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MATHEMATICAL METHODS: COMPLEX VARIABLES 4

ANSWER SHEET

Assume P(z) has no roots then 1/P(z) will have no singularities. Also, since n > 1,
1/P(z) — 0 as z — o0, and so 1/P(z) will be bounded in magnitude. Hence by Liouville’s
theorem 1/P(z) is a constant. This is clearly not the case, therefor our assumption that
P(z) has no roots must be false, and that there exists at least one point, z1 say, such that
P(z) =0.

Since P(z1) = 0 then P(z) = P(2) — P(z1) = a1(z — 21) + a2(2? — 23) + a3(2® — 2}) +
<o+ ap(2™ — 2f). We can take out a factor of (z — z1) from each term to give P(z) =
(z—z)[a1 +ag(z+21) +az(2? + 221+ 23) + - Fa (2" + 2722 4+ - 4+ 277 ). The
expression inside the brackets [...] is a polynomial of order n — 1, hence we have shown
that P(z) = (z — 21)Q(z), where Q(z) is a polynomial of order n — 1. This process can be
repeated to show that QQ(z) has a root, z2, and so P(z) = (2 — 21)(z — 22)R(2) where R(z)
is a polynomial of order n — 2. We continue repeating this process until we are left with
P(z) = (2 — z1)(z — 22)(z2 — 23) ... (2 — 2,)C, where C is a constant. Examination of the
coefficient of z" shows us that C' = a, as required. From this expression it is clear that

P(z) has n roots.

(a) i. aisaremovable singularity, means that lim,_,, f(z) exists, and if f(«) is redefined
too take this value at the point o then f(z) becomes analytic at .

ii. « is a pole, means that there exists a positive integer n and a constant A # 0 such
that lim,_., f(2)(z — )" = A.

ili. « is an essential singularity means that if f(z) is a single-valued function (i.e. «
is not a branch point) and that the point « is not analytic, but it is neither a pole
nor a removeable singularity, then it is an essential singularity.

Note that the last two singularities can also be defined in terms of their Laurent series.

If the Laurent series has a finite number of non-zero coefficients of the negative powers,

then the singularity is a pole. If it has an infinite number of such coefficients then the

point is an essential singularity.
(b) In case (i) if lim,_,o # O then the singularity of 1/f(z) is also removable. If the limit
is 0, then the singularity is a pole.

In case (ii) the singularity will be a removable singularity, it can be replaced with the

value 0.

In case (iii) the singularity of 1/f(z) is also an essential singularity.

(c) The function f(z) = % has singularities at z = 0, £m, £27,.... From consid-

eration of the Laurent series for e'/# = 1+ 271 4 272/21 4 273/31 + ..., it is clear that



there are an infinite number of terms in this series about z = 0 with negative powers,

and so z = 0 is an essential singularity. The singularity at z = 7 corresponds to both

el/z(z—ﬂ)

- — —e!/7™ and so this is a
Sin z

(z—7m) =0and sinz = 0. As z — 7, f(z) =

removable singularity. All the other singularities are simple poles.

3. an=vVn+1—yn=yn(/1+1/n—1). But 1+e<1+e+e*/4andso 1 +e<1+¢/2,
hence a, < /n(l+1/(2n) —1) = (2y/n) ' — 0 as n — 0. However if Sy = sV a, =
1-04+v2-14+---+VN-yV/N-1+/N+1-+N =+/N+1 and so Sy — oo as

N — oo.

4. (a) (n+2)/(3n+2i) — 1/3 as n — o0, since the individual terms do not tend to zero the

series cannot converge.

(b) By the ratio test, |an41/an| = |W\ — ‘% =1/4/2 < 1 so the series converges.
(n+1) n
(c) By the ratio test a,11/a, = % = (nti# = (212 (n+1). But 22 > 1

and so an41/a, >n+1>1 for all n. Hence the series diverges.

(d) Both the root test and the ratio test fail to say whether this series diverges or con-
verges. Probably the easiest way to see that this series converges is to consider the real
and imaginary parts separately. In both cases you get a sequence of numbers converging
to zero with alternating signs, and hence each subseries converges and so the whole series

converges.

