MATHEMATICAL METHODS: COMPLEX VARIABLES 3

ANSWER SHEET

L (a) Vi(zy+z+y) = %(azy%—x—i—y)—ka s(ry + 2 +y) =04 0= 0. Harmonic.
z+1)y 6(x+1 2 z+1)2—y?
(0) Tt u(2,) = G then v = AT e = (it and vy = (it

2.

2, 5,3
Upy = —%Eiii%iy%@ . Hence V2u<1‘7 y) = Uge + Uyy = 0. Harmonic.

(c,d) If u(x,y) = (ycosz F zsinz)e ¥ then u, = (—ysinx F (xcosx + sinx))e ™Y, uz, =
(—ycosz F (—xsinz + 2cosx))e™¥, and uy, = (cosx — ycosx F (—xsinz))e™, uy, =
(ycosz — 2cosx F (xsinx))e . Hence Vu(x,y) = (F2cosx — 2cosx)e ¥ and so (c)

V2u(z,y) = —4cosxe Y. Not Harmonic. (d) V2u(z,y) = 0. Harmonic.
For (a) up =y +1 =V, =0V = %y2+y+g(az)
uy=z+1=-v, =—g'(z) = g(z) = —322 -~z + C.

Hence v(z,y) = 3(y* —2?)+y— 2+ C and f(z) = u(z,0) +iv(z,0) = 2z — 3iz> — iz +iC =
(1—i)z— L2 +iC.

For(b)um:%:vyiv:(xﬁ)%—kg( )
X 2_ €T
Uy Mi%)z:fvx:warg() 9'(x) =0=g(z) =C.
Hence v(z,y) = (m+’”1;r21+y2 +C and f(z) = u(z,0)+iv(z,0) = O+i(zf$%+0+i(§’ = #I—HC.

Note (c) is not harmonic so it is NOT the real part of some analytic function.

For (d) uy = —ysinze Y4sinze V+zcosze™ =v, = v =ysinzve Y—xcosre ¥+g(x).
uy = (—ycosz+cosr—wsinz)e ¥ = —v, = —(ycosx—cosz+asinz)e ¥V —¢'(z) = ¢'(z) =
0=g(x)=C.

Hence v(x,y) = (ysinx—z cosx)e ¥+C and f(z) = u(z,0)+iv(z,0) = zsin z—iz cos z. This

can be further simplified: f(2) = zsinz—izcosz = Z (€ — e %) —Z (e + %) = —ize®®.

(a) 1. Splitting the contour into two parts
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Giving the total integral of 4 + 44.
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ii. With 2z = 2 + iy = 2t + 2it?, dz = (2 + 4it)dt, and so
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(b) i. Again splitting the contour into two parts
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Giving the total integral of —13% + 5%2’.
ii. Again with z = x + iy = 2t + 2it?, dz = (2 + 4it)dt:

dz

1 1
/ 22 4 2izdz = / (2 +2iz) — dt = / (2t +23t%)? + 2i(2 + 23t%)| (2 + 4it) dit
C 0 0

1
= / 8it — 16t* + 16it® — 40t* — 164t” dt
0
16 8i 61"
— [4z't2 — 6 4 it — 8t% — itG] = 131 + 50,
3 3 1o
Note for integral (b) the function is analytic, and the answers should be the same. Finding

the indefinite integral
3
/z2—|—2izdz: %+iz2+C’,

we can check these integral: [23/3 + 22 + C]g = % + (2 + 2i)> = —13% + 5%i as

required.

. The formula given holds if the function f(z) is analytic inside and on a closed simple contour

C that encloses the point zg. This contour is traversed in an anticlockwise direction.

Applying Cauchy’s Integral Formula

/ /
£ (z0)] = QLT('Z ]{C & Ji(z))n-l—ldz/ = Qn_7:- fc & Ji(z))n—i—ldz/ ,
where C is the circle of radius r centred on zp. But on this circle |z —z¢| = r and |f(z)] < M
and so )
’72 (2 J:(z))”“dZ/ S % 2mr = 27;7]1\4’
giving

| |
’f(n)(zo)’ < ;l_ﬂ- y 2 M _ n!M

Tn TTL

If f(z) = €* then |f(z)| = e” where x is the real part of z. Hence on the circle |z| =1 the
maximum modulus of f(z) will correspond to the point with largest real part, i.e. z =1,

and so M = e. This gives an upper bound for | (™ (0)| of

70| < nle.



