Calculus Exam Resit 2007: Solutions

1. (a) The integration region is the triangle in the xy-plane enclosed by the lines x = 1,
y=0and y=zx.

Changing the order of integration we obtain

r=1 y=x
I:/ dx/ xsin(223)dy.
=0 y=0

The integral in y gives

Yy=x
/ zsin(22°)dy = [yx sin(2x3)]§ = 2% sin(223).
y=0

Plugging this result into the second integral we obtain

=1 1
1 1-— 2
I= / z%sin(223)dx = [—cos(?x?’)] = 1= cos(2) = 0.236024...

The last integral can be easily carried out using the change of variables t = 3.

(b) The Jacobian of the change of coordinates is simply

Ox Ox Oz
ar 90 99
cosfsing —rsinfsing rcosfcoso
J = ((?937{ g‘z gz =| sinfsin¢ rcosfsing rsinfcosqe
cos ¢ 0 —rsin ¢
0z 0z 0z
ar 90 9
= —r2cos?0sin® ¢ — r?sin® 0 cos® ¢ sin ¢ — 12 cos® O cos® P sin ¢
— r?sin? @sin® ¢ = —r? sin® ¢(cos? 0 + sin §) — r? cos® ¢ sin ¢(cos? O + sin” 0)
= —r?sin ¢ — r? cos® ¢sin ¢ = —r?sin ¢(sin? ¢ + cos? ¢) = —r? sin ¢.

Therefore the Jacobian of the transformation is

dxdydz = |J|drdf de = r? sin ¢ dr d dé.

The integration region for this problem is very easy to sketch. It consists of 2 spheres
centered at the origin, one of radius 2 and the other of radius 3. The volume we want
to compute is just the volume in between the two spheres (as seen in the picture). An
easy way of computing this is simply to compute the volume of each sphere and them
subtract the volume of the smallest sphere from that of the largest one.



9=:»c2+yz+:«:2 I

In spherical coordinates, the equations of the two spheres are simply » = 2 and r = 3,
therefore the integration region for the smallest sphere is

X

Ri={(r2,0):0<r<2, 0<60<2r, 0<¢<m},
and for the radius 3 sphere
Ry={(r,2,0): 0<r<3, 0<60<2r, 0<¢<m},

and the integrals we want to compute are simply

r=2 0=2m ¢=m r=3 0=27 d=m
Vi = / r2dr / do singdp  and Vo= / r2dr / do sin ¢ dop
r=0 6=0 $=0 r=0 6=0 $=0 n

The various integrals can be carried out separately and give

r=2 312 r=3 313
/ ridr = [r ] = §, / r2dr = [r] =9,
r=0 3 0 3 r=0 3 0

0=2m ¢=m
/ o = 2m, / sin ¢ dp = [— cos @] = 2.
6 ¢

=0 =0
Therefore 39
T
Vi =(2m)(8/3)(2) = =3 Vo = (2m)(9)(2) = 36,
therefore, the required volume is:
76
V=V, = %



2. (a) First of all we need to find the points at which the first order partial derivatives
vanish. These derivatives are

fo = 622 — 6y, fy = —6x + 6y.

Then

fz=0 < :E2:y,

and
fy=0 & zx=uy.

The two derivatives vanish simultaneously only if x = y = 0 or x = y = 1. Therefore,
we have two points to study: (0,0) and (1, 1). The second order partial derivatives are:

fmm = 121'7 fyy = 67

f:cy = fyac = —6.