5. Consider lim,, . /|an(z — 20)"| = limy, 00 |2 — 20| ¥/|an| = L|z — zo|. By the root test, if
L|z — zp| > 1, i.e. if [z — 2 — 0| > 1/L then the series diverges, similarly if L|z — zo| < 1,

i.e. |z — 20| < 1/L, the series converges. This means that the radius of convergence is 1/L.

It is probably easiest to see this works by using a “hand-waving” argument. If the sequence
has more than one limit point then all the points that we need to worry about in this
sequence will have values in some neighbourhoods of these limit points. If we then separate
the terms in the series into several power series according to which limit point the terms
/|an| are near then from the above argument we see that each of the separate series will
have different radii of convergence. The series with the largest radius of convergence will
be the one with the lowest vale of lim ., ¥/[a,[, and the smallest radius of convergence
will have the largest value. For the power to converge as a whole the individual power
series must also converge, and this will be limited by the smallest radius of convergence of

the individual power series. This will correspond to the largest of the limit points of the
sequence { {/|an|}.

Examination of the coefficients in the given power series shows that for even n the general
term is (24+27") and so {/|ay,| = 1. For odd n the general term is 27", and so {/|a,| = 1/2.

The larger of these is 1, so the radius of convergence of this power series is 1/1 = 1.



When applying the above and the root test you may find it useful to know that for large n,

n! = 2rnn"e™ (Stirling’s formula), and so ¥/n! ~n/e.

() £olog(z+1) = (—1)" Hn—1)!/(z+1)" and so log(z + 1) = z — 2%/2+ 23 /3 — 24 /4 +
— (=) —

(b) L (z+1)71 = (=1)"nl/(z+ )" and so 1/(2+1) = 1—z422 =22+ 244+ (—2)"+- -

(€) L(-1/(z+ 1)) = (-1)" I+ D!/(z+1)""? and so —1/(z + 1)? = =1+ 2z — 322 +

428 =524 —(n+ 1) (=) — -+

It is straight forward to show that if you integrate the series term-by-term (b) you get the

series (a), and if you differentiate it term-by-term you get the series (c).

. (a) We can either use the result from 6(b) or alternatively:

s = s (15 = 1/2—(2-1) /44+(2—1)?/8— (2—1)3/16+- - -+ (=1)"(z—1)"/2" T 4 -,
=2.

=

(b) It is easiest in this case to use partial fractions:

1 _1/2{ L1 ]_ 1 1 L1 1
1+22 1—iz  1+iz _2(1—1')1_1'(1»2;,1) 2(1+z)1+z<z 1)
—1

1 i(z—1) ?(z—-1)2  3(z—1)3
T 2(1—4) S T2 g T
1 i(z—1) 2(z—-1)2 3(z-1)3
oa |t i (1+i)2  (1+1i)3 +1

— 9—3/2,in/4 {1 + 271/263i7r/4(z 1)+ 27166i7r/4(z . 1)2 + 2’3/269”/4@ . 1)3 4. }
+2—3/26—i7r/4 {1 + 2—1/26—3i7r/4(z — 1)+ 2—16—6i7r/4(z _ 1)2 + 2—3/26—9m/4(z _ 1)3 4. }
— 2—3/2[ei7r/4 + 6—i7r/4] + 2—2[6i7r + e—’iﬂ](z _ 1) + 2—5/2[67z'7r/4 + e—?iﬂ'/4](z _ 1)2

4 2—3[610m/4 + 6—101'71'/4] (z— 1) + 2—7/2[613m/4 + 6—131'71'/4] (-1 4.