We know that f (”)(0) = 1 for all n, however the upper bound derived here grows as n!, so
although this method produces a reasonable bound for the first couple of of derivatives, the
bound rapidly becomes very weak for larger values of n and may not be of much practical

use.

If a function is entire then it is analytic for all z, and we can apply the above result for any
circle of arbitrary radius and centre. If a function is globally bounded in modulus by M’,
say, then using the above result applied to a circle of radius r centred on z we find that the

modulus of the derivative of f(z) bounded by

Far<

r

But the radius can be chosen to be as large as we want, and so this implies that | f'(z)| = 0.

This is true for all points, and so f’(z) =0 Vz. Hence f(z) is constant.

The real function f(x) = cosx is indeed bounded everywhere and is not constant, but
the above result is a result for compler analytic functions. The complex function that
corresponds to the real function cosx, i.e. cos z, has a modulus that grows roughly as %e‘m
as y, the imaginary part of z, gets large in magnitude. Hence the complex function cos z is

clearly not globally bounded in the same way.

. Cauchy’s Integral Formula states that if a function is analytic inside and on a simple closed

contour C, and a point z lies within C then

e

f(z) =

omi Jo 2 — 2z

where the contour is traversed in the anticlockwise direction. For proof see notes. The

formula for higher derivatives is
| /
(n) :n-jg &)
f (Z) 27 C (Z/ _ z)n-i—l <

(a) Note 22 +1 = (2 +1)(z — i), so we will have to deform the contour into two separate
contours, C7 and Cy, surrounding the singularities at z = 7 and z = —i respectively.

Around z = 7 we see that

cosh 2z cosh 2z " 1

241 z+4i z—1i

If the contour around z = ¢ doesn’t contain z = —i then the first fraction is analytic

and we can apply Cauchy’s Integral Theorem. If we let

cosh 2z
z+1

9(z) =

then

1+1 2mi Jo, 7' — i

= b L o)y
C



and so

/ cosh dez — (2ri) x cosb 22“
Ch 22 + 1 21
Similarly the contribution from around the singularity at z = —1¢ is
cosh 2z cosh —2i cosh 27
———dz = (271) X ——— = —(2mi) X
/02 2= R x——; (@mi) x =5

and so the contribution from each singularity cancels the other out and the total
integral is 0. This result could be anticipated from the symmetry of the argument of
the integral: observe cosh2z/(22 + 1) = cosh(—22)/((—2)? 4+ 1) and so contributions

from opposite side of the circle will cancel.

(b) Again we will split the contour of integration into three parts around each of the
singularities, C7 about z = 0, Cy about z = ¢ and C'5 about z = —i. Then if we set

sin 2z

9(z) = 555, then g(z) is analytic in the neighbourhood of z = 0 and we can apply

Cauchy’s Integral Formula for the first derivative

1 9(#)
g/(o) /Cl Wdz'

" omi
Giving

2(z" +1)cos2z — 2zsin2z . o,

in 2
/ QSILdz =2mixg'(0) = 2mix
Cy %

EE) EXSVE
In a similar fashion to part (a)
. 19 1 2
[ R R RN R —
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9 9 1 (2
/ o dz:/ X ——dz=2mix _Sn(=20) i
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Giving the total integral

in 2
/ o ZE iz = dmi — msin2i — wsin2i = 27m(2i — sin2i)  [= 2mi(2 — sinh 2)].
c (2 +1)

5. From Cauchy’s Integral Formula

fo= o [ T g

oM Jo 2 — 2

where C' is a simple contour going around the point z anticlockwise. Deform the contour

to a circle of radius 7 centred on a. Then 2’ = a + re?, and d2’ = ire’df. Giving

1 f(z) &' 1 (2 f(a+re?)
omi Jo 2 —a 27 Jo a+re? —a

f(a) = ire?dg = /O27r f (a + T‘ew) do,

as required.