For the point (0,0) we find:

fzzfyy - x2y =36 < 07

therefore, the point is a saddle point.
For the point (1,1) we find:

faafyy — f2, = (12)(6) — 36 = 36 > 0,

since fzz(1,1) = 12 > 0 the point is a minimum.
(b) The Taylor expansion of a function of two variables f(z,y) around a point (zg, yo)

up to second order terms is given by
f(xy) = f(zo.yo) + fa(zo,y0)(x — 20) + fy(T0,Y0)(y — o)

1 1
+ S fea(20,50)(z — 20)? + oy (@0, yo) (y — Y0)* + fay(0,y0) (x — 20)(y — vo),
assuming fry = fyz. In our case (xo,yo) = (0,0) and
— (1 — 22)e— (@ +y?)/2 — (] — e~ (@ Hy7)/2 _ 2 a\,—(z?+y?)/2
f$ Z/( € )6 9 fy x( y )6 ) f$x fﬂy(x 3)6 9

oy = wy(y? = 3)e” 2 f = f = (1—a?)(1 - y?)e @2,

Therefore

f(an) :07 f$(070) :Ov fy(ovo) 207 f$$(070) :()7
fyy((),O) =0, fmy(oao) = fym(ovo) =L
Hence the Taylor expansion is just

f(l',y) = 2Y.



Since f;(0,0) = f,(0,0) = 0 we know that the point is an stationary point of the
function. In addition we have that

F22(0,0) £y (0,0) = fa(0,0)* = =1 <0,
and therefore (0,0) is a saddle point of f(x,y).
. (a) Since G = 0 also its total differential dG = 0 must vanish. By definition
dG = Gpdr + Gydy + G.dz = 0,

and in addition, z is a function of x and y, therefore its differential is given by

0z 0z
If we substitute dz into dG we obtain the equation

0z 0z
dG=0= G, +G,— | d Gy, +G,— | dy.
O L CR L
Since x and y are independent variables, the equation above implies that each of the

factors has to vanish separately, that is

0z 0z
Gx+GZ@ —Gy+GZ8—y = 0.
Therefore we obtain,
0:_ G, 0: _ G,
or G’ oy G,

Employing now these formulae for G(z,y, z) = sin(zy) + cos(yz) we obtain

9z _ cos(zy) 0z  wcos(xy)

dr  sin(yz)’ dy  ysin(yz)

(b) The function we need to minimize in this case is the distance from a point in the
line (which we want to determine) to the point (3,0). The distance square function is
given by:

fla,y) = (z—3)" + 4~
The point (x,y) must be a point on the line y = z, therefore our constraint is ¢(z,y) =
y—xz=0.

The partial derivatives of f and ¢ are:
fe=2(-3), fy=2y, ¢,=-1, ¢,=1
Therefore, the system of equations which we need to solve is:

y—x:O,



2(x—3)—A=0,
2y+A=0.
From the two last equations, we obtain:
A=-2y=2(z-3)
and using the first equation to substitute y = x the equation above becomes:
22z —3) =0,

which has only one solution x = 3/2. Therefore there is only one point which solves
the problem, that is (x,y) = (3/2,3/2) which corresponds to A = —3. The square of
the distance from this point to the line y = =z is,

£(3/2,3/2) = 9/2.

. To obtain the general solution of the homogeneous equation we try solutions of the
type y = ce™*. Substituting this solution into the equation we obtain the condition

m? +1=0=m==+i.
This means that the general solution of the homogeneous equation is of the form
y = c1sin(x) + ¢o cos(x),
therefore we identify
ui(z) = sin(z), ug(z) = cos(x).

For the second part of the problem we will need the Wronskian of these solutions which
is

ur(x) us(w)
uy(w)  us(w)

= —sin’x —cos’x = —1.

sin(z)  cos(z)
cos(xr) —sin(z)

Therefore the Wronskian is indeed nowhere zero.

The method of variation of parameters tells us that a particular solution of the inho-
mogeneous equation is of the form

y = vi(z)ur(x) + vo(w)uz(z),

with

In our case



therefore
vi(z) = /(ex + 4 4 2z) cos(x)dx = /ew cos(x)dx + /4cos(x)dx +2 / x cos(z)dz,
Integrating by parts twice, we find

e *(sin(x) — cos(z)) '

/e cos(x)dx = 5

Integrating by parts once we obtain

2 / x cos(x)dx = 2(cos(x) + z sin(z)).

