X2 Mathematical Methods — 2005

1. (a) p=1—1/r.
(b) V x F =0, so F is conservative. F = V¢ =V (y?sinz + 22> — 4y + 22+ C),
work done = ¢(7/2,—1,2) — (0,1, —1) = 15 + 4.

2. (a) Normals (not unit) on surface given by N, = (1,2, —1) and N, = (2z, 2y, —2z).
At point Ny, = (4,6,4). Tangent vector T = N, x N, = (14,—-8,-2).
Tangent line z = (2,3, —2) + AT, normal plane by (z — (2,3,-2)) - T =
14x — 8y — 22 — 8 = 0.

(b) At P, ¢ = —3, A= (4,18,-3), Vo = (1 +yz,1 + zz,2y) = (-5, —2,2),
V- A=9y*+22+22 =14, V x A = (—2yz, —2xz, —2xy) = (12,6,—4). So
AVo =62, ¢V-A = —42, Vox A = (—30, —7, —82) and (Vo) x (Vx A) =
(—4,4,-6).

3. (a) Region of integration inside lines:
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//A (a:4—2y) dydx:/ll/a:; (a:4—2y) dydx:/112x6da::4/7.
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(b) Intersection of surfaces at z?+4y* = 4. V = / / ldzdydr =
2 J—/1—22/4 J2243y?

1902/4 2
A—2?— 42 dyd :/ 8(1—22/4)/2—222(1— 22 /4)/2 —8(1—
//mxyyx [ 8—a/4)! /=20 (1—a? /4) /2 - 5(

w/2
2%/4)*? /3 dz. Use the substitution 2 = 2sinf to get V = / ) 16 cos® 6 —
—m/2
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16 sin? § cos® § — 3 cos*0df = 167/2 — 167/8 — 3 X 3m/8 = 4n

a)/sz-ﬂdszm, (b) /S(VXA)-ﬂdS:O

D Uy = Uy, Uy = —Vy. Viu = Ugy +Uyy = (Ug)z +(uy)y = (Uy)w+(_vw)y = Uyz — Ugy =

0.

(i) V2u(z,y) = 2e” coshy, (ii) V2u( y) = 0, so use (ii). v(z,y) = e “cosy +
/4 =322+ vt A+ C, f(2) = _”+zz4/w—|—zC
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Graphs with the even function at the top and the odd function at the bottom:
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For an even function b; = by = by = ... = 0 and for an odd function ag = a1 =
g = ... = 0.

8(1+ (—1)"
ag =2/3, ap, = —M, f(@) =2/3— 2% cos T — 5503 €08 2Ma— 55 €08 3T —

2,2
--+. Use f(0) =0 to get required result.

7. (1) ©/3, (i) Tw/12.
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8. (a) For > a,2", if Hm_ an /a, = L, then series converges absolutely for |z| <
n—

0
R =1/L and diverges for |z| > R =1/L.
(i) R =1, (ii) R = 1/e, (iii) R = 0.

(b) Poles at i and £2. Taylor series for |z| < 1, two Laurent series for 1 < |z| <

2 and 2 < |z|.
22 1/5 4/5
(224+1)(22—-4) 2241 22-4
For |2] < 1,1/(2?+1)=1—22+2"— .- and for |2z| > 1 1/(2*+ 1) =
z2 -
For |z| < 2, 1/(2* —4) = —1/4 — 2%/16 — 2*/64 — ---, and for |z| > 2,

1/(22—4)=2"2+424+1626+ .-
Hence, for |2| < 1, f(z) = —22/4+324/16+--- for 1 < |2| <2, f(z) = - —
27 /5+272/5—1/5—22/20—2%/80—- - -, and for |z| > 2 f(2) = 27 2+3274+- - -,



