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1. Quantum Group Invariant Two Parameter
Deformed Boson Algebra

_1
djdy, = (1o azay,

* % —1 . *x =%
dpdp = (p(p ajdayg,

%k %k
didy = (iQoajay,

(1)
* 2 * 2N
a,a, — (¢, a,a, =q, °,

* 2 % * 2 %
dpdp —(pazay; =aja; —(zasa,

2N * 2 %
g, ° =aja; —qQjyasa,,

(M. Arik et al., Z. Phys. C. 55 (1992) 89)



- whereq, #0,, (0;, 9y) € R*,and  Ng=N;+IN\,

ara; +aza, =[N+ N, |=[Ng], 2)
 wWhose spectrum is given by

(3)

[n]= q;" - gi"
q; - a7

- which is called the generalized Fibonacci basic integer.
4, <> q, Symmetry |
This (q,,9,)- deformed bosonic algebra is invariant under the
quantum group SU , (2) with r =g, /q,. How?



Our system is invariant under the following transformation:

ekl 2la)
ay &) \-F a )&
such that Te SU, (2) with r=q/d,, and
aff =rpfa, off” =rfBa,
BB = BB, a’a+ fp =1, ®
ad +1r° 8 B=1

(Note that in this computation, the matrix elements of T are assumed to commute
With al,az,af,a;.)



SUj /g, () Invariant two-parameter deformed boson algebra.

-1 -
ajay = 019, agaj, 1 <K,
% -1 % =% 1
ajay =050, aga;, 1<K,
% _ % -
ajax = Q0i10,a¢a;, | =K, (6)

* 2 x 2N
qa; —Qragay =4q, °,

* 2 % * 2 %
dgay —(raygay =ag_jax_g —gzag_1ag_1, k=2...n,

2N % 2 x
04 ° = apdap —(rana,,

aJey +858p +...... a8y =[Ny +.....+No | =[N, )

whose spectrum is given by the Fibonacci basic numbers [n] in Eq. (3).

(M.Arik et al., Z. Phys. C 55 (1992) 89)



SUCh/q2 (n)-invariant (g, q,)-deformed bosonic oscillator algebra

/ |

0,=0,=1 =1

1 The one-parameter

deformed boson algebra

Undetormed invariant under the SU,, (n).

boson algebra

(W. Pusz and S.L.
Woronowicz, Rep. Math.

Phys. 27 (1989) 231.)

0:=0,=0

!

The g-deformed
bosonic Newton
oscillator algebra
Invariant under the

SU(n).

(M.Arik et.al. J. Phys.
A 32 (1999) L371)




SU, (n)-invariant
(9,4, 9,)-deformed
bosons with r=q/o,.

/ 6¢ -GGG =q",
[6i.c;1=0=[c;.¢],

N|n)=n|n),

*
Jy =CC,  J_=cC,,

g- bosons ‘ <

2J3 — N2 — Nl’
[‘JB"Ji]:i‘]i’
[J,,J_1=[2Jz],

where

[X]: q _q_l
qd—q

(A. J. Macfarlane, J. Phys. A
22 (1989) 4581; L.C.
Biedenharn, J. Phys. A 22

(1989) L873; Y. J. Ng, J.
\ Phys. A 23 (1990) 1023)
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2. (ql, qg)—deformed SUSY algebra

Two undeformed fermions
fo, fy, o, fs.
{fi’ fj*}: Sij» 1,j=12,

i fil=0, {F7f =0,

2 =(f")*=0

Two (g,,9,)-deformed bosons

with SU 0w/t (2)-symmetry

* *
dy,dq,d59,d5

lea;fv QZZanZ’
Ql* = fl*al’ Q;Zfz*az,

Qf =Q5 =(Q)* =(Q;)* =0.
aifm:fmai’
CIRE -1




{Ql’Qz} {Ql,Q } I 0,

(q +02 )/ZQNZ

2N g 2NB
{QllQl }2/(q12+q§): H :alal+( - Jfl fy

a7 + g3
(9)
20%2)2 f(af+af)” T2 T T2%2 92 +q2 2 12
[Hl’Ql](qfw%)/Z: 0. [HZ’QZ](qlzw%)/Z: 0
[Hl’QZ](qlzm%)/Z: 0. [HZ’Ql](qlzw%)/Z: 0

where {A B} = AB+ XBA |A,B], = AB - xBA



quB _|_q2NB
H =H, +H,=(aja; +a58,) +| =——— |(f{ i+ f; f,), (10
i +02
Where NB —_ Nl + Nz.
e Inthe limitg, =g, = 1, H _ thestandard SUSY Hamiltonian

for two undeformed bosons and
two undeformed fermions.

(E. Witten, Nucl. Phys. B 185 (1981)
513; M. de Crombrugghe and
Rittenberg, Ann. Phys. 151(1983) 99.)