Therefore
n(z) = e_x(sm(””)z_ <o8(®))  9(cos(z) + wsin(x)) + 4sin(z)
_osin(z), cos(z) 71
= T(e +4x +8) + 5 (4—e").
Similarly,
va(z) = — /(e_x + 4+ 2z) sin(x)dx = sm2(x) (e7—4)+ 0082(:6) (e7" 4+ 8+ 4x).

Hence the general solution of the inhomogeneous equation (after simplifying several

terms) is
: 1 _
y = cpsin(z) + ca2cos(x) + 5(6 Y4+ 8+4x).

with c1, co being arbitrary constants.

Linear Algebra Exam Resit 2007: Solutions

5. (a) 1. Need to check that conditions (S1)-(S3) are satisfied.
(S1) (0,0,0) € V as 0+ 0 = 0.
(S2) If (z,y,2),(2',y/,2') € V (i.e. z+y =z and 2’ +y' = 2') then (z,y,2)+
(@ y,2)=(r+2",y+y,z+ 7)€V as

(x4+2)V+y+y)=@+y) +@ +y)=2+7

(S3) If (z,y,2) € V (i.e. z+y = z) and A € R then \(z,y, 2) = (Az, Ay, A\z) €
V as
Ax+ Ay =AMz +y) = Az



ii.

iil.

V can be written as {(z,y,x +y) | x,y € R}. A basis for V is given by
{(1,0,1),(0,1,1)}. It is a spanning set as

(v,y,v +y) =2(1,0,1) +y(0,1,1)  Va,y €R

and it is also linearly independent as these two vectors are not multiple of
each other.

Using (ii) we see that the dimension of V' is 2.

[9]

(b) W is not a subspace of R? as, for example, condition (S3) fails. Take (1,0,1) € W
and A\ = 2 then A(1,0,1) = (2,0,2) ¢ W as 2 + 0 # 22

()

i.

ii.

3]
Is this set linearly independent? No, as
(2,2,-3) = (1,0,0) + (1,2,-3).

Is it a spanning set for R3? No as this set contains (at most) two linearly
independent vectors, which is not enough to span R3. Alternatively, write

(a,b,¢) = A1 (1,0,0) 4+ Aa(1,2, —3) + A3(2,2, —3).

This is equivalent to
a= A + A+ 2)\3
b=2X\+ 23
c= —3\y — 33

and implies g = So in particular, (0,1,1) is not in the span of these
three vectors.

As it is not linearly independent (and not spanning), it is not a basis for R3.

<
3-

Is it linearly independent? Write
A1(5,2,1) 4+ X2(0,7,3) = (0,0,0)
This is equivalent to the system of equations

5X1 =0
20+ 7X =0
AM+3X=0

The only solution is A; = A2 = 0. Thus this set is linearly independent.
Is it a spanning set for R3? No as we need at least 3 vectors to span R3.
As it is not spanning, it is not a basis.



6.

(a) Amap f:V — W is linear if and only if the following two conditions are satisfied:
(1) flut+v) = f(u) + f(v) Yu,v € V
(73) f(Av) = Af(v) YoeV,AeR
2]

(b) Let f:V — W be a linear map from a vector space V' to a vector space W. The
image of f is defined by Im f = {w € W : w = f(v) for somewv € V'}. The kernel
of f is defined by Ker f = {v € V' : f(v) = 0}. The rank of f is the dimension of
the image of f. The nullity of f is the dimension of the kernel of f.

The rank-nullity theorem says that if V' is finite dimensional then we have

dim V = rank f + nullity f.

a b a b a+ad b4V
f(<0d>+<cl d,>):f(<c—}—cl d—{—d/>)
= (a+d,b+V)
= (a,b) + (d,V)

= (s (8 )

(20 = (8
= (Aa, Ab) = A(a,b)

- Af((i Z))

ke = (25 1@n=00)

a b
c d
00 0 0
= (0 0) reaem (g o
So f is not injective.

A basis for Ker f is given by {( (1) 8 > , ( 8 (1) )} (clearly spanning and



7.

