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Calogero—Moser—Sutherland opera-
tor
"o 2m(m+ 1)

L=A— —
sinh (ZBZ — CU])

1<J

Quantum complete integrability:
L1 =01+ ...+ 0n,
Lo =L,
Ls=0]+ ...+ 9; + lower order terms,
s=1,2,....
[Ls, Lz] = 0.
Lq,...,Ly are algebraically independent.

If m € Z_|_ then there are additional quantum
integrals (Chalykh,Veselov'90). For example,

n
My =[] (6 — 8j)2m8t + lower order terms,
i<j



[MtaM'f] = 0, [MtaLS] = 0.

Generalized CMS systems

Consider configuration A = (A, m) where A is
a finite set of non-collinear vectors «, o € C";
m is a multiplicity function, m(a) = maq € Z4 .

ma(ma + 1) (o, o)
sinh?(a, )

A=n-Y
acA

Examples of configurations A leading to su-
percomplete rings of quantum integrals con-
taining LA.

1. Calogero—Moser—Sutherland case, A= A,,_1.

o = Q5 = €; — €4, 1 <1< y3<n, Me,;; = M



2. A:Cn

e;, l<i<n, m;=I

1

3. A= R — root system [Olshanetsky, Perelo-
mov, 1977]

The set of hyperplanes {(a,z) = Ola € A} is
invariant under reflections around them. The
multiplicity function m = m(«) is also invariant
under Weyl group.

4. A, 1(m) [Chalykh, F., Veselov, 1996]

€; — €; 1<i1<y3<n m;; = m

e;—vVmepr1 lsisn mypp1 =1
Ap 1(1) is root system A, with multiplicity 1

5. Cn(l,m) [Chalykh, F., Veselov, 1999]

e, =vV2m+1le, 1<i<n—-1, m;=1



774\

1<j<n—1, mi; =

1<i<n—1, my, =1.

We assume 227%44'_11 €Zy;l,meZy.

Cn(m,m) is root system Cj, with multiplicities

m, 1

6. A, 2(m) [Chalykh, Veselov, 2001]
€; — € 1<i<yg<n—-1 mi; = M

e;, —vmen, 1l1<i1<n m;,=

Y

\/_m_leO_ei 1<t <n Mo i =

vV—m — leg — v/men mon =1



Baker—Akhiezer functions for gen-
eralized Calogero—Moser—Sutherland
systems

[Chalykh, Veselov, 1990; root systems]

For A= (A,m) =R, A, 1(m),Cn(l,m), A, 2(m)
there exist Baker—Akhiezer functions

bk, z) = PA(k, z)elk?)

k,x ¢ C", (k,z) = kiz1 + ... 4+ knzn, where
polynomials PA have the form

PA(k, ) = || (k, )™+ lower order terms in k,
acA

such that the following conditions hold.

For any vector a € A

WAk + sa) = vk — sa)

at (k,a) =0fors=1,...,mqfor A=R, A, 1(m),
Cn(l,m) (and more complicated for A = A,, o(m)).



Baker—Akhiezer function ¥A(k, z) satisfies

(A S ma (Ma + 1)(a,04))¢,4 _ 1204,

=y sinh?(a, z)

Define ring R4 consisting of polynomials p(k)
such that

p(k+ sa) =p(k —sa) at (k,a) =0

fors=1,...,mq fOor any a € A.
Theorem [Chalykh, Veselov, 1990]
For any p(k) € RA there exists differential op-

erator

Lp(x,0;) = p(9z) + lower order terms
such that

Lp(z, 0x)p™ = p(k)p™,
and [Lyp,, Lp,] = 0 for any pq,po € RA.



Bispectrality. Dual difference
operators.

A = (An,m) — Ruijsenaars operator (1987)

n+1n+1 .
pA = 3 T (1- 2m )T
i=1 j7i ki — k;

where
Tif(k1yeoykiyeooykpat) = f(k1,o o kit 2,0 kpat).
Then DAnpAn = (€221 4 .+ e2%n+1)qpAn
[Chalykh,2000]

A=A, 1(m)

D-An,l(m) - a’lT]. —|— ce ‘I‘ anT'n, + a’n—l—lT');/—iC_r;_’



where for:=1,...,n

1 ﬁ <1+ 2m )
a = — ,
ntl m. ki—+vmkpy1+1—m
n_|_1f(k1, o kpy1) = f(k1, . kg1 + 2/m).