6. Assume that there is a point, 2/, with maximum modulus in the interior of the region under
consideration. Let r be the radius of a circle centred on the point such that all points on

the circle lie inside or on C. Then from Gauss’ mean Value Theorem

1 2 .
&) =5= [ [ +re?)ds.
21 Jo
And so
F = 5o | [5G +rean| < 5 [5G+ ao
27 | Jo — 21 Jo '
If M is the maximum modulus of f(z) for any point on this circle then
Ne L [Tl re a0 < 2 [ arao =
P 5n [0 e o < o [T ado = .

But |f(2)] has a global maximum at 2/, and so |f(2')] > M, hence |f(z’)| = M. This
equality is only possible if
1 2w

27
/ 10
— Y [T mae
/O‘f(z—i-re )| do o [ Mo

1
27
Because f(z) is continuous this can only be the case if | f(z)| = M for all points on the circle.
Since r is arbitrary this implies that the modulus of f(z) is constant in any disc centred on
2 inside or on the boundary, and will hold for the largest possible circles that just touches
the boundary, hence there must be a point on the boundary at which |f(z)| = M. And so

the maximum modulus is to found on the boundary too. Hence result.

7. A function f(z) is analytic inside and on a boundary C, and is not zero for any point
inside or on the boundary (if it was zero on the boundary the minimum modulus theorem
is trivially true). Then consider g(z) = 1/f(z), this function is analytic for all points inside
and on the boundary, and so from Q6 its maximum modulus is attained on the boundary.
However, the maximum modulus of g(z) corresponds to the minimum modulus of f(z),

hence result.

8. If a line ~; is given by z = ¢1(¢), then the angle the curve makes with the real axis at
any point is given by arg (%) = arggi(t). Similarly if another curve is given by z =
g2(s) then the angle this makes with the real axis is arg (%) = arg g5h(s). If the curves
meet when ¢ = ¢y and s = sp then the angle between the curves will be arg g} (to) —
arg g5(so) = arglg)(to)/gh(s0)]. The angle the corresponding curves will make in the w-
plane are arg (=) = arg [f/(g1(1))g (1)), and arg (1)) = arg[f'(ga(s))gh(s)]. The
angle between these two lines at the point of intersection will be

f'(g1(t0)) g1 (to)
f(92(50))g5(s0)

But g1(to) = g2(s0) and so the terms involving the derivatives of f cancel, giving the same

arg [ (g1 (t0))d, (f0)] — arg [ (92(s0))g) (s0)] = arg [

angle as was found between the lines in the z-plane.



(a) See notes.

(b) See notes.
(c) From a point z = re? consider a point a distance §r in the radial direction, i.e.

z = re'® 4+ §re’®. Then considering the limit as 6r — 0

f(z 4+ 6re®) — f(2)

/ T
Fz) = 511}210 dret?
. u(r4or,0)+iv(r+dr,0) —u(r,0) —iv(r,0)
= lim ,
5r—0 dretd
_up(r,0) +ive(r,0)

et
Similarly, if we consider the derivative as a limit as z 4+ §z approaches z along the
circular arc |z + 0z| = 7, i.e. let z + 6z = re®+99) then

, e f(rei(6+60)) _ f(reie)
filz) = Hm r(ei0+30) _ ci)

u(r, 0+ 60) +iv(r,0 4+ 60) — u(r,0) —iv(r, 0)
r(ei(@+39) — ¢if)

But e/(0+90) _ ¢if — jeif50 4 0(56%) and so
(r,0) + ivg(r,0)

iretd

flz) ="

These must be the same, hence

up(r,0) +ivp(r,0)  ug(r,0) + ivy(r,0)
0 =

e iret®

or

(1, 0) + ivn (r, 6) = ;;(u@(r,9)+—ivg(r,9))

Taking real and imaginary parts gives the required result
Uy = Vg and TV, = —Ug.

Lastly, if v(r,8) = r72 cos 20 then

2 Ug sin 26
vy = _T_3C0529 = Su=—3 +g(r)
2sin 20 , vy 2sin 26 ,
Uy = — r3 + (T):?:_ r3 (T):O:Q(T)ZC
Hence
sin 26
’LL(’I“, 0) = 7“—2 +C
and
F(2) = u(r,0) +iv(r,0) = BT o L on oL

r2 r2 T 20210 T 27



