/∂y in terms of partial derivatives of F .
If cos(x+ y) + sin(y + z) = 1, determine ∂z/∂x and ∂z/∂y.
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