MATHEMATICAL METHODS: COMPLEX VARIABLES 2

ANSWER SHEET

1. (a) From the definition

dilz {f(z)+ g(2)} = Ahzrilo {f(z+Az) +g(z +AAZZ)} —{f(z)+g(2)}
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(b) Let p = g(z) and w = f(p), then w = f(g(z)). Let a change 6z in z correspond

to a change dp in p, and a corresponding change dw in w, i.e. p+ dp = g(z + 0z), and
w+ 0w = f(p+ 6p). Then since f and g are differentiable

op = (¢'(2) + €1)dz, where ¢ — 0 as 0z — 0,

dw = (f'(p) + €2)0p, where € — 0 as op — 0.
Hence

ow = (f'(p) +e&)d(z)+e)dz.

As 6z — 0, so e — 0. This implies that dp — 0, and hence e — 0. Hence

lim 2% = Jim (f'(p) + e2)(d'(2) + €1) = f(p)g(2) = f'(9(2))g'(2).
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As this limit exists and is independent of the argument of §z then f(g(z)) is analytic.
2. (a) u=12*—3zy?, v =3x*y—y® hence u, = 32> —3y* =v,, u, = —6xy=—v,. f(2)
is analytic.
(b) u =0, v=az*+y% hence u, =0 # v, =2y, wu,=0+# —v, =—2z. f(z) is not
analytic anywhere, but is differentiable at z = 0.

(¢) u = arctan(y/x), v =0, hence u, = —y/(z* +y?) #v, =0, wu, = z/(a® +y?) #
—v, = 0. f(2) is not analytic, nor differentiable anywhere.

(d) Here
sin 2x sinh 2y
u = : and v=—
cosh 2y — cos 2x cosh 2y — cos 2x
Hence
2cos2x cosh2y — 2 —2sin 2z sinh 2y
= = —y, and Uy = — Vg

(cosh 2y — cos 2x)? (cosh 2y — cos 2x)?

And so f(z) is analytic. [f(z) = cot 2]



3. |f(2))? = u(z,y)® + v(x,y)?> = C, where C is a constant. Taking partial derivatives with

respect to z and y gives

ou ov ou ov
2u— + 20— = d — — =0.
uax—l— U@x 0, an 2uay—|—2vay 0

Use the Cauchy-Riemann equations to eliminate the partial derivatives of v:
Uy — vuy = 0, Uty + VU, = 0.
Then add u times the first equation to v times the second equation to eliminate u,, giving
(u* + v*)u, = 0.
Hence u, = v, = 0. Similarly u, = —v, =0, and so f(z) is a constant.
4. It f(Z> = U(l’,y) + ZU(Q?,y) then 7(’2) = U(;E, _y) o 7;’0(.’]?, _y) = U(l’,y) + ZV(Q},y) Then
Ux(xvy) = Ux<33, _y)7 Uy(]"v y) = _uy(x7 _y)7 Vx(a:,y) = —’U(ZL', _y>7 and ‘/y(x7y) =
vy(z, —y). Applying the Cauchy-Riemann equations on u and v gives U, = V,, and

U, = —V,, and so U and V satisfy the Cauchy-Riemann equations for all z and so f(z) is

analytic.

5. Consider the point (z,y) = r(cos#,sinf), then
(1 +9) -y (1—0)

f(z)= e :r((1+i)sin39—(1—i)cos39), for all r #0.
Clearly as z — 0 then r — 0 and f(z) — 0. Hence f(z) is continuous at the origin. Also
2% — g 23 4+ o
u(z,y) = ma and v(r,y) = 2+ 2
and so 3 0 0.0 0
9 40,0 = lip U0 = u(0.0) ) 2=0
8I x—0 €T x—0 €T
Similarly
0 0 0
—u(0,0) = —1 —v(0,0) =1 —v(0,0) =1
Sou0.0 =<1, 0.0 =1, u(0.0)
and so
ou Ov d ou ov ; 0
— = an — = at T=y=
or 0Oy dy ox 4
But

f(z) = f0)  r3cos®O(1 +i) —r3sin® (1 —4)
z r3cosf +isinf
= (14 )(cos* # + sin* @) + (1 — 4) sin 6 cos O(cos® § — sin” 6)

which is clearly dependent on 6, and so f’(0) does not exist. So what went wrong? The
problem comes from not being able to differentiate either u(x,y) and v(z,y) in both vari-

ables together, i.e. we cannot find constants A and B such that

u(x,y) = u(0,0) + Az + By + o(r).



6. (a) V2(y? —2?) = L5 (a2 —y)—l—ay (y* —2?)=2-2=0. If u =y*>—2? then u, = —2x =

X
v, = v =—2xy+g(2), and uy, =2y = —v, =2y — ¢'(x) = ¢'(z) =0, and so g(x) = C,
for some constant C', hence v = —2xy + C.
(a) f(z) =y* —2* +i(—2zy + C) = —(z + iy)* + iC. Quite quick.

f(
(b) (2) =

Z

2(z2—2)? — z(z+2)? — (2)(21) (2+72)(z—2)+iC = —32° + 322 — 37° —

2
z— 122 — 122+ 122 +iC = —2? +iC. Quite tedious.