« For the system containing n-deformed bosons and n-undeformed fermions,
The 2n supercharges:

Q, = ai* fi’ Qi* = fi*ai’ (11)
{Qi’Qj}(qfw%)/quqz:O’ 1< J,
{Qi’QT}qflqz‘lz 0 o
[H:.Q;] a2 O =
1< ],
[Fi Qi a2 =0 -
2Ng 2Ng
* . Ak ql +q2 *
{Qi Qi }2/(Q12+q§) =Hi=aa J{ ¢ + 05 J i -
where Ny is the total boson number operator.
(13)

n n 2Ng 2Ng
H:ZHi:Za{kai—k[ql +q2 ]Zfl*fl

2 2
i=1 i=1 d; + Q> i=1



3. Fock space representation of the (ql, qz)—deformed

SUSY algebra

. For the bosonic sector ( a,af,a,,a; ):

‘nl,n2>, where Ny, N,

=01,2,....

a,|ng, Ny ) =gy JIng Hnl -1,n,),
ar|my,ny) =027 yIng +1f [y +1,n,),

a |, ny ) = a4, ][y, ny —1),
as|m,Nny) = at/In, +1f|ng,n, +1),

afal‘n1’n2> =

0)=0,

1=12.

Q§n2 [“1]‘ N, Ny),  (14)

aﬁaz\ M, n2> = qlnl [”2]‘ Ny, n2>,

where [n,]is the Fibonacci basic number in Eq.(3).

1

\”1’”2>=\/

Ny |

(a2)"™ (a7)
I[n, |!

0).

(15)
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- For the fermionic sector ( f,f,f,f):

IO T .

1) =1, £, =),
i V) =0, f,[ V) =0,
Ny =[W), f[T)=0,

|4t =0, BT =[4)

M| TT)=| 1), M,[TT) =[11),

My T =), M[T) =0,

i) =),

L) =[11)

M) =0,




"
(0o M) [(neng )i ™) (g i), [(ngngp )i W)

H=H1+H2=Zai*ai+ 1 > 22 Zfi*fi’
1 + 4>

1=1 i=1
q2(n1+n2) +q2(n1+n2)
H‘(nl’nZ);TT>: [n1+n2]+2[ . 2 % ] ‘(n1,n2)JTT>,
1 + 02

af +q%

q2(n1+n2) +q2(n1+n2)
H (g, np )i M) =< [ng+np ]+ | = : [(np,ng ) M),

af +q%

q2(n1+n2)+q2(n1+n2)
H|(ng,npjidT)y=1 [ng+np]+| =2 2 [(ng,np )41,

H|(n1.n2 )4 ) = [ng +np ]| (ng,np )i 4 ),

(0,1); 44
‘(0,0);¢¢>:> E=0, {(1,0);¢¢§}:> E=1



4. Concluding remarks

The remarkable differences between our construction™ and the
earlier g-deformed SUSY algebra constructions:

(Kulish and Reshetikhin, 1989; Chaichian, and Kulish, 1990; Chaichian, et
al., 1991; Floreanini et al.,1990; Parthasarathy and Viswanathan,1991;
Spiridonov, 1992; Chung,1995; Isaev, and Malik, 1992; Hegazi and
Mansour, 2001; Algin, 2002; F. Besnard, 2004)

> (9,,9,)-deformed  bosonic  oscillators called Fibonacci
oscilfators with SU (n) -symmetry where I =0;/0j.

* The work submitted to Int. J. Theo. Phys., (2007) .



» In our construction, the bosonic and fermionic sectors operators
commute with each other.

> In our model, the Hamiltonian H; does not commute with the
supercharges @ unless g, =q, =1.

> In the limit 09,=0, =1, the conventional N=2 SUSY
algebra can be recovered (Witten, 1981).

> The limit =0, =q gives an alternative example of the g-
deformed N=2 SUSY algebra constructed from the g-deformed
bosonic and fermionic Newton oscillators (Algin, 2002).



> Recently, the high- and low-temperature thermo-statistical
behaviour of a (qy,q,)-deformed boson gas with SU,, (2)-
symmetry reveals many interesting results such as the Bose-
Einstein condensation in the interval ¢,>q,>0 for low
temperatures and an interpolation between boson and
fermion-like behaviours In some critical values of the
deformation parameters (qg,,d,) for high temperatures.

(A. Algin and B. Deviren, J. Phys. A 38 (2005) 5945;
A. Algin, Phys. Lett. A 292 (2002) 251.)



Some open problems

> Inthe limit g,=q,=0, the Fibonacci oscillator algebra gives the
Cuntz oscillator algebra as follows:

a,a; :5”(, |,k :1.2,....,n.

(J. Cuntz, Commun. Math. Phys. 57 (1977) 173.)

» A fractional SUSY structure (!) when the deformation
parameter r = q,/d, IS a root of unity.
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