1 1 1 1 1 1 1
D)1 =D (=1 = (1) oz — 1)
) - (CR VNI G| LA CRY L NGRS

(c) This one gets a bit tedious:
f(z) =sinmz? = f(2)=0
f'(2) = 2rzcosmz? = f/(2) = 4n
f"(2) = 2w cos m2? — 4n?2? sinw2? = f7(2) = 2«
f"(2) = 81323 cos m2? — 12nzsinwz? = f"(2) = —64x°

f"(2) = —48m32% cos m2? + (16712t — 1272) sinw2? = f7(2) = —1927*
and so on. Hence f(z) = 4m(2—2)+m(2—2)?—2Zr(2—2)3 873 (2 —2)*+ (11258775 27r3) (z—
2)5 R

(d) 22 = In(2(z—2)+4) = Ind+In(1+E52) = Ina4 &2 G2 20 G2t




8. Remembering
1 1 1

= — X d 1
= o cl—z (z+1)" : (1)
1 1
= X H"ta 2
" 27ri]{c1—z (1) de @)
where C' is an appropriate contour surrounding zg = —1. For the Laurent series near the

centre we can use any circle of radius less than 2 centred on 1. In this case the singularity
of the 1/(1 — 2) term is not included in the contour, and hence the integrand for (2) is
analytic inside C', and so b, = 0 for all n. In (1) the only singularity is that at z = —1.

This is a pole of order n. Using Cauchy’s integral formula this gives

_1%1X1d_1x2,1d<"1>1
"TomiJol—z G T 2w T im0 1 — 2
z=—1
1 _ (n—1)! 1
- —1DI(1=2)" —(n—1) ——
= o) X (n—1)!11-2) T (n—1)! x T
Hence the Laurent/Taylor series for |z + 1| < 2 is
1 1)? 1)
-z =14 EFED  EHDT @D

2 4 8

For C of radius larger than 2 integral we still get the above contribution for the coefficients
an, but in addition we get a contribution from the singularity at z = 1. From Cauchy’s
integral formula we find this extra bit

1 1 1 1

1

on’

— X 2= — X —2M————
2ri Jo, 1— 2z (z+1)» 2mi (z+1)"

z=1
Thus a, = 27" — 27" = 0. (2) now contains the singularity at z = 1. From Cauchy’s
integral formula

1 1 1 1
— X dz= — x —2mi(z + 1)}

b, = — _2n71
" omiJol—z" (24 1) 27i

z=1

2 4 4
z+1) (z+1)2 (z+1)3

Hence for |z + 1| > 2 the Laurent series is 1/(1 — z) = —1 — 0

9. (a) 25 = —m = z_lﬁ. To find the Laurent series for |z| < 3 (i.e. the Taylor

series) expand the second expresseion, and for |z| > 3 the third expression to give:

For 2| < 3,1/(2 —3) = —1/3 — 2/9 — 22/27 — 23 /81 — 2%/243 — .. ..

For |z| >3,1/(z=3) =21 4+322 49273 4+ 27274 +8127° + ...,

(b) Use partial fractions 1/[z(z — 1)(z — 2)] = 327! — (z = 1)7! + 3(2 — 2)~1. We then

expand the relevant terms according to whether (i) |z] <1, (ii) 1 < |z| < 2 or (iii) 2 < |z|.

) =f' Lo+ 242+ 4 [~d g -5 = B i R

) = 1
z

1
(i) = 327

- +[_Z_1_Z_2_Z_3_}+|:_i_§_%_j|
e e R B P R SRT] [ T S p R



10. (a) There is one singularity at z = 2. It is a simple pole, so the residue is lim,_,2(z — 2) x

11.

2/(2—2)=-2.

(b) There are two singularities at z = +1. Both are double. The residue at z = 1 is given by
lim, d%[(z—l)2 xe?/(22—1)?] = lim,_; diz[ez/(z—&—l)Q] = lim, 1(z—1)e*/(z+1)3 = 0. The
residue at z = —1 is given by lim,_,_; d%[(z+1)2 xe?/(22—1)%] = lim,_, d%[ez/(z— 1)?] =
lim,,_1(z — 3)e*/(z — 1)} = e71/2.