(c) f(z) =0—22+1i(—220+ C) = —2% +iC. Quick.
(d) f(2) =2[(—iz/2)* — (2/2)?] + C = 2[—2%/2 — 2?] + C = —2z* + C. Quick if you can

remember the formula (since you don’t have to find v(z,vy)).

=
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(b) V?(e*cosy) = = 2 (e® cosy) + g—;(& cosy) = e"cosy + (—e“cosy) = 0. If u = e cosy
then u, = e"cosy = v, = v = e”siny + ¢g(z), and u, = —e"siny = —v, = —e*siny —

g (x) = ¢'(x) =0, hence v = e*siny + C.

(a) f(z) = e"cosy + ie"siny + iC = e*(e¥ + e W)/2 + ie” (e — e ¥)/(21) + iC =
et /2 + ¥ W [2 4 e"TW /2 — "W /2 +iC = e + iC.

(b) Very long winded, I'm not prepared to type it out.

(¢) f(z) =e€*cos0+ie*sin0+ iC = e* 4+ iC. Quick.

(d) f(2) = 2e*/?cos(—iz/2)+C = e*/?2cosh(z/2)+C = e*/? (GZ/2 + 6*2/2) =e+1+C =
e+ C'.

7. V(23 — 3zy* — 2x) = %(m?’ — 3zy* — 2x) + g—;(x?’ — 3zy* — 2z) = 62 — 6z = 0. If
u = a® — 3zy* — 2z then u, = 322 — 3y* — 2 = v, = v = 32%y — y* — 2y + g(x), and
uy, = —6zy = —v, = —6zy — ¢'(z) = ¢'(x) = 0, hence v = 32?y — y> — 2y + C. Using

f(2) =u(z,0) +iv(z,0) gives f(2) =22 —32x0—-224+i(322x0—- 03+ C = 23 — 22 +iC.

For last part see notes.

8. [Note error in question: it should read sinz and not sin z in the definition of u(x,y)]

V%(z + sinzcoshy) = 88—;2@ + sinz coshy) + 59—;2(:17 + sinzcoshy) = —sinxzcoshy +
sinzcoshy = 0. If u = o + sinwcoshy then u, = 1+ coszcoshy = v, = v =
y+cosxsinhy+g(x), and u, = sinzsinhy = —v, = sinzsinhy—g¢'(x) = ¢'(x) = 0, hence
v =y+cosxsinhy+ C. Using f(2) = u(z,0)+iv(z,0) gives f(z) = z+sin zcosh0+44(0+
cos zsinh 0+ C) = z +sinz + iC.

For last part see notes.

9. To see if it is analytic we check to see if its derivative exists. Note:

1 1 —Az

s+ Az z (z+A2)z



and so
1 1

vt -1 1
lim 22 = — |li;m — —  — _
Ao Az ) (2 + A2)z 22
This limit exists for all z # 0, hence 1/z is analytic for all z # 0.
From the chain rule (Question 1), if h(z) = 1/z, and ¢(z) is a polynomial (and hence
analytic) then h(q(z)) = 1/q(z) is analytic, except when ¢(z) = 0. The product of two

analytic functions is also analytic, so p(2)h(q(z)) = p(2)/q(z) is analytic as required.

10. (a) cos z = cos x cosh y — i sin x sinh y, hence if cos z is to be real then sin z sinhy = 0. This
is the case when either sinz = 0, in which case z = nm + iy for any integer n and arbitrary

y, or when sinh y = 0, in which case y = 0 and so z is any real number.

(b) sin z = sin x cosh y+i cos x sinh y, hence if sin z is real then cos x sinhy = 0. If cosx = 0
then z = (n + 1/2)7 + iy for any integer n and arbitrary real y, and if sinhy = 0 the z is

real number.

11. Using the definitions cosz = (e + €7%)/2 and sin z = (e — e~**) /(2i)

iz —12\2 iz ,—1z)\2 2iz 1 —2iz 2iz
COSZZ—FSiHQZ:(e —;26 ) +(e (2;2 ) 264 i € €

(N}
W
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cos(—z) = (ei(fz) + e*i(fz)) /2 = (eiiz + eiz) /2 = cosz

sin(—z) —sinz
tan(—z) = = = —tanz
cos(—z) H+cosz

COS(Zl :l: 22) — (eizliiZQ + e*i21¥iZ2) /2 — (eizleiizz + e*izleiFiZQ) /2
= ((cos z1 +isin zq) (cos zo £ sin z9) + (cos z; — isin z1) (cos zo F isin z9)) /2

= COS 21 COS 29 F Sin zq Sin 29

Sin(z1 = 2) = (e1E052 _ gminFim) 97y = (g1 et gminFin) /()
= ((coszy +isinzy) (coszy £ isinzy) — (cos z; — isin z1) (cos zo F isin z2)) /(20)
= sin 21 COs 25 % cos z1 Sin 29
12. From the definition of a general power of a complex number
9 ilni _ eiln(e“‘/Q) — pilim/242nmi) _ e’“/Qe’%’T,

=€

where n is any integer.



