
Mathematics: Term 2 Questions 7

Partial Differentiation

1. Find all the first and second partial dervatives of

6x2 + 4y(1 − x) + (1 − y)2(a) sin(x2y)(b)

2. If f(x, y) = x2y2 with x = cos t and y = sin t, find df

dt
and d2f

dt2
by using partial differentiation.

3. Using partial differentiation find dy

dx
where

(x − 1)y3 + x2 cos x = 3(a) cos(xy) = 0(b)

4. Find all the stationary points (i.e. points where fx = fy = 0) of

f(x, y) = ex+y(x2 + y2
− xy),

and find their natures (i.e. are they maxima, minima or saddle points?)

5. Find all the stationary points of the function

f(x, y) = (x + y)4
− x2

− y2
− 6xy

and identify their type.

6. Show that the function
f(x, y) = x2y2

− 2xy(x + y) + 4xy

has stationary points at (1, 1) and (2, 0). Find the three other stationary points.

Identify the type of all the stationary points of this function.



Solutions

1. (a) fx = 12x − 4y, fy = 4(1 − x) − 2(1 − y), fxx = 12, fxy = fyx = −4, fyy = 2.

(b) fx = 2xy cos(x2y), fy = x2 cos(x2y), fxx = 2y cos(x2y) − 4x2y2 sin(x2y),

fxy = fyx = 2x cos(x2y) − 2x3y sin(x2y), fyy = −x4 sin(x2y).

2. df

dt
= ∂f

∂x
dx
dt

+ ∂f

∂y

dy

dt
= 2xy2 dx

dt
+ 2x2y dy

dt

= 2 cos t sin2 t × (− sin t) + 2 cos2 t sin t × (cos t) = −2 sin3 t cos t + 2 sin t cos3 t

d2f

dt2
= ∂f

∂x
d2x
dt2

+ ∂f

∂y

d2y

dt2
+ ∂2f

∂x2

(

dx
dt

)2
+ 2 ∂2f

∂x∂y
dx
dt

dy

dt
+ ∂2f

∂y2

(

dy

dt

)2

= 2xy2 d2x
dt2

+ 2x2y d2y

dt2
+ 2y2

(

dx
dt

)2
+ 8xy dx

dt

dy

dt
+ 2x2

(

dy

dt

)

r

= 2 cos t sin2 t×(− cos t)+2 cos2 t sin t×(− sin t)+2 sin2 t×(− sin t)2+8 cos t sin t×(− sin t)×
(cos t) + 2 cos2 t × (cos t)2 = 2 cos4 t − 12 cos2 t sin2 t + 2 sin4 t.

3. Using the result that if f(x, y) = C then ∂f

∂x
+ ∂f

∂y

dy

dx
= 0. Note that it is often better to leave

both x and y in your answers.

(a) y3 + 2x cos x − x2 sin x + 3(x − 1)y2 dy

dx
= 0, or dy

dx
= −

y3+2x cos x−x2 sinx

3(x−1)y2 .

(b) −y sin(xy) − x sin(xy) dy

dx
= 0, or dy

dx
= −y/x.

4. Stationary points at (x, y) = (0, 0) and (−1,−1).

(0, 0) is a minimum.

(−1,−1) are saddle point.
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5. Stationary points at (x, y) = (0, 0), ( 1
2
, 1

2
) and (−1

2
,−1

2
).

(0, 0) is a saddle point.

(1
2
, 1

2
) and (−1

2
,−1

2
) are minima.
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6. Stationary points at (x, y) = (0, 0), (1, 1), (2, 2), (2, 0) and (0, 2).

(0, 0), (2, 2), (2, 0) and (0, 2) are saddle points.

(1, 1) is a maximum.
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