Actuarial Science Mathematics Papers

Solutions to questions — Paper I
Section A
1 — 2z + 522 A Bx+C

—20)(1+a%) 1-2¢ 142
Solving we find A=1,C =0, B=-2.
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d - CIn(1-2 -
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where u = 1 + 22. Hence the integral equals

1
—5 (1 - 22) —In(1 +2?)+C

(a) The Taylor series of f about ¢ is given by

()(c |
T(f,c) = Zfii!()(a:—c)l.

i>0

(b) V(2 —-2)=v2,/T-%.

2]

Using the binomial expansion for (1 +¢)", with n = %, which is valid for

-1 <t<1, we get

rio=vi(10} (5) 3 (3-1) (9 )

Hence the first three terms are

valid for —2 < x < 2.



3 (a) Let u = In(z) and 9% = 1. Then

/m(x)dx:xln(x)—/%dx:mln(x)—x+c.

[4]
(b) Let u = sin(z) so g—; = cos(z). Then
/cot(m) dx = / C?S(x) dx = In(sin(z)) + C.
sin(x)
(4]
4 Verify that y satisfies the given equation. [3]
Verify the identity by differentiating n times. [5]

5 For homogeneous part try e™®, giving m? +4m +5 =0, so m = (—4 +
v—4)/2. So complementary function is

y = Ae ** cosx + Be **sinx.

For particular integral try y = ax + b, giving 0 + 4a + 5ax + 5b = x, so
a=1/5and b = —4/25. This gives the general solution

y = Ae *"cosx + Be **sinz + /5 — 4/25

6 Length given by

/1 (1+ (y’)2)1/2 dr = /1 (1+ (sinh3:10)2)1/2 dx
0 0

1 . 1 .
_ / cosh 3z d — [smh 3x} _ smh3.
0 3 |, 3




Section B
7 (a) 1 — tanh® = sech?, verification is routine. [3]

(b) tanhz = « then

x —x

et 4+ e %

0w l+a 1 (1+a)
e = —— so zziln — .

Rearranging get

T l-a l—«
(2]
(¢) 3tanh®z — 4tanhz — 4 = 0.
Therefore
4+ +/16 + 48 2
tanhr = ———— =2 or — -.
6 3
But |tanhz| < 1 so tanhz = —2.
Therefore
11 1
=-In(=]).
95
(5]

(d) The given curve intersects the z-axis at 0, = and —2F and is negative

between —%T“ and 7. Therefore the desired area is given by

L atsn(a= T e [ st (o) oin (v 7)
/75Wxsmx4dz 73zsmz4dx+wxsmx4d:r.

27 jus
4 4

S5

(5]
We have
/xZSin (a: — %) dx = —2° cos (a: — %) —|—/2xc0s (m — %)
which equals
—2% cos (xf Z) + 2x sin (a:f Z) + 2cos (xf %) .
(7]
Substituting we get that the desired area is
6r w2 1072 57 9x?
— 4+ —=-2 -4+ —+—-2
4 + 16 + 16 + 4 + 16
which equals
11w N 2072 g
4 16 '
(4]



8

9

(i) If foofyy — f2, > 0 and fop > 0 or fy, > 0 then minimum, (ii)
If fowfyy — fgy > 0 and fy; < 0 or f,, < O then maximum, (iii) If
foafyy — f2, <0 then saddle point. Otherwise cannot tell. [2]

fo =42 +4xy* —4(x+y) =0
fy =42y +4y° —4(x +y) =0
fo— fy =42% —4y° = 4(z - ) (2" + 2y +y*) =0

The term 22 4+ 2y + y? is only zero when z = y = 0 and this point
clearly satisfies f, = f, = 0. For other stationary points we need z = y.
Substitute into, say, f, = 0 to get

4o 442 —4(x +x) =82° — 8z =8zx(x — 1)(z +1) =0

Other stationary points are z =y =1 and x =y = —1. (8]

fox = 1227 + 49> — 4, fyy = 42% + 12y — 4,
vy
foy =82y — 4.

Atz =y = 0wehave fru fyy— ffy = 0, so test fails to give any information.
Atz =y =21, foufyy — f2, =12 x 12— 4> =128 > 0, so minima. [10]

zy
At =y=0, foulyy — gy = 0, so test fails at origin. On x = y we have
f(x,y) = 4o* — 822 which has a maximum at z = y = 0. On x = —y

we have f(z,y) = 42 which has a minimum at the origin. Since f(z,y)
exhibits both behaviours it is neither a maximum nor a minimum at the

origin. [6]
(a) Check exact derivative:
2 (y + xe‘”Q) = e 42227
oz
a 2 2 2 2
— <z+(1+2x Yye® ) = (1 + 2x%)e”
dy
(4]
Solution is ) )
r Ty +zyez2 =C.
2
(4]
(b) For homogeneous part try y = 2™ giving m(m — 1) —m — 8 = 2?2 —
2m—8 = (x—4)(xz+2)0, so m = 4 or m = —2 giving complementary

function
y = Az* 4+ Bx™2.



[5] For particular integral try y = ax + b. Substitute in, giving
0—ax—8(ax+b)=z+1
Hence a = —1/9 and b = —1/8, giving the general solution
y=Az* +Bxr 2 —1x/9—-1/8

(4]
(c) For the homogeneous part try y = e™*, giving m? + 2m + 1 = 0,
which has a repeated root of m = —1. Complementary function will
be
y=(Az +b)e ",

[4]

For particular integral try substituting in

y = ae” + ba’e™",

(2]
giving
4ae” +2be " =€ +e7 %,
hence a = 1/4 and b = 1/2, giving the general solution

y=e"/4+ (2?2 4+ Az + b)e ",

(3]