(d)

linearly independent).
The Rank-Nullity theorem says

dim M (2,2) = 2 + rank f

and as dim M(2,2) = 4 we get that dimIm f = 2. As Im f is a subspace of
R? of dimension 2, we must have Im f = R2. So f is surjective and Im f has

a basis given by {(1,0), (0,1)}.

(x,y) =x(1,1) + (y — 2)(0,1) so we must have

f(-rvy) = wf(1>1)+(y_$)f(071)
= 2(1,2,3)+ (y — x)(0,1,5)

= (Q?, 233’ 3$) + (0’ Yy—z, 5y - 5'1')

= (x,z+y,by — 2x).

[6]

[4]

(a) An eigenvector for an n X n matrix A is a vector x € R™ such that Ax = Ax
for some A € R. An eigenvalue for A is a real number A such that there exists a

non-zero vector x € R™ with Ax = Ax.

3]

Suppose A has n linearly independent eigenvectors then there exists an invertible
matrix P (whose columns are these eigenvectors) such that P~'AP is diagonal.

2—-A 2 2
det 2 2—A 2 =0
2 2 2—A
This gives
M6 —\)? =0.

Thus the eigenvalues of A are 0 and 6.

When A = 0 we have

2 2 2 z 0
2 2 2 y | =10
2 2 2 2 0

Thus the eigenspace is given by

SA(O) = {(:an7 - — y) LY € R}

3]



with basis given by {(1,0,—1), (0,1, —1)} (clearly spanning and linearly indepen-
dent).

3]
When A\ = 6 we have
—4 2 2 T 0
2 —4 2 y | =10
2 2 —4 z 0
Thus the eigenspace is given by
sa(=1) ={(z,z,z) : x € R}
with basis given by {(1,1,1)} (clearly spanning and linearly independent).
3]
1 0 1 1 2 -1 -1
pP= 0o 11|, P*lz§ -1 2 -1
-1 -1 1 1 1 1
0 00
P'AP={0 0 0
0 0 6
[5]
(i) For all 2,y € R3 we have
(x,y) = 2x1y1 + 22292 + 223Y3
= 2y1w1 + 2y272 + 2y3x3
= <y7$>'
(ii) For all x,y, z € R3 we have
(T+y,2) = 2(x1+y1)a +2(v2 +y2)22 + 2(23 + y3)23
= (2m121 + 2m222 + 27323) + (2y121 + 2y222 + 2y323)
= <33,Z> + <va>'

(iii) For all z,y € R3, A\ € R we have

Ar,y) = 2(Ax1)y1 + 2(Az2)y2 + 2(Ax3)ys
= A2z1y1 + 222y2 + 223y3) = Az, Y).

(iv) For all z € R3 we have (x,z) = 22} + 223 + 223 > 0 and we have equality if
and only if z = (0,0,0).

[6]

10



(b)

()

(d)

The norm of a vector z is given by ||z|| = /227 + 223 + 222.

1(1,0,0)]] = v2. 2]

Two vectors z and y are orthogonal if and only if (x,y) = 0. The two vectors
(1,0,0) and (0,1,1) are orthogonal as

((1,0,0),(0,1,1)) = 2.1.0 + 2.0.1 + 2.0.1 = 0.
2]

A set of vectors is orthonormal if they are pairwise orthogonal and they all have
norm 1. The vectors (1,0,0) and (0,1, 1) are already orthogonal so all that is left
to do is to divide them by their respective norm.

1(1,0,0)]| = V2 and [|(0,1,1)|| =2

so we get
1 1
Vi=—F7 17070 = 77070
and ) )
Vo = 5(0, ]., 1) = (0, =, 5)
: 1 1
i.e. a:ﬁandb:?
(4]
First define
w3 = (17271)_<(15271)7V1>V1_<(15271) V2>V2
2 1 11
= 17271 _77,0,0 —30*,7
(1,2,1) = —5(5.0,0) =30, 5, )
1 1
- (0757_5)'
Now
10,5, —3) =1
so we have vg = wg = (0,3, —1).
[6]
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