(c) There is one singularity at z = 0. To find the residue we could either expand cos z in pow-

ers of z and find the appropriate term in the Laurent series directly, or we use the formula

for a pole of order 5: The residue = lim,_,q ﬁ%[f x (cos2)/2°] = ﬁ% COS 2|,—0 = 2—14.
(d) wtanmz has singularities at z = £1/2, £3/2, £5/2,.... At a general singularity
the residue is lim,_,; o4nr(z — (1/2 + nm))wtanmz = lim, /04y %ﬁfjn)) Using
I'Hospital’s rule this gives a residue of lim, /5, =7 = —1 for all n.
(a) Using the standard substitution z = e? we get

27 1 4+ sin6 1+ 4(z—271)dz ]4 22 4+ 2iz—1

—————df = —=—¢ ——————dz.
0o 2+ cosf cZ—i—%(z—i—z—l) 1z cz(z24+4z+41)

The function inside the integral has singularities at z = 0 and z = —2 4 /3. Only z = 0
and z = —2 + /3 lie inside the circle C' of radius 1 centred on the origin. The residue at

z=01s
. 22 42z —1 2242z —1
lim 2z x = = —1.
=0 z(22+4z41)  22+4z+1
z2=0
The residue at z = —2 4+ /3 is
242z —1 242z —1
lim (z+2—\/§)>< z;— 1z _ Z + 21z
z—>—2+\/§ Z(Z +4Z+1) Z(Z+2+\/§) Z:*2+\/§

_6—4\/§+2¢(—2+\/§)_1+L’
o (2+VBRvB VB

Hence the integral is —27i x [(—1) + (1 414/v/3)] = 21//3.

0

(b) Again using the standard substitution z = e? we get

2 cos 30 2B +273) dz
[ f A
0o H+4cosd ch+2(z+271) iz

1 ]{ 2041 g L % 2541 4
= — z = — A
4i Jo 23(22 +5/2z 4+ 1) 4i Jo 23(z+2)(z+1/2)
where C' is the circle of radius 1 centred on z = 0. This has a pole of order 3 at z = 0 and

a simple pole at z = 1/2 that lie inside this circle. The residue at z = —1/2 is then

. 20 +1 (=125 41
Jm G} et iy o/




12.

To find the residue at z = 0 we can simplify things by noting that if we split the expression

and one

24l into two parts, one with 2% on the to 2 = 2
23(22+5/22+1) parts, Py BGr15/2:41) = (2245/22+1)°

with 1 on the top, we see that the former has no singularity at z = 0. This

1
23(22+45/22+1)?
simplifies things a bit. The residue at z = 0 is

1 & 1 .1 d? [—2/3 2/3

020d22” T Bt (et 1/2)  002d2 [z +2  z+1)2

116 21

= - + .
0 12737 4

T2 3 27 3Gt 12p8
Hence the integral is 27mi x £ x (—65/12 + 21/4) = —7/12.

12 2 22]

All these integrals are done by using the semicircular contour which has its diameter going
between —R and R along the real axis, and is closed in the upper half plane. In each case

the contribution from the curved part of the contour vanishes as R — oo

(a) Poles at :i:lT‘;i and :I:_\l/%'i, only the ones with a plus sign in front lie inside our contour.

Residues at 1—\;; and 1—\/%’ are [using rule that if ¢(z) has a simple zero at zp, and p(z) is

non-zero at zo then the residue of p(z)/q(z) is P(20)/q'(20)]

1+ 22 1 1+ 22 1
—3 = —F and —3 = -
4z _14i 2v/2i 4z _—i4i 2/2i
=2 =Ta
respectively. Hence the integral around the contour is 27 x 2 X 2%/% = /27. But our

integral only goes from 0 to oo and so the required integral is 7/v/2.
(b) Double poles at +i and —¢, only the former lies inside our contour.

The residue at +i is

limi (z—i)zx#}—limi{ ! }— —2
z—i dz (224 1)2)  z=idz [(z4+149)2] (2 +1)3

1

4i

z=1
Again our integral only goes from 0 to oo so the integral is % X 271 X % =7/4.

(c) Simple poles at i and +2i, only those at i and 2i lie inside our contour.

The residues are

fm(z — 1) x 1 1 1

im(z — ¢ = = —

zi (2 +1)(z2+4)  (z+i)(z2+4)],; 607

lim ( 2i) x 1 1 L
im (z — 2i = =——

252i (22+1)(22+4) 22+ 1)(2+20) |, o 12i’

respectively. This time the integral is from —oo to oo, and so our answer is 277 X (é — ﬁ) =
/6.

(d) The function inside the integral is an odd function, hence the integral is 0.