Theorem [Chalykh, 2000]
D»An,l(m)w-An,l(m) —

(21 4 .. 4 ¢2%n _|_ men—l—l)wAn 1(m)

Macdonald operator (1988)

A = R — root system of type Ay, Bn,Cn, Dn, Eg, E7.
7 — minuscule coweight for %RV: (mr,a) € {0,—1,1}
for all a € 3RV,



( \
=y | T ()|

e | ae3(RVU(-RV))
K (a,7)=1 )

where W is the corresponding Weyl group, and

T7f(k) = f(k+7).

Theorem [Chalykh, 2000]
D773¢R — ( Z 8(107T,CB))¢R

weW



Dual operator for Cn(l,m)

e, =vV2m+1le, 1<i<n—-1, m;=1

éfn: 2l+16n, mn — MM,
e; e 20+ 1
: “7, 1<1<gy<s<n—1, m;j = T
2 2m + 1
s 1z
6226”, 1<i<n—1, my, =1.
Define

n

Cn(l,m) _ — -

penlbm) — S~ o Tt 4o T,
i=1
where for 1 <:<n—-—1

T (K1, kn) = fler, o kit V2m + 1,0 k),

TEf(ky,. .. kn) = f(k1,...,kn+ 20+ 1).
+

Then coefficients a;- are defined by

n

+ + :

a; —Haij, 1=1,...,n,
=1



where for 1 <i4,5<n—-1, 1% j

i, 2A+1 N[ 2+1
a-. = — — — — _ _ :
iJ +k; + k; +k; — K,

+ 1 1_(2m—|—1)l
Y T o F 1 tk )

+ 1 2m +1 1 2m + 1
a, - — — _ — - 9
in Ak 4+ ko — 1L+ m ke —kn—1+m

+ 1 20+ 1 1 21+ 1
a. . — — —_— — ;
nJ +kp +Fkj+1—m +kp —kj+1—m

L _ 1 ( (@+Dm
dnn = 51 %, )

where we use notation k; = v2m + 1k; for i =

1,....,n—1, and kp, = V2l + 1 k.

Theorem [F]

DCn(l,m) an(l,m) —



cosh . coshz nAbm)

where z; = v/2m + 1z;, Tn = V21 + 1zn.

Dual operator for A, >(m)

e; — €y, 1<i1<3<n—1, m;j = M

€0 — €4, €4 — €n, €0 — €En,

where

eg = vV—m — leg, en, = v/men,

1<i<n—1, and my, = mg; = mo, = 1.

Define

D _ 1 <1+_ 2£m+1) )X
ko — kn —2m —1

n—1 2(m + 1)
H <1+E‘o—k'j—m—2>To+




n—1 2m
1 — = Th.
=1 kn —kj+ m—1

Theorem [F]
D-An,Q (m) w-An,Q (m) —

(3 2 gAnalm),

=5 (&, e;)

where e; =e; for 1 <:<n—1.



Construction of BA functions
Chalykh, 2000: A =R, A, 1(m).
T heorem

For A=TR, An,l (m)a An,Q(m)a Cn(la m)v

¥ = Ae) (DA - M (2)) " QR)e®),

where

Q) = TT T (k + ict, @) (k — iax, ),

acAi1=1
AM(z) = (D IDAWA), M =Y 4eama.



Commuting difference operators
Let A be one of R, A, 1(m), A, 2(m),Cn(l,m),
let p € RA. Define
d
Dp = ad™Pp(k),
where adyB = Ao B — Bo A.

T heorem

For any pi,po € RA

[Dp1) DPQ] — 07

and also [DA, Dp,] = 0. These operators sat-
isfy

Dy, = p1 (2) .



Integrability at generic coupling con-
stants

R:. Take ps - basic invariants
-An,l(m):

s—2
ps = ki+...+k)_1+m 2 k; +lower order terms
Cfn,(l,m):

20+ 1
2m + 1

ps =k 4 ...+ k25 +( Rl

An,Q(m):

ps = (—1-m) 2 ko-l-k-l- Ak _1+m 2 ks-l—

Theorem [Chalykh, F., Veselov'99-05] In ev-
ery case there exist differential operators

Ls = ps(0z) + lower order terms

such that [Ls,L;] = 0, and L, = LA (or L1 =
LA). The difference operators Dg = adDejpsps
also commute [Ds, Dz] = 0.



Restrictions for configurations ad-
mitting BA functions

Let A= (A, m) admit BA function. Let AL C
(AU (—A)) be a positive subsystem with an
edge vector o.
Theorem [F]

A_|_\Oé:B]_|_|...|_|BN

such that forall [, 1 <l <N

1) for any B,v € B;
/B_fy:nﬁfyaa

with NG~ € 7

2) ZﬁEBl mﬁ(m,@ + 1)(576)(a75>28_1 — 07

where 1 < s < mq